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PREFACE. 


Modern Analytical Geometry excels the method (tf^Pes Cartes 
in the precision with which it deals with the Tnfintte and the 
Imaginary. So soon, therefore, as tlie student has become fa- 
miliar witli the meaning of equations and the significance of 
their combinations, as exemplified in the simplest Cartesian 
treatment of Conic Sections, it seems advisable tliat he should 
at once take up the modern methods rather than apply a less 
suitable treatment to researches for which these methods are 
especially adapted. 

By this plan he will best obtain fixed and definite notions of 
what is signified by the words infinite and imaginary, and much 
ligl / he thereby thrown upon his knowledge of Algebra, 
while k the same tiine, his ff^cility in that most important sub- 
ject will be greatly increased b^ . ’ ^fe-' 

dient in the combination of al,^ebr^ " 

methods of modern analytical gt^rn ^ pi'^sent^ j 

Witli this view I liavc end^a\‘*^'^’ ^ 

to make my subject intelligi^b]^^ those whos(/^Ye 
tlic processes of analysis mv(y^r very limited; A 
voted especial care to the pr<p8^^tion of the chA tbofto 
and Imaginary space, so render them ho t\vc tcgion 
whose ideas of geometry ha^as yet been coiy 
of the Real and the Finite. J 
w. 
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PREFACE. 


I have sought to exhibit methods rather than results, — 
to furnish the student witli the means of establisliing properties 
for himself rather than to present him with a repertory of iso- 
lated propositions ready proved. Thus I have not liesitated in 
some cases to give a variety of investigations of the same 
tlieorem, when it seemed well so to compare different methods, 
and on the other hand interesting propositions have sometimes 
been placed among the exercises ratlier than inserted in the text, 
when they have not been required in illustration of any par- 
ticular ju'oeess or method of proof. 

In com])iling tlie prolegomenon, I have derived considerable 
assistance from a valuable paper which Professor Tait contri- 
buted five years ago to the ]\ressencicr of Mathematics. Jly 
thanks are due to Professor Tait for his kindness in ])lacing 
that paper at my disposal for the purposes of the present work, 
as well as to other friends for their trouble in revising proofs 
and collecting examples illustrative of my subject from Uni- 
versity and College Examination Papers. 


Liverpool, 

15 Septcuihcr, 1860. 
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PROLEGOMENON. 


OF DETERMINANTS. 

§ 1. Introth cction. 

1. If wo have in equations involving a lesser number n of un- 
known quantities, we may determine the unknown quantities from 
n of the equations, and, substituting these values in the remaining 
m — n equations, obtain in — n relations amongst the coefficients of the 
m equations. 

In other words, if we eliminate n quantities from m equations, 
there will remain in — n equations. 

2. If the equations are all simple equations, the solution can 
always be effected and the m-n ecpiations practically obtained. 

The notation of Dpforminants sup]>lies the means of conveniently 
expressing the results of such elimination, and the study of their 
])ri)i)(^rties facilitates the oi)oration VoiV.lV.ig t’liu iesu... * 

I ’lest foi’ins. 

3. It must be observed, however, that if the equations be homo- 
geneous in the unknown quantities, or, in the case of simjde equa- 
tions, if every terra of each equation involve one of the unknown 
quantities, the equations do not then involve the actual values of the 
unknown quantities at all, but only the ratios which they bear one 
to another. Thus the equations 

3a; 4- \y — - 0, 

hx- + 5?/ — - 0, 
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OF DETERMINANTS. 


are satisfied if x, y, z are proportional to 3, 4, 5, but they do not 
involve any statement as to the actual values of x, y, 

In this case the iiuinbor of independent magnitudes, concerning 
which anything is predicated in the ecpiations, is one less than the 
number of iiiikiiown quantities involved in the ecpiations. Thus each 
of the equations just instanced, involving the three unknown quanti- 
ties Xf y, z, speaks not of the actual magiutudes of tliosc quantities, but 
of their ratios one to another, which are only two independent mag- 
nitudes, as is immediately seen by writing the (‘qiiations in the form 


where the equations are exhibited as connecting the two independent 

ratios ~ and — . 
z z 


§ 2 , 0 / Deter minayits of ilip secoml ordrr, 

4. Def. Tlio symbol 

is used to express the algebraical quantity and is called a 

detenidnant of the seamd order. 

The separate quantities a^, <7.,, are called the elements of the 

determinant, and may themselves be algebraically either simple or 
complex (juantities. 

Any horizontal line of elements in a determinant is called a roWy 
and a vertical line is called a eohunn. 

Thus the determinant above written has two rows and 

a,y and two columns and 

5. It follows from the definition that 




" a,b. — a J), = 

( 7 , , 

6, 

1 Jl 2 1 

1 ^ 



K 



K 


Hence (t determiiuint of the second order is not altered by chamj^ 
huj rows into columns and columns into rows. 
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XI 


G. It follows similarly from the definition that 



= (n.,6. - «,i,) = - («,6, - aj)) = - 




«... K 


Hence in a determinant of the se(X)nd order tlie interchemge of 
the two roics changes the sign of the determinant. 

So the interchange of the two columns changes the sign of the deter- 
minant. 


7. Jj ax +hy =0, 

a'nd ax + b'y -= 0, 

be two consistent eqnation.% then will 


a, h 

a'y U 


Multiplying the first ecpiation by b' and the second by b, and 
subtracting, we get 

{(tU — a!h) X — 0, 

tliercforc ab' — a'b — 0, 


or 


r/., b 

' 1* 

re, o 


Q. K. i>. 


8. // 

and 

then will 


ax +by + c-cr ^ 0, 
ax + b'y + cz = 0, 


X 

b, c 
h\ c 


y 


e, a j 

re, b 

e', d ! 

dj V 1 


For if we multiply the first equation by c' and the second by c, 
and subtract, wc get 

(ca — ca) X + (l)c — b'e) y - 0, 


or 


(ere' - e're) x - (bd — b'c) ijy 


^ ^ _ 

be - b'c cd — ca ’ 


or 
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which may be written 

^ y 

h, c Cy a 

b', c' c', a' 

and therefore, by symmetry, 

X y __ 

by c Cy a a, b 

h\ c' c'y a* a\ h' 

q. K. D. 


9. If 

ami 

then will 


CLX -¥ b y — Cy 
ax + h'y — c'y 


b, 

c 



a 

I: 

a. 

c 

~b 

y and y — ~ 

\ 

ay 

d 

T~ 

f 

ay 

b' 

’ 

a'y 

b' 


Tliis follows from the last proposition by writing ~ 1 for 


§ 3. Of Detenuinauts of the third order, 
10. Def. The symbol 

by c 
a'y h'y c 

" Z." J' 

(t y b y C 

is used to denote the expression 

a b'y c —h a'y c + c a'y h' 

6 // /f ff ft ff 7 // 

, c a y c a y b 

and is called a determinant of the third order, 

W. If ax by cz ~0y 

a'x + h'y + cz = 0, 
and a"x + b"y + c"z = 0, 
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xiii 


thpM tvill 


rt, b, c 
a\ h\ c 

tf 1 V jf 

a y o , c 


= 0. 


For the second and third equations give, by Art. 8, 
X y z 


b'y C 1 

/ 

Cy 

a' 


Cly 

6 

6", c" 

// 

C y 

a" 


tf 

a , 

6" 


Substituting these values in the first equation, we get 



a 


c 

+ b 

/ 

Cy 

a' 

+ 

a'y 

b' 



y, 

c" 


1 ^ > 

// 1 
a 1 


// 
a , 

h" 

or 

a 

b\ 

0 

-h 

t 

a. 

c 

+ c! 

a'y 

b' 



h'\ 



a'y 

c' 


a'y 

b" 


or 


fly h, c 
a\ h\ c 
a\ U\ c" 


- 0 . 


Q. E. D. 


12. In the foregoing ]U'oj)osition we eliminated the two ratios 
X \ y \ z from the three given equations, and found the result in the 
form of a determinant. 

We might have proceeded other wis(i as follows: 

Multiplying the three equations by X, /a, v (at present undeter- 
mined multipliers) and adding, we get 

(a\ + a'/a + av) x + (&\ 4- V y. + 5'V) y + (cX + Cfi + (/V) ^ = 0, 
which must be true for all values of A, /a, r. 

Now by Art. 8 we know that if 


A ft V 


b', b" 


1 


by b' 

C'y C" 


c , c ! 


Cy C 
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then the coefficients of y and in the last equation will vanish, and 
the equation will reduce to 

(ok + a'fi a"v) X ~ 0 , 

so that wo must have 

a\ 4 - ayi 4 a'v -■ 0 , 


or substituting the values of X : /x : v 


a 

h\ b" 

4 - a 

V\ b 

4 - a" 

/>, // 


1 \ 


c\ c 


c, c 


or 


(ij a\ a” 
hy b\ h' 
Cy c\ c' 



which is therefore the result of the elimination. 


But this result must ])o equivalent to the result obtained by the 
other method. Hence the two cf|uations 


a, 

bf c 

~ 0 and 

a, a\ 

a' 

(t 

, b\ c j 


b, b\ 

U' 

d 

6", c 


c\ 

c" 


must be identical, and therefore their first members must cither bo 
identical or difficr only by a constant multi])lier. But the coefficient 
of the term nb’c in each is seen to be 4 - 1. Hence the two deter- 
minants are identical, or 


a, 

b, c 


«, 

d, 

d' 

a\ 

b\ c' 




b" 

d\ 

b'\ c 


c, 


c 


13. CoH. A detennhiant of the third order is not affected by 
changing the rows into columns and the columns into rows, 

(Jarc must, however, bo taken that the first column becomes 
the first row, the second column the second row, and so on, and 
vice versd. 
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14. Since the result of tlio elimination is the same in whatever 
order the equations he taken, it follows that the resulting equation 

a, hy c - 0 
a, Vy c 

(t'y h"y c 

is not altered in whatever order the rows of tlio determinant be 
written. 

Hence the determinants 

Ciy hy C y Cly by G y 6", C" , Oj'y L" y C'' y itC. 

Cly h'y C a\ h'\ C (ty by C Cty //, C 

a\ G Cly h'y c a'y h'y c ay hy c 

can only differ by some numerical multi}>liers, and since the coefficient 

of every term in the ex]>ansiou of each of tliem is either + 1 or - 1, 
they can therefore only dilfer by the algebraical sign of the whole. 

Since 

n, by c = a h'y c' — h ! a'y c' 4- c a'y h' 

a'y h'y c h"y G I a'y G j a", V 

a y b y c 

and 

ay hy c — a Gy 1) 

a!’y h"y c" c", 6" 

a'y h'y c! 

it follows from Art, G tliat 

a, hy c and 

a'y h'y c' 

a'y h"y c" 

arc of opposite algebraical sign. Hence the sign of a determinant of 
the third order is changed by interchanging its last two rows. 

It will be seen on examination that the effect is the .same if wo 
change any other two adjacent rows, or two adjacent columns. 


(ty hy c 

a"y h"y c" 
a'y h'y c I 


~h 


a 

+ c 

h', a' 


tr 

n 




c , 

a 

1 

b , a 



XVI 


OF DETERMINANTS. 


That is, tlie sign of the deiermhumt is changed when any two 
adjacent rows are inter charuged, or when any two adjacent columns are 
interchanged, 

15. But any derangement whatever of the rows or columns may 
be made by a scries of transpositions of adjacent rows or columns. 
Such a derangement will or will not affect the sign of the deter- 
minant according as it requires an odd or an even number of transj^o- 
sitions of adjacent rows or columns to effect it, thus 


a, 5, c 

= - 

ct, h\ c 


rt', 6', c 

- 

a'\ b'\ c" 

a\ b\ c 


Uy 6, c 


al c" 


a\ b'y c 

" 7." V." 

a , 0 , c 


a\ b'\ c 


rt, 5, c 


Uy by c 


a", 

c", 

5" 


c", a", 

b" 

=z 

c"y y'y a'' 

a', 

c', 

y 


c', 

h' 


c', J/y a' 

a, 


b 


c, a, 

b 


Cy by a 


Similarly we may ascertain the sign of the determinant formed by 
any other derangement of the columns or rows. 

16. If a row or a cohtmit of a determinant he midtl piled through- 
out hy any number^ the value of the determinant is multiplied by the 
same number. 

For the determinant may be deranged till the row or column in 
question becomes the first row. 

Now 


fXUy pby fJLC 

= fxa 

h', c’ 

+ fjh 

c'y a! 

-f pc 

a\ V 

a'y J/y c' 


b", c" 


c", a" 


a", b" 

a'\ U'y c" 


=- /-1 1 “) 

b. 

c j , 

• 



I ^ \ \ c 

I a\ 5", c" I 

which proves the proposition. 

17. If two ro ws of the determinant be identical^ or if two columns 
be identical^ the determinant vanishes. 
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For tlie rows and columns may be deranged until the last two 
rows are identical, and the determinant takes the form 


a'y h'y c' 


±a 

6', c' 


a'y c 

c 



6', c' 


/ / 
a, c 


a\ b' 


= 0, by Art. 4. 


Therefore, &c. c^. E. D. 


18. Cor. If one row bo a inultijdo of another row or one 
column of another column, tlie determinant vanifclics. For the nuil- 
ti]jlier may be divided out by Art. 10. 


19. To shew that 


a -f Xy b + yj c + z 

- 

a, by c 

+ 

Xf yy z 

(dy b'y c 


a, b'y c 

I 

a y b'y c 

ff 7 // // 

a , 0 y c 


a", b"y c" 

i 

1 a\ b"y c" 


Expanding the first determinant, it takes the form 
{a + x) I 


b'y c 

- t- y) 

a'y G 


a'y 

b' 

h"y c" 


ff // 

a y c 

+ ('' + -) J 

! , 

U' 


or 

rt| U, c 

-6| 

1 <^'y ^ 

+ C 

dy y 


i h’', o" 

1 

1 C" 


d'y b" 


7 ' ' 1 

c \-y 

dy G 

-f- .V 

d y U 

h , c \ \ 

d'y G 


d'y b" 


or 


ay 

b, c 

+ 

.T, 

y> 

- 

dy 

U, c 


dy 

V, 

c' 

d'y 

b", c" 


d'y 

V’, 

c' 


Tliert'fore, lire. e. o. 
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Similarly, 


a -ha, h, c 

- 

c 

+ 

a, 6, c 

a 4- a', h\ d 


a\ h\ d 


a , h'j d 

a + a , 6 , c 


a\ h'\ d' 


d\ h'\ d' 


And so if eacli element of any column or row be divided into two 
parts, the original determinant is e(pial to the sum of the two deter- 
minants formed by substituting for each divided element first one 
of its parts and then the otlna*. 

But note that tliis operation cannot always be performed at 
once on more? than one column or row. 

Conversely, if a scries of determinants are identical except as 
regards one column or one row in each, their sum is equal to the 
new determinant formed by retaining in tlnar jdaces the rows or 
columns that are identical, and adding together the corresponding 
elements of the row or column which difiers. 


20. If any rotv of a determinant he increased, hy multiples of any 
other rows, or if any column he increased hy inultflcs oj any other 
columns^ the lvalue of the determinxint is not altered. 


For, by Art. 10, 

rt- -f mh + ncj h, c 
a' ^ mh' h\ c 

a -i~ mid + ?ic", c" 


a^ h, c 

+ 

mh,, hj G 


TIC, 6, c 

a'y h', d 


mb\ h\ d 


Tic', 6', d 

d\ y\ d' 


mb", y\ d' 


nd\ y\ d' 


a, hj c 
a\ h\ d 
a y u j c 


, by Art. 18, 


which proves the proposition. 


This theorem is of the greatest use in reducing determinants. 
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21. If 


then will 


ax ^-hy -^cz + du = 0, 
dx + h'y + cz + d'u = 0, 
a!*x -f h"y 4- c'z + d''u - 0, 


^l (*, d a, />, d r/, h, c 

b\ c'y d* a\ c , d' ti\ V ^ d' a\ h\ d 

c", d' d\ d\ d'^ a!\ l/\ d'' a", y\ c" 


For if we multiply the first equation hy : r , d , the second by 

I d\ iV 

— e, c' , tlie third by e, d , and add, Ave got 

dy d!' dy d' 

ay dy d' X + by b'y b" y 4 c, c', c' \ z + dy d\ d’ tf 0, 

C, Cj d Cy c/y c" C, Cy d Cy Cy d 

dy d y d dy d y d dy d y d dy d , d 

or, ill virtue of Art. 17, 

a, dy d' X 4 by V, b" y 0, 

Cy Cy c' Vy dy c" 

dy d'y d" dy dy d" 


rt, Cy d 

.-r 4 


Cy d 

dy Cy d 


h'. 

Cy d 

ff // 7// 

a y C y d 


C', 

C"y d" 

X 



- y 

(>, c, d 


a, 

Cy d 

b'y Cy d 


a, 

Cy d 

b"y C'y d" I 

a". 

c'y d" 


and similarly the other equations may be established. 
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22. If ax + 4- c;: = f 

a!x + h'y 4- cz = cl\ 
and <i'x 4- h"y 4- c'z - d'\ 

then will 


h, 

Cy d 


<'y 

Uy d 


Uy 

b, 

d 

h\ 

Cy d! 



a'y d! 


Uy 

b', 

d! 

b", 

ir 

, y 


a"y d" 


J'JL 

b". 

d' 

Uy 

by C 

Uy 

by c 

y ~ 

Uy 

v 

c 

a'y 

b\ c' 


Uy 

b'y c 


a'y 

b', 

c 

a\ 

b"y C" 1 


d\ 

, b\ d' 


a"y 

b", 

rf 

c 


This follows from the last proposition by writing - 1 for a. 

[It will be observed that these values of a?, ?/, ol)taiued by 
solving the three simultaneous equations might liavo been written 
down by the method of cross multiplication in Algebra.] 


§ 4. Of Determinants of the fourth order. 

23. Dj:f. The symlml 

by Cy d 
a', 6', c'y d' 

a", 6", c", d" 
a'", 6"', c'", d"' 


is used to denote the expression 


a 

b', c', d' 

-b 

a', c', d' 

4-C 

a', b’, d' 

-d 

a', b', c 


b", c" d" 


a", c", d” 


b", d" 


a", b", c" 


b'", d", d'" 


a'", c’”, d'" 


a'", b'", d'" 1 


a’", b'", c'" 


and is called a determinant of the fourth order. 
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24. If 


then will 


ax 


by 

+ cz 

+ 

du 

= 0, 

ax 

+ 

b'y 

+ cz 

+ 

d^ 

u 

= 0, 

a X 

+ 

b“y 

+ c'z 

+ 


w 

= 0, 

a"x 

+ 

h"'y 

+ c''z 

: + 

d'"u 

= 0. 

a, 


h. 


d 



0. 

a! 

> 

b\ 


d' 




a! 

> 

b". 


d'' 




a 

’// 

> 

b'", 


d"' 




For tlio second, third, and fourth equations give 


-y ^ -tc 


//, c', d' 


a\ c, d' 


a', b\ d' 


a ^ b f c 

h'\ c", d" 


a\ d" 


a", b", d" 


ijt Jt 

a y 0 , c 

b"\ c'", d!" 


a% c", d!'* 


a", b'", d" 


a , 6 , c 


Substituting these values in the first equation, we get 


a 


h', c', d' 

-h 

Cly 

c', d 

4- C 

a\ 

h\ d 


6', c' 

b”, c", d" 


d', 

c", d” 


a\ 

V, d" 


d\ b", c" 

b"\ c"', d" 


a" 

, c , d 


a\ 

b"', d" 


nt j m Ml 

a ^ b , c 


or 

a, b, 

Cy 

d 

= 0. ( 

E. D. 



d, b', 

/ 

Cy 

d' 






a, b'\ 

n 

0 , 

r 






d", b"'. 


(Z'" 





Precisely as in the case of the determinant of the third order 
(Art. 13), we may shew that tho value of a determiiiaut of the fourth 
order is not affected by changing the rows into columns and the 
columns into rows. 

So the results obtained in Arts. 14 — 20, will be seen to depend 
upon general principles, and to hold for deteiininants of the fourth 
order. 


W. 


c 
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2,b. If ax +CZ + dti + ev =0, 

(f'x 4- Uy + cz -\- d'u 4- ev = 0, 
ax 4 - H'y 4- c'z 4- d'^u 4- ev = 0 , 
and a'x 4- r'y^-c"z^d'"u+e"'v=:0, 

then wiU 

X _ -y ^ _ -jf' 

I 6, c'7^'W" 1 ~ 1 «> c'l d'\ I ~ I ~ I »> I 

V 

j a^ ^ j ^ ) d I 

where | a, 6', c", d”' | dcnoten the determinant 


a, 

1, 

Cy 

d 

a\ 



d! 

a\ 

b". 


d: 

a'y 

b"\ 

d"y 

d'' 


For if we multiply tlu* four equations respectively hy 


c', Cy d 

) 

C, C, Cy 

> 

Cy Cy C 

9 

r, c, c 

d'\ d"y d" 


d\ d'\ d" 


d'y d' y d 


d', d', d’ 

e\ e\ c'" 


d.\ e'y e’ 


c\ e\ e" 


n tt tt 

\ e y e y e 


and add, we obtain 


a, 

dy 

d'y 

a' 

X 4- 

b. 

b'. 

V, b"' 


c\ 

n 

c" 



c, 

tt ttt 

C y C 

dy 

d/y 

d!’ y 



d, 

d', 

d"y d" 


dy 

n 

c , 

9ff 

e 


0, 

e', 

Cy e" 


whence 


a; _ ~y 


b, C, 

d, 

e 


ay Cy 

dy e 

by C y 

d', 

e 


a J C y 

dy e 

b", c", 

d", 

e 


ft tt 

a y C y 

]tt ft 

a , e 

7 ttt ttt 

h y C y 

d"’. 

ttt 

e 


d\ c\ 

jttt ttt 

d y e 


and similarly the other equations may be established. 
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§ 5. Of Detcrmbuinis of the order. 

2G. Tlie student will Inive observed that the reasoning of the 
last two sections is ju^rfectly general. Ho will have recognised the 
law by which a dcilei niinant of any oi'<k;r is defined with reference to 
those of the next lowei* order, and ho will liav(5 peu'ceived that the 
proofs of })roperties of determinants of the 3rd order giv en at length in 
§ 3 will apply niiiUdis onitmuUH to establish eoiTes])onding properties 
for determinants of any ordtn- whatever, if they can be assumed to 
hold for the next lower order. It Ibllows, ther(*fore, by the ])rinciple 
of mathematical induction, that all those ]>ropertics maybe attributed 
to any determinant whatever. 

27, Dm'\ if we strike, out one of the columns and one of the 
rows (»f a determinant ol' the order, we sliall obtain a new deter- 
minant of the (>i-~ ly’' order, which is called the vihior of the original 
deternnhiant with res]>ect to that cleimmt which was common to the 
column and row. 

Thus the minor of the debu in inant 



h, 

C, d 

a\ 

h\ 

c . d' . . 

a", 

b", 

c", d" 

a" 

, d’\ 

d'\ d" ... 





with resj)ect to the element e" is the dett'rmiriant 
I a, 6, d ... 

(/, h\ d' ... 
a'\ U'\ d'" .. 

\ • • etc. 


28 . Def. The element which is common to the column 
and row^ of a determinant is said to occupy a positive or negative 
place according as -f ^ is even or odd. 

c 2 
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29. Tfie coefficient of cmy element of a determinant is tJte minor 
with respect to that element affiected with the sign -i- or ~ according as 
the element occupies a positive or negative place. 

Let tlie determinant bo 

rt, hy 

a > 

: : X ... 

: : : 

and let the element x occupy the (f" place in the p^^ column. 

By making 1 traiisj)Ositions of adjacent rows and 1 trans- 
positions of adjacent columns, tlic determinant may be written 

* 

• rt, hy ... 

\ a! y h\ ... 

: : : 

whence we see that the coelficicnt of x is 
=fc a., by ... i 
a\ J/y ... j 

: ; ! 

the sign being positive or negative according as 4- is even or odd, 
which proves the proposition. 

§ 6. Of Determinants of unequal columns and rows, 

30. Suppose we have to eliminate n unknown quantities from a 
greater number m of simple equations. As we shewed in Art. 1, 
we shall obtain in — n equations of relation amongst the coefficients. 

One method of writing down these m — n equations would be to 
take the firet n of the given equations, and associate with them in 
order each of the remaining m — n equations. 

From each of the m — n groups of n + 1 equations thus form- 
ed, wc might eliminate the n unknown quantities. Expressing 
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the result by means of a determinant of the (^i-f order. We 
should thus have m — n determinants of the order each 

equated to zero, constituting the m — n equations sought. 

But it is plain wo might have taken any m — n combinations 
whatever of + 1 equations that could have been formed out of the 
m equations, provided we took care to introduce all the original 

equations. Thus there will always be a variety of forms in which the 

result of such elimination may be expressed. 

31. Suppose, for instance, that we have to eliminate the two 
ratios x \ y \ z from the live equations 

a^x + h^y + c^z = 0 , 

h^y + c^z = 0 , 

+ c^z^O, 

a^x + - 0, 

a,x 4- h^y + c^z - 0. 

As the result of the elimination we shall have the three equations 




«a 

II 

o 



^4 

=-0, 


%y 



K 


K 

Ky 



K 



^2, 





^4, 



^2 ’ 


or for any one of these equations wo may substitute any other equa- 
tion obtained by elimination from a dillerent set of throe equations, 
such as 


) 


a. 

11 

o 

o 

<> 




K 





c. 

^a» 



But it is convenient to express the result of this elimination 
briefly by the form 

ih, Ct^y 

'^ 1 ) ^2> hy 

' ^2) ! 
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where the determinant of five columns ami three tov)s indicates tfiat 
we may select any three of the five colvmns to form a square detei'ininant 
and equate it to zero, and the triple vertical lines indicate that three 
such equations may he imlrpeadcutJy formed. 

32. The example given in the last ])aragraph will suffice to sug- 
gest to the reader the interpretation of any unequal determinant. 
Ill most general terms the definition will stand as follows : 

The compound symbol 




««- 

% ■ 

. af 

i 



K • 




L, 

/•,, . 



1 » ’ 





where the number of the quantities h., c...h is n (less than ?//) and 
the number of vertical lines bounding the dc'terminant is r, is to I>g 
' understood, as ex]>r('ssinr/ a, system of r independent (‘(fu alio ns obtained 
by equating to zero r sevcr(d' determinants each formed by taking n 
of the rows of the given unequal determinant. 

It will b{? obscrv(‘d, that if the system ex])resscs the result of the 
elimination of n (piautitics out of 711 independent equations, we must 
have; r-in — n. The notation is, however, found convenient in cases 
when the original equations, although m in number, are only ecpiiva- 
Icnt to some lesser number m' of independent equations. In such a 
case wc shall have r - m' — 71 . 

33. As ail example of the case last considered, suppose we have 
to eliminate the two ratios x \ 7j \ z from the four equations 

(a - a ) X + {h —b' )y -t- (c - c )z 0, 

{(I — a' )x-h (h ~ //' ) y 4- [c — c' ) z^ 0^ 

{fti' - a ') X 4 - ( 6 " - b'") y 4 - (c" - c") z=^0, 

{a!" — a )x-\-(fi”' -~h )y^-{c" — c )c; = 0. 

These are ei^uivalent to only three independent ecpiations, since 
any one of them may he obtained from the oIIkts by simple addition. 
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There will therefore bo only one resulting equation, which may be 
obtained by eliminating from any three of the given equations. If, 
however, it be desired to have a result recognising symmetrically all 
the four equations, we may write it 

a — a\ a — d\ a*' — d'\ a' — a — fK 

h-h\ r-6 

/ in // m ot 

C-Cj c - c ^ c - c y c ~c 

§ 7. Exam/pies. 

Example A. To evaluate the determinant 

a, 1 . 

A 1 
r. 1 

Subtracting tho third row from each of the otliers, the determi- 
nant becomes 

-y% a - 7, 0 

/3^-y% P-y, 0 
y\ y, 1 

= a"-7*, a-7 ={a-y){P-y) a + y, 1 

P‘~y‘, P-y P + y, 1 

= (a-y){/3-7)(a-/3). 

Example A'. By a similar method we may shew that 

a", a, 1 =(a- 7 )(^- 7 )(a-^)(o + ^ + 7 ). 

P, 1 
y'. y. 1 

Example B. To shew that 

x + a, x + h, x + c ~0. 
y + a, f/ + b, y + c 
s + a, s + b, s + c 
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If a = 6 or h~c or c = a, two columns become identical and the 
determinant vanishes. Therefore if the determinant be not identi- 
cally zero, a - 6, 6 — c, c — a are factors. Similarly, if x~y ov y-z 
or two rows become identiciil, and so y — z^ z — a?, x — y are 

factors. 

But the determinant is only of the 3rd order and cannot have 
more than three factors. Hence it must vanish identically. Q. e. d. 

Example C. To evaluate tlie determinant 

X, x — CyX — h . 

Z -by Z-Uy Z 

Subtracting the first column from each of the others, we get 

Xy — c, —h 
y-Cy Cy c- a 

z — by b — a y h 
whence we sec that the coefficient of x is 

Cy c — a y or ah ac — a^, 
b — a, b 

By symmetry, the coefficients of y and must be respectively 
hc-^ab— b^ and ca+bc — c‘\ 

And the terms without x, y, Zy are 

0, —Cy -b^yOr- 2abc. 

~ Cy 0 , - a 

-by -ay 0 

Hence the determinant may be written 

ax (6 4 - c - a) + by (c + a -b)-\- cz {a + b- c) — 2abc. 

Example D. To shew that 


fi+y, y + a, a + P 

= 2 

“) A y 

^ + y'y y + “ + P' 


y 

r + y", y" + a", a" + 13 '' 


a", 13", y" 
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The first determinant (by Art. 19) is equal to 


A y + “. “ + ^ 

4 

y, y + a, a + P 

y + OL^, tt 4- ^ 


Y, Y + a', a + P' 

/?", y + a, a + /3 


/, / + a" a" + /3" 


or, in virtue of Art. 20, 


/3, y + a, a 

4 

y, a, a + /} 

y + a, a 


Y, a', a' + /?' 

P", y + a, o 


y", a", a' + fi" 


or again, ap])lying the same principle, 


A y. “ 

4 

y. «> /5 

/9', y'. ct' 


y', a', /8' 

P", y", a" 


y", a", )8" 


which by Art. 15, is equal to 


2 


Therefore, &c. q. e. d. 


«. A y 

t r}> > 

p? r 

// fyn n 

^ y P y y 


Example E. Let 


A = 



(1 



II 

^a. 







h 


^a. 


A = 


«a 

II 


h 



m.^ 



W, 1 



K 


h. 

7/1, 

4 = 



11 


h 

. ^a = 

Ky 

m, 






h 

1 


m,. 


then wo have 

+ jjijjl/, + H,iV, = + n.^N 

= h’ «».> = 

m,, 

K’ »»a. «3 

i.Z;, + + n.^h\. 
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So also 

+ w.i/, + = I h, m,, «. =0. 

h’ »«». ”8 

h> >«i> 

And so 4 - = 0, 

and four other like relations. 

And similarly, 

4 - + m.^L^ = 0 , 

and five other like relations. 


Example F. To shew that 



^'8 










n 


H 




S 




'8. 


^^3 


This may cither bo proved by multi) )lying out, or as follows. 


Suppose the three equations 

ni^y n^z^O (1), 

l^X 4 - mjj 4 " 0 (2), 

(3), 

coexist, 

(3) and (1) by the elimination of x gives us 

M^y+N^z^O (4). 

Similarly (1) and (2) gives us 

J/32/+A,^-0 (5). 


The condition that (4) and (5) coexist must be identical with the 
condition of coexistence of (1), (2), (3), that is, the equation 

must bo identical with the equation 

/, , , ti, = 0. 

I »*8- 
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And therefore these two determinants can only differ by a con- 
stant multiplier, which is determined by comparing the coefficient of 
in each, and found to be 1^, so that 



1^”* 

II 

l„ TO,, n. 

1 


^3. '«3 



^3. ”»3. «B 


Exampij-: G. To shew that 




1 ,, 



^ 3 > ^'* 3 ) »*3 

^ 3 . 


’» B . '^8 


We have 



/v 


J/„ bV. 


A- ^’^3. 


^,^3. ^’^3. ^3 


A.. ^l^B. ^B 


^3^3. ^’/b. ^v; 




w,, rt, 

1.,, ?»j> M,, 

h ’ "‘b’ "b 


1 , b 1 /„ ;,byEx. E. 

0. M,, 

0, -I/,,, bV„ 


•1^3. 

■'/b. 




^3. »»-3> »'b 


}“, by the last example. 
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therefore 



= { 

K> 

A. 





h> ”h’ 


Q. E. D. 

Example H. To eliminate x f 7 * 07)1 the two equations 


\’ ax^ ■¥ hx c = ^ (1), 

aV + 6'i« + c' = 0 (2). 


Multiplying each equation hy x throughout, we get 


ax^ -h bx^ + CX--0 (3), 

a V 4- 6 -h cx = 0 (4), 


and eliminating x'\ x^, x from the four equations (1), (2), (3), (4), 
we Iiave 


0, Uf b, c 
0, a\ b\ c' 
«, b, c, 0 
a', h\ c'y 0 



a, C 

b 


1 c 

a, d 1 

I 


1 ^ 


Ex. J. If 

uxod + vijiJ + v)zz' -f- u'{yz' + y'z) + v' {zx^ -h zx) + vl(xf + ic'y) 
be zero for all values of x, y, z, then will 

uvw — uu'^ — vv'^ — ww'^ + 271 ' v'w = 0. 

For since the given expression vanishes for all values of a;, y^ z, 
the coeliicients of x, y, z must severally vanish. Therefore 

ux' + w'y' + v'z' = 0, 
w'x + vy^ 4- uzf - 0, 
i^'x f u'y' + tvz' = 0, 
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and eliminating a' : 3 / : z\ we have 

Uy w\ v' = 0 , 

w’y Vy v! 

v\ v!y w 

or uvw — uu'^ — vv'^ — ww^ 4 - 2u'v'w' = 0. 

Example K. To expand the expiression 

ax -I- hjy c'x + li'yy b'x + 7 n'y 

c"x -f- 7 i"yy hx + ?)iyy a'x + Vy 

b"x + 7n"yy a"x 4- l"yy cx + ny 

according to poroers of x and y. 

Putting 2 / = 0, wc obtain the term involving x^y viz. 


ay 


y 



aJ 

y' 

a", 

c 


So putting X = 0, we obtain the term 
ly n, m' y^. 

71 ', Vly V 

ni’y l"y n 

Suppose the y, y, y in the three columns distinguished by 
suffixes, so that the determinant becomes 

ax + ly^y dx + ^'y^, Vx + r)}!y.^ ~ 0. 
c"x-\'n"y^y bx -^^ny^y a'x^l'y.^ 

b"x+m"y^y a"x + l"y^y cx + 7iy^ 

Putting y^-0 and y^ - 0, we obtain for the term involving x^y^y 

ly Cy y a;®y,- 

by a! 

// ft 

m y a y C I 
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Similarly, we find the terms 


a, 

n\ 

¥ 


a, 


rnf 



a' 


c", 

b, 

V 


l\ 

c 


K 

a'\ 

n 


Hence the avIioIo coellicient of is 


i, 

c', 

b' 

■f 

a, 

n\ 

v 

4 

a, 



u". 

h, 

a 

1 


Tily 

a* 



b, 

V 


a'\ 

c 


y\ 


c 1 


b'\ 


n 


Similarly th(; coefficient of xif is 




m' 

4- 

1, 

c\ 

7)1 

4 


n\ 

1/ 

c", 7>i, 

V 




V 


n", 

711, 

a' 


v. 

n 



o", 

71 

1 

m". 


c 


Hence wo arrive at the result, that 

ax 4- hjy c'x + h'x -l- in'y 

d'x + n"yy hx + o)iy, a^x I' y 
l)'x + a''x + r'y^ cx + ny 


~| Cly 

c'^ 


c\ V 
h a' 
y\ a"y c 


4 


1, 


b' 

+ 

a. 

n\ 

U 

4 


n", b 

a' 


c". 

711, 

a' 



in", a", 

c 


b", 


c 


+ { 

a, 

n\ 

7n' 

+ 

1, 

o\ 

in! 

4 


c". 

m, 

V 


n", 

b, 

V 



b", 


n 


m". 

a", 

71 







1, 

n' 

m! j 



the expansion required. 


7^", 7/fc, I' 

m", r, n 


ct, c f m 
o", b, V 
6", a" n 

ly n\ h' 
n'\ w^, a' 
m", V\ c 


\x’‘y 


]xy* 
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Example L. As a pa/rticula/r case of the last theorem consider the 
determinant 

u -I- Ka*, w' + Kah, v' + kuc . 

w' 4- Kah, V 4- K&*, u' 4- Khc 

r' 4- Krtr, u 4- w 4- acc® 

ExpaiKliiig in powei*s of k, we obtain 

Ui w\ r! 
w\ Vf u 

v't Uf w 


+ k{ 

a\ 

w\ 


4- 

U, 

ah, 

v' 

+ 

n, 


ac 


ah. 

V, 



w\ 

h\ 

v! 




he 

i 

aCi 

u\ 

w 



he, 

w 


% 

u\ 



the coefficients of k and k vanishing since each determinant therein 
contains at least two identical columns. 

But further, the coefficient of k may he written 


0, 


6, c 

a. 


w\ 

v' 

h 



u' 

<■, 

v\ 


w 


Hence the whole determinant becomes 


1, 

0, 

0, 

0 

— K 

0, a, h c 

a, 

M. 

w. 

v' 


ay Uy lo'y v' 

0, 


i 

n 


by w\ Vy 71 

C, 


u'. 

w 


Cy Vy 7hy W 


0 

1 

1 

“ “ > 
K 

ay 


c 


ay 

Uy 

w’ 

V 


h, 

XO'y 


7t! 


C, 



w 
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Example M. To eliminate A and h from the equations 
u = Aa® 4- ^u' = A - 6® -- c®) + Tkvwy 

V = A5® + Ai®, 2^;' = A (5® ~ c® - «®) + 2A^i?w, 

= Ac® -f 7cw?®, 2w;' = A (c® - a® - 6®) + 2A^^i;. 

where 

U-U-\-'0' X> - V> vJ -V u\ 10 = 20 -f -f o'. 

The resulting equations will be all the independent equations 
included in the system 


a®, 5®, c®, 




=z 

11®, V®, 20®, 

2v Wy 

2WUy 

2uv 


Uy Vy Wy 

2Uy 

2v', 

2io' 



Blit the first column increased by half the sum of the fifth and 
sixth gives us 

0 

(?i + o + 5o)'^ 
u 

or, dividing by u throughout, 

0 

il^v + w 

1 

which, being perfectly symmetrical, might have been equally obtained 
by combining the second, fourth and sixth, or the third, fourth and 
fifth columns. This shews that the original equations were not 
independent, but equivalent to only four equations and the result 
consists therefore of the two equations 


a®. 

b\ c\ 

0 

— e 

~Q ■ — 9 


Uy 


Wy 

ll + V +w 

U, 

% 

Wy 

1 


[Exercises on Determinants will bo found on pages 455, 450.] 
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PagC3 


rt, lino 4 from for OY, (^X road CV, CX. 


J5, 


„ 

for k^hn read Ic^lmn. 

Ifi, 

,1 4 


for A PH reiul A PO. 

‘21, 


, , 

for as, read in. 


,, 3 

, . 

for 2ln c<»s C read 2ini cos C. 

,08, 

„ 3 


for 2hcrj) cos D rea<l 2carp cos D. 

73, 

„ 7 

)) 

for a read a'. 

78, 

>1 3 

,, 

for sin A siu B sin C read 2 sin A sin B sin C 

95, 

„ 3 

i) 

for difference read reference. 

134, 

Art. 119. 

QOP i.s (three times) misprinted for A OQ. 



(10(1 is 

(twice) iiiisprinted for *1 OP, 

‘20‘2, 

lino 7, for 

— rccul 

~ , and read equations (1), (2), (3) as follows : 

r-j 


a B y 

^4^1 t^»yi 

(1), 

a /3 7 

(2), 

7;i®2 ^:tyg 727a 

a B y 

a.aai aji^ y^a,^ 

(3). 


So the first (letcrin inant ought to bo 


73'Ja, 75/7;» 

0;,ai, 7ia.t 






2AJ/ 

2S1, 10, fny rvad 


2A1 1 
A < 
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2. If the angle XCY hQ denoted by 0, then we have 
= sin C? and ^ = sm 6. 

Hence if a, yS be the perpendicular coordinates of any point 
whose oblique coordinates arc x, we shall have 

a = a; sin C and /3 = ?/ sin G\ 

or cc = a cosec C and y — ^ cosec G, 

Conseiiuently, if we have any relation holding good between 
the oblique coordinates of all points on a locus, we can, by the 
substitution of 

x = (x cosec (7, y — ^ cosec (7, 

obtain a relation holding good between tlie perpendicular coor- 
dinates of the same locus. In other words, we may transform 
by this substitution tlie oblique equation of any locus into an 
equation in perpendicular coordinates representing the same 
locus. 

For example, tlie equation in oblique coordinates to the 
straight line AB cutting off intercepts GA = b and CB==a from 
the axes is known to be 


Hence the equation to the same line in perpendicular coordinates 
will be 


a cosec G /3 eoscc G _ 
b a 

• or aoL-\-b^ — ab sin G\ 

and in a similar way any other equation might be transformed. 


3. Or, instead of taking an eqvation, we might by the same 
substitution transform any function ivhatever of the oblique coor- 
dinates into an equivalent function of the perpendicular coordi- 

1—2 
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nates. For example, writing the equation to the same straight 
line AB in the form 

ah — ax — hy = 0, 

we can at once write down the expression for the perpendicular 
distance of any point {x\ y) from it, viz. 

ah — ax •— hy . ^ 

± - . sin G. 

Jd^ + cos 0 

Hence if a, /S' be the perpendicular coordinates of the same 
point, we shall have as the expression for tlie distance 

^ ah sin C— act! — hfi' 

V rt* + b^ — 2ah cos C ^ 

or if c denote the distance AB^ and A the area of the triangle 
ABC so that 

c? = H- V — 2ah cos (7, 
and 2 A = ah sin (7, 

then the expression (for the perpendicular distance from AB of 
the point whose coordinates arc a and /S') becomes 

^ 2 A — ao! — h^' 

~ c 

This is given here merely as an example of transformation 
of coordinates from the one system to the other, but the result 
is one which will be seen hereafter to have an important bearing 
on trilinear coordinates. 

4. The student will do well to examine at this stage of the 
subject the interpretation of some of the simpler equations con- 
necting a and /8. 

(1) Consider the equation 
a = 0. 

It is evidently satisfied by all points on the line QY and by no 
other : it is therefore the equation to this axis. 
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(2) Consider the equation 

a = c/, 

where cZ is a constant. It is equally obvious that this is satis- 
fied at any point on a line parallel to CB at a distance d from it 
on the side towards X, Similarly the equation 

a — —d 

is satisfied at any point on a parallel line at an equal distance 
on the other side of C Y, 

(3) Consider the equation 

a = /3. 

The equation speaks to us of points whose perpendicular 
distance from (JX is equal to the perpendieular distance from 
CY^ and of the same algebraical sign. The locus of such points 
is the interior bisector of the angle XCY^ wliicli is therefore the 
locus of the equation. 

(4) Consider the equation 

This speaks of points whose perpendicular distances from 
the axes are equal, but of opposite sign. These points will 
be seen to lie on the exterior bisector of the angle XCY, which 
will therefore be the locus of the equation. 


(5) Consider the equation 
a = 

Suppose P to be a point on this line, join PC and draw PM' y 
PN' perpendiculars on tr, gx, tiien (by the equation) 

PM'^m.FN', 


and therefore 


PM' _ PN’ 


sin PCT=m.3inPC'X, 
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or (in words), Plies on a straight line dividing the angle XOY 
into two parts FOV, PCX such that their sines are in the 
ratio mil. 

This straight line will therefore be the locus of the equation. 

5. To find the area of a triangle the 'peiyendienlar coordi- 
nates of lohose angular 2^01 nts are giveii with respect to a pair of 
oblique axes. 


Fi 


2 . 


Y 



Let PQR be the triangle and (a^, /3J, (a^, (ofg, ( 3 ^ the 
perpendicular coordinates of the angular points P, (f R referred 
to the oblique axes CX, GY, 


Parallel to GY draw PP', QQ\ RR' to meet GX in P, 

Q\ R\ 

Then A PQR = trapezium PQQF + trapezium PRR'P' 

— trapezium QRR'Q\ 

But the trapezium PQQ'P' stands on a base P'Q’ equal to 
(«! — ttg) cosec G and it has a mean altitude equal to ^ {/ 3 ^ + 
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Hence its area = ^ cosec C + /SJ (a^ — aj. 

A 

Similarly, area PREP — i cosec C (/3j + /3,) (af^ — a,), 
and area QRR Q' = ^ cosec C + /3,) (cr, - a^) ; 
therefore the area of the triangle PQIi 

= cosec G |(0, + ^a)(a, -a,) + (^ 3 + /3,) (a,- a^)! 

= 2 coscc e |a, (^3 - ( 3 ^) + a, (^3 - /3.) + 03 (,8, - ; 83 )| , 
or with determinant notation 

j ^2 ’ ^3 

1, 1, I 


= - coscc C 


Exercises on Chapter I. 


(1) If (a, /S) be the perpendicular coordinates of the point 
whose oblique coordinates (referred to the same axes) are {x, y), 
and (a, /3') tlie perpendicular coordinates of the point whose 
oblique coordinates are {x, y), sliew that (a + kcl, ^ + /c/3') will 
be tlie perpendicular coordinates of the point whose oblique 
coordinates are {x + KX,y+ kiJ). 

(2) Shew that the points whose perpendicular coordinates 

are (a, ^), (a, ^Q'), (a -a, 13-/3') and (a + a, /S + /8') lie all 
on one straight line, provided = a! 13. 
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(3) Find the equation in perpendicular coordinates to the 
straight line drawn from the origin at right angles to the 
straight line CX, 

(4) Write down the equation to the other diagonal of the 
parallelogram two of whose sides are the axes, and one of whose 
diagonals has the equation 

aa + hj^ = ah sin C. 

What is the area of this parallelogram ? 

(5) The distance between two points in terms of their 
oblique coordinates (ic, y) and {x\ y) is given by the formula 

(y-y')^ + 2 {y y) cos C; 

hence write down the coiTcspondiug formula for perpendicular 
coordinates. 

(6) Find the area of tlie triangle one of whose angles is at 
the origin, and the other two at the points whose perpendicular 
coordinates are (a, /3) and (a , /8'). 

(7) Find the area of a triangle whose base is of length cl in 
the axis CX, and whose vertex is at tlic point whose perpen- 
dicular coordinates are (a, /S). 

(8) Find the perpendicular coordinates of the point bisect- 
ing the straight line joining the points whose coordinates are 
(a, 13) and (a', /?'). 

(9) Find the equation in perpendicular coordinates to the 
straight line drawn from the origin, at right angles to the 
straight line whose equation is 

aa -P Z>y9 = ah sin G, 



CHAPTER II. 


TRILINEAR COORDINATES. — THE POINT. 


6. We will renew our construetion before proceeding to 
the next step in the development of the system of trilinear 
coordinates. 

Let BCy CA^ AB be any three fixed straight lines forming 
a triangle, and let P denote some point in the plane of the 
triangle. 

W c have seen that if the perpendicular distances of P from 
any two fixed straight lines (CB and CA for instance) be given 
the point P is determinate, and that these distances may be 
regarded as the coordinates of P, 

n- 3. 
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Now let a, /3, 7 denote perpendicular distances of P from the 
three fixed straiglit lines BO, CA, AB, Then, as we have seen, 
any two of these (c.g. a, may he regarded as the coordinates 
of P with respect to the corresponding axes (7?(7, CA)^ and the 
remaining ])erpcndicnlar ( 7 ) may be expressed in terms of these 
two (a and j3), and known (“onstants, by tlie metliod of the ex- 
ample, Art. 3 (or more simply, as we* shall shew presently). 

But there are advantages, as the sefjuel will shew, in regard- 
ing all the three perpendiculars as coordinates of P^ and thus 
expressing P’s position at once with respect to the three fixed 
axes, or lines of reference (as it is more usual to call them). 

We shall regard as positive the distances from any line of 
reference to points on the same side with the intersection of the 
other two lines of reference, and consequently the distances of 
points on the other side will be negative; thus 

A lies on the positive side of BG, 


B CA, 

a AB. 


Thus all ])oints within the triangle formed by the lines of refer- 
ence (which we shall briefly call the triangle of reference) have 

their coordinates positive, and points without the triangle of 
reference have either one or two coordinates negative. 

It will be observed that it is impossible to find a point on 
the negative side of all the lines of reference, that is, no point 
has all its three coordinates negative. 

/ 

7 . We have observed that when two of the trilinear coor- 
dinates of a point are given the third may be calculated. We 
proceed now to investigate a simple equation, which we shall 
find connects these three coordinates. 

Let P be any point whose coordinates are a, 7 and join 
PA, PB, PC, and draw PD, PE, PF perpendiculars on BC, 
GA, AB respectively. 
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First, suppose P within the triangle ABC as in fig. 3 ; 
then the triangles 

PBG-\- PGA + PAB— whole triangle ABG. 

l^ut BG.PD or aoL is the douhle of the area of the triangle 
PBG\ so and C7 are the doubles of the triangles PGA and 
PAB; 

aoL-\-h^-\-cy = 2A, 

where A denotes the area of tlie triangle of reference. 

Secondly, suppose P without the triangle. Let it be on the 
negative side of BG and on the positive sides of GA, AB, as in 
figure 4 . 


Eig. L 



In this case the triangles 

PGA + PAB^PBG= whole triangle ABG. 

But in this case a is negative, so that tlie length PI) = — a ; 
and therefore — ay, represents the double of the area of the tri- 
angle PBG. 

Hence, as before, , 

aa -f + C7 = 2A. 
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Again, suppose P on the negative side of both BG and AB^ 
as in fig. 5. 


P 



In this case the triangles 

PC A — PAB ~ PBG = the triangle ABC. 

But in this case both a and 7 are negative, and therefore 
— aa and —07 represent the double areas of the triangles PBG 
and PAB. 

Hence, as before, 

aa 4- + C7 = 2A. 

Hence we see that if a, 7 be the coordinates of any point 
whatever, they are connected by the relation 

aa -f -f C7 = 2 A. 


8. We might have deduced the result just obtained at once 
from the result in Art. 3, taking care to determine the ambigu- 
ous sign so that the perpendicular from tjie origin G should be 
positive in accordance with the convention of Art. 6. 
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Thus we should have written at once 

2A — aa — 

7 = — > 


or aa + &/3 + 07 = 2 A, 

but the proof given in Art. 7 is more simple in its character. 

9. Let p be the radius of the circle circumscribing the 
triangle ABC. 


Then by trigonometry, 


sin^ sini^ sin 0 


= 2 />; 


hence the equation obtained in Art. 7 may be written 


a sin ^ sin sin C — — 8 suppose. 


10 . The equation of Art. 7, or the equivalent form just 
obtained ydays a very important part in t^lr.ear. coQi^dinates. 
It enables us to make every equation involving a, /3, 7 homoge- 
neous^ for, since 


aoL 4- 1)0 -f C7 

2A 


1 (Art. 7), 


we are at liberty to multiply any term we please in an equation 

by the fraction ^ thus raising by unity the order 

of the term. By repeating this operation we can raise every 
term of an equation up to the same order as the term of highest 
order, and thus render our equation homogeneous. 

For example, if we have the equation 
a* 4“ Say 4" 5^ == 1 , 
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we can raise every term to the third order: thus we get the 
homogeneous equation 

»■ + 3 .^ 55 +11 +. -7 + 5,9 (”« + 

__ /aoL + 4 - cyV 

“V “"TA 

which we might proceed to simplify. 


11. If tlie ratios of the coordinates of any point he given, 
the point is determinate, and the actual values of the coordi- 
nates can be found by means of the relation 

aoL -f 4- C7 = 2 A. 


We may proceed thus : 


Let the coordinates be proportional to X : : z;, then 


X /jL V ^ 


and therefore each of these ratios 




aa 4- l>l^ 


a\ 4- 4- cv ci\ 4- hjjb 4- cv 


Hence 


2\A 

a = — — , , 

ax 4- 4- cz/ 

/ 3 = 

a\ 4- hfjL 4- CP ’ 

2z/A 

a\ 4 " 4 “ CP 


12. We may however observe that in practice we very 
rarely require the absolute values of the coordinates. lor 
advantage is almost universally taken of the principle detailed 
in Art. 10, by means of which our ecpiations in trilinear coordi- 
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nates are homogeneous. And it is scarcely necessary to point 
out that a homogciiieous equation in a, /3, 7 will not involve in 
any way the actual values of the quantities, but will only in- 
volve their ratios. 


For example, 
may be written 





where only the ratios - and ~ are involved. 

77 


Again, if we have to substitute the coordinates of a point in a 
homogeneous equation it is not necessary to know more than the 
ratios of the coordinates. 


For suppose the equation were 

c</ 37 ~ 3a^/3 + + 7^ = 

and suppose the coordinates of the point were known to be pro- 
portional to I : VI : n. 

The actual values of the coordinates may be supposed to be 
kl, Icvi, Icn^ but it is not necessary generally to know the value 
ot tlie multi[)ller k] for if wc substitute kl, km^ kn in the given 
e(piatioii, wc get 

mn?'- + bkWn + //«’ = 0 , 

or, dividing by A;’ throughout, 

linn — 3P/>i -f -f ii = 0, 

so k disappears from the final result, and therefore a knowledge 
of its value was unnecessary. 

We shall conclude tliis chapter with some examples in 
which wc shall determine the coordinates of several points re- 
lated to the triangle of reference, leading to results which arc 
continually required in the solution of problems. 
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13 . To find the coordinates of the angular points of the 
triangle of reference. 

For the point A it is evident that y8 = 0 and 7=0. Also 
aa = 2A, hence we can write down the coordinates 


of A, 

So, of 
and of C, 


a ’ 


0 , 0 . 


2A 


ij ^ 


0, 0, 


2A 


N.B. The angular points of the triangle of reference are 
conveniently spoken of as “ the points of reference.^’ 

j 

14 . To find the coordinates of the middle point o/BC. 

Firr. 



Let P be the middle point, and suppose a, 7 the coordi- 
nates of P. 


Since P lies on PP we have a = 0. 


Also Z>y 3 = twice the triangle APB 
= the triangle ABC, 

since APB, APG on equal bases and of the same altitude are 
equal. 
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Therefore 
and so 




7 ^- 

c 


Hence the coordinates are 


A A 
0 - 


15 . To find the coordinates of the foot of the pcri^endicular 
from A upon BC. 

Let A A' he the perpendicular and let a, 7 he the coordinates 
of A\ Draw A'lF^ AK pcr2)endicular to CA^ AB respectively; 

then a = 0, = . 1 7 /, 7 = A' K. 

But 4 ^^! = cos AAir = cos a ■ 

A A ’ 

A' H=^ A' A cos C ; 

ov /3 = — cos 6 ; 
a 

so 7 = — cos B, 


Hence the coordinates arc 




2A 


cos C, 


— cos B, 
a 


16 . To find the coordinates of the centre of the inscribed 
circle of the triangle of reference. 

This point is equally distant from the three lines of re- 
ference ; 

/. a = y8 = 7; 

• ? ^ ^ „ 7 _ ao^-\-b^-\- cy ^ 2 A 

’*1 1 1 a+b + c alff+~c' 


W. 


2 
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Hence each of the coordinates is — , where s denotes, as in 

s 

Trigonometry, half the sum of the sides of the triangle. 

1 7. To find the coordinates of the centre of the circle cir- 
cumscribing the triangle of reference. 


7 . 



Let 0 be the centre, a, y 8 , 7 its coordinates ; join OC and 

draw OP perpendicular onBG] then (Euclid, iii. 2), BC is 
bisected in P. 

Hence the triangles OPB, OPC arc equal in all respects. 

Now the angle BOG Vit centre = twice angle BA G at circum- 
ference. y? 

Hence / BOP=\bOG = A ; 

OP 

' j57>~ OP = BP cot A, 

i. e. a = cot A. 

A 

So ^ ^ cot 5, 7 = H cot C, 

Jt ^ 

which give the required coordinates. 
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Cor. If p be the radius of the circumscribed circle, these 
coordinates may be expressed thus : 

a=^pco&Ay /3 = pcosi?, 7 = pcos(7. 

18. To find the coordinates of the point which divides in a 
given ratio the straight line joining two points whose coordinates 
are giveru 



Let Pj, Pj be the given points and (a„ 7,), (0,, 7,) 

their coordinates, m : n the given ratio. Suppose P the point 
required, and let (a, /3, 7) be its required coordinates ; 

then PjP ; PP^ = m : n. 

Draw PD, P^D^, PjjP.^ perpendiculars on BG, and through 
Pand Pj draw PH and PjS" parallel to BC, and meeting P^D^ 
and PD respectively in H and K. 

Then by similar triangles 

PK ; P//= PP, : P,P = m : n, 


1. e. 

a — ; a^ — (x==7H : n, 

whence 

noL — na, = — ma ; 

or 

{m 4- w) a = mUg -f na^ ; 


ma + na. 

or 

a = — ; 


VI 4- n 


2—2 
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Similarly we may shew that 
R - 

^ m 4 - n ’ 


and 


my „ + ny, 

7= - ~ 


hi -f )i 

wliich give the required coordinates. 


Cor. The coordinates of the middle point between (c^, , , 7,) 

and ( 7 ., /Sg, 7,,) are 

a, + "-'2 + 

2 ’ 2 ’ 2 


Exer(msi:s on Chapter 11. 

(10) Find tlie coordinates of the points of triscction of tlie 
sides of the triangle of reference. 

(11) If A' be the middle point in the side BC of the triangle 
of reference ABC, find the coordinates of a point Pin AA', such 
that .4P=2^'P. 

(12) If AA' be the perpendicular from the point of reference 
A upon the opposite side BC, find the coordinates of a point P, 
so dividing this line that 

AP : PA = cos A : cos B . cos C. 

(13) Find the coordinates of the centres of the circles escribed 
to the triangle of reference. 

(14) Kender the following system of equations in trilinear 
coordinates homogeneous : 

+ mP + nP) — 4AZaa + 4 A*Z 

= {JiP -h mP -f- nP) — 4 A 7 R&/S + 4AV/i 
= (?«* + mP 4- nP) y^ — 4 A^my + 4A^r. 
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19. To find the area of a triangle^ the triUnear coordinates 
of whose angular 2^01)118 are given. 

Let («j, ySj, 7J, (a2, %), (a.,, ^3, %) be tlie coordinates of 

tlie angular points, and let A denote the area of tlie triangle. 

Now we have already in Art. 5 found an expression for A 
in terms of the coordinates a and /8 of each angular point. We 
may however express tliat result in a form symmetrical with 
respect to the thi'ee coordinates of eacli point. 


Thus, taking the result of Art. 5, 


A = - coscc G 


= - cosec C 


{«! - /Sa) + «2 - /3,) + O3 (/S, - /S,) 


> ^3 

coscc G 

a,, a„ a. 

^ 2 . /^a 

~ 2S 

A. A. /^a 

t, 1, 1 


s, s, s 


But diminishing the last row of the determinant by the sum 
of the first row multiplied by sin A^ and the second multiplied 
by sin B, and remembering that the relation 

a sin A + /9 sin H + 7 sin C = S, 
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is true for the coordinates of each point, we get 


A = 


C03 CC C 

~liS 


A. 

sin ^ 7 , 7^ sin ( 7 , 73 sin C 


1 

a., a,, aa 

1 

/3., 7. 

~~‘2rs 

(Q,, ^2. /3a 

■"2;8 

®a . ^2 . 72 


7i. 7a. 7a 


“a- 7a 


a perfectly symmetrical expression for the area of the triangle. 


20. find the condition that three points whose trilinear 
coordinates are given should lie on one straight line. 

Let (a,, 7,), (a,, 7^), (a„ ^3, 73) bo the three 

points. 

That they should lie on a straight line is the same thing as 
that the area of the triangle formed by them should be zero. 

Hence, by the last article, the condition is 


a,. 7, 

* 7a 
“a. /^a> 7o 


= 0 . 


21 . 


It follows from Art. 20 that the equation 


a, A 7 


= 0 


^1. 7. 

7b 


speaks to us of a variable point (a, y8, 7) which lies on one 
straight line with the points (a,, 0 ^, 7,), (a,, 73). It is 

manifest that the equation will be satisfied if (a, y3, 7) denote 
any point whatever on this straight line : and that it cannot be 
satisfied if (a, / 9 , 7) lie elsewhere. 
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Hence the equation 


a, A 7 
> A > 7i 
Ao 72 



is the equation of the straight line joining the points 
(«!. A» 7i), («., Ai 7.)- 

If X, il/, iV^bc equal to, or proportional to the minors 


/5i. 7. 


7i. a. 



A, 7. 


72, “2 

’ 1 

J 


of tlie above determinant the equation becomes 
La 4- + iV 7 = 0. 


Con. Every straiglit line is represented by a homogeneous 
equation of the first order in a, / 3 , 7, We proceed to shew 
that the converse of this proposition is also true. 


22. Every homogeneous cqiiation of the first order represents 
a straight line. 

Let /a + wi/ 3 -f 7i7 = 0 


be any homogeneous equation of the first order in a, A 7* It 
shall represent a straight line. 

By giving 7 any value (7j suppose) in the system of equa- 
tions 

la 4- 4- n 7 = 0, 

aa 4“ 4- C 7 = 2 A, 

we shall get corresponding values (a^, suppose) for a and / 3 . 

Thus we can find coordinates (a^ , A > 7i) representing a point 
upon the locus of the given equation. 

Similarly by giving 7 another value (7^ suppose) we can find 
the coordinates (a^, yS,, 7^) of another point upon the locus. 



24 


TRILINEAR COORDINATES. 


But since (a,, /S,, 7,), (a^, /S,, y^) represent points lying on 


the locus of the equation 

la + m^ -\-ny = 0 ( 1 ), 

we liavc the relations 

loL^ + m(3^ + ny^ = 0 ( 2 ), 

and + m/3^ + 7iy^^ = 0 (3) . 


13y means of (2) and (3) we can eliminate the ratios I : m : n 
from (1) ; thus the equation (1) will take the form 


a, 7 


- 0 , 


A, 7, 

/5,, 7, 


which we know (by Art. 21) to be the equation to a straight 
line. 

Hence every liomogcncous equation of tlic first order as trl- 
lincar coordinates represents a straight line. 


Note. The only apparent exception is when the two equa- 
tions la -h = 0 and aa + i/3 + cy = 2A arc inconsistent, 

that is, when I, m, arc proportional to a, i, c. This case we 
shall discuss separately in Chapter iv. 


23, By Art. 21 we arc able to write down the equation to 
any straight line in terms of the coordinates of any two points 
upon it. 

It is often desirable to express it in terms of any other con- 
stants which will determine the straight line. For instance, a 
straight line is determinate when its perpendicular distances 
from the three points of reference are given; we proceed to 
determine the equation to a straight line in terms of these three 
distances. 

Let AP = p^ BQ = q, CR — r be the three perpendiculars 
from the angular points A, B, C upon a straight line PQRi it 



THE STRAIGHT LINK. 


2 o 



C A 

is required to find tlie equation to the straight line in terms of 
these quantities q, r. 

Let 0, G he any two points upon tlie straight line, and let 
tlieir coordinates he a, /3, 7 and a', 7 ', and let p denote the 

distance hctweeii tliem, then 

pp = twice area AOO 

= aS I 0, 0 I hy Art. 115, 
a 

A 7 

a', /3', 7 ' 

therefore multiplying by aa, 

apap = 2AS a, 0 , 0 

«, A 7 
ft’, /3', 7' 

l»j^p = 2A8 0, A 0 

ft, A 7 
/3', 7' 


so 
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and 


C7'yp = 2^8 


0 , 0 , 7 

A 7 

a , A, 7 


therefore by addition 

(opa 4- hq^ 4- cry) p 8 


a, A 7 
a, A 7 


- 0 , 


A, 7 


and therefore ajjOL 4- hqj3 + cry ~ 0. 

This being a relation among tlic coordinates a, A 7 RRJ 
point wliatcver on the straiglit line PQU, is tlie equation to that 
straight line, and it is expressed in terms of the perpendiculars 
2 ), r. Therefore it is the equation required. 


24. We shewed in Art. 22, that the equation 

la 4- wA + ^7 = 0 (1), 

must always represent a straight line. 

In Arts. 21 and 23, we have found tlie equation to a straight 
line in terms of the coordinates of two points npon it, and in 
terms of its perpendicular distances from the points of reference, 
but botli the equations thus found are particular cases of the 
general form (1), 

Thus by comparing the various articles we are able to 
explain the coefficients in the general equation. We may either 
interpret I, m, n, as proportional to the determinants 



7, ! 

7., a. 



A, 

7. i 

7«. «a 1 


“a, /3a 


where («!, Ad 7i)) (« 2 > A> points upon the line, or 

we may say that they are proportional to ap, bq, cr^ where 
2 ^, q, r are the perpendicular distances of the line from the points 
of reference. 
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It should be noticed that the equation 


I a, A 7 
^ » 7, 

I a2» % 


= 0 


will not be altered if we substitute for a^, / 3 ,, and 7^, or for 
/ 3 ^, and 7^, any quantities proportional to them. For this 
is only eciuivalent to multiplying the equation throughout by a 
fixed ratio. 


Hence it is not necessary, in order to form the equation to 
the straight line joining two points, to know the actual co- 
ordinates of the points, but it will suffice if the ratios of the 
coordinates are given. 


Thus if two points be determined by the equations 


and 


X yu 

a __7 

X f / ■ / ) 

fJb V 


the equation to the straight line joining them will be 

7 

X, fi, V . 

V, V 


26 . To find the condition that three straight lines whose 
equations are given should pass through one point. 

Let la + +727 =0, 

Z'a + y8 + 7 = 0, 

i!"a+ + ^' 7 = 0 , 

be the three equations. If the three straight lines all pass 
through one point, all these equations will be satisfied by the 
coordinates (a, / 3 ', 7', suppose), of the point. 

Hence, loi! +7RyS' ^-7^7' =0, 

Va* + 1110 + 7^V = 0, 

Vo! -f in' 0 -f 7i"7' = 0. 
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Therefore eliminating a' : / 8 ' : 7 we get 

Z, m, n 1 = 0 , 

m ^ tt ! 

7 // tt ft \ 

I , m ^ n I 

which will be tlie condition required. 

/ 

27. Evert/ straight line passing through the jpoint of intersec- 
tion of the two straight lines whose equations are 

la + ny =0 ( 1 ), 

I'a + in^ + ny = 0 ( 2 ), 

loill have an equation of the form 

la 4- ni^ + ny-\-K (fa + ni jB + tty) =0 (3) , 

where k is an arbitrary constant, and hy giving a suitable value to 
K the equation (3) can be made to represent any particular straight 
line passing through the point of intersection of (1) and (2). 

Suppose (a, y) to be the point of intersection of (1) and 
(2); therefore these coordinates satisfy the equations (1) and 
(2) : therefore 

la + mfi + 717 = 0 , 

I'a + nifi -P n'y = 0. 

Multiplying the second of these by k and adding, wc get 
la + m(S -f 7 i 7 + /c fa + m' (3 + ny) = 0 , 
which shews that a, 13, y, satisfy the equation (3). 

But the equation (3) being of the first order represents a 
straight line. Hence it represents a straight line passing 
through the intersection of (1) and (2). Q. E. D. (i). 

Also by giving a suitable value to k the equation (3) will 
represent any straight line through (a, 13, y). 

For suppose it be required to make it represent a straight 
line passing through any point (a', jdi , y). 
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The condition that this point should lie on the locus is 

Icf! + -h 7?7' + K (Z'a' -f 771 4- 7ify) = 0. 

Ilencc, if we give k the value determined by tliis equation, 
i-c., 

__ la + + ny 

Ta + 'ifi 4- n 7 ' 

the equation (3) will represent the line joining the points 
(a, /3, 7 ), and (a , /3', 7 '). Hence we can determine k so as to 
make the equation (3) represent amj straight line through the 
point of intersection of (1) and (2). Q. E. D. (li). 

Tn this case the equation (3) takes the form 

loi + 71^ Va-^- 771 (3 )f<y 

la 4 7nj3' 4 7 }^' fa 4 7n/3' 4 7iy ’ 

which is therefore the equation to the straight line joining 
{a, y), to the point of intersection of the straight lines 

la 4 4 ny = 0, 

and la 4 7)i^ 4 7ty = 0. 

28. If we use u and v to denote the expressions 
la 4 771 /3 4 7iy and la 4 7ti/3 4 7iy ; 
the third equation of the last article will be represented by 

71 4 fC7: = 0. 

Hence we may briefly express our result as follows. 

If ti a7id V he any fimctions of the first degree of the coordi- 
7iates^ the7i the equation 

4 /Cl? = 0, 

will re'present a straight line passing through the intersection of 
the straight lines represented hy 

= 0 ayxd i? = 0, 

a7xd hy giving a suitable value to fc, it 7oill represexxt any such 
straight line. 
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29 . The following affords a good illustration of the use of 
the foregoing article. 

Fig. 10. 



BA' c 


BA' c 

Let the equation 

/a + + = 0 ( 1 ) 

represent a straight line meeting BC in A , CA in AB in C\ 
Consider the equation 

717 = 0 ( 2 ). 


From its present form we observe that it is a straight line 
passing tliroiigli the intersection of y8 = 0 and 7 = 0, that is, 
through A^ but if we write it in the form 

{la + -f 717) — ?a = 0, 

we perceive that it passes through the intersection of a = 0 and 
Za + 771/8 + 777 = 0, 

that is, through A. 

Hence it represents the straight line AA\ 


Similarly the equations 

n7 -f Za = 0 (3), 

Za H- 777/8 = 0 (4), 


will represent BB' and CC' respectively. 
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Further let BB\ CC' meet in a; CG\ AA in 6; AA\ BB' 
in c. 

Then the equation 

— n7 = 0 (5), 

which represents a straight line tlirough A, being equivalent to 
h + m/3 — {ny + la) = 0 , 
must pass through a. 

Hence it represents the straight line Aa. 


Similarly the equations 

ny — la = 0 ( 6 ), 

la — m/3 = 0 (7), 


will represent Bh and Cc respectively. 

But further the equation (7) may be obtained from the equa- 
tions (5) and (6) by addition. Hence the straight tine (7) passes 
through the intersection of the straiglit lines (5) and (6). 

That is, Aa, Bb, Cc meet in a point. 

We conclude this chapter with some Examples of the 
methods we have been investigating. 

^0. To find the equation to the qoerpendicular from the point 
of reference A upon the line BC. 

First Method. Let A A be the line in question. The 
perpendicular distances of the line from the angular points 
A^ By C are respectively 

0, c cos B, —b cos Cj 

where we give opposite signs to the latter two distances, since 
they arc measured on opposite sides of A A 
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Fig. 11. 


A 



Hence by Art. 23 the equation is 

0/ir cos Ji — ych cos C —0, 
or jQ cos B—y cos 0 — 0. 


Second Method. Ijct AA'=j7, then tlic coordinates of A 
are p, 0, 0, and the coordinates of A! are 0, p cos C, p cos B. 
By Art. 21 the straight line joining these points has the equation 


«. /?, 7 

p, 0 , 0 

0, ;>cos ( ', pcosB 


= 0 , 


or (dividing by^'*, and evaluating the determinant), 
B cos B - y cos (7=0, 
which will be the equation required. 


Third Method. Let P be any point in AA', and on AC 
let fall the perpendicular PE = and on BA the perpendicular 
PF = y. 

Tlien since the angle P.4 6’ is the complement of (7, 

PE 
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Similarly, since the angle PAB is the complement of B, 


PF 

p3=cos 


B; 


therefore PE : PF= cos G : cos 

or /3 : ry = cos G : cos J?, 

or y9 cos J5 = 7 cos (7, 


a relation among the coordinates of any point P in AA\ and 
therefore the eq[uation to AA\ 


^ 31. The perpendiculars from the angular points of a triangle 
on the opposite sides meet in a point. 

Take the triangle in question as triangle of reference, and 
call it ABG] then, Art. 30, the three perpendiculars will be given 
by the equations 

0 cos 1? — 7 cos (7=0, 

7 cos (7 — a cos A = 0, 
a cos -4 — cos J? = 0, 

of which we observe that any one can be obtained from the other 
two by addition; therefore by Art. 27, the three lines pass 
through the same point. 


32. To construct a straight line whose equation is given. 

Let la 4- + ^7 = 0 

be the given equation of a straight line. 

It is required to construct the straight line. 

The given equation will be satisfied if a = 0, and yS and 7 are 
determined so as to satisfy the equation 

m ^ 4- W7 = 0. 

But if a = 0, the corresponding values of 7 are subject to 
the relation 

4- 07 = 2A. 


w. 


3 
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From these two equations we obtain 

^ _ 2wA _ 

^ hn — ^ hn — cvi ’ 

which give the coordinates corresponding to a = 0, of a point 
upon the line. 

Hence we are able to construct the point where the required 
line meets BC, 

Similarly we can construct the point where it meets CA : 
and by joining these two points we shall have the straight 
line required. 

33. It will be understood that when we speak of the 
straight line la + + ^^7 = 0, we are using elliptical language, 

and mean strictly, the straight line whose equation is 

7a 4- ntB + ny = 0. 

So we often speak of a point lying on la + ni^ ■^7iy = 0, 
when we mean that it lies on the locus of that equation. Or we 
spccak of an equation passing through such and such points, 
when we mean that its locus passes through those points. 

All these modes of expression are of course, speaking 
strictly, very loose and incorrect ; but as they can hardly lead to 
any misconception tliey are not objectionable, and they shorten 
very much the expression of a mathematical argument. 

It is convenient also to notice that just as the point whose 
coordinates are a, ^ and 7 is commonly described as the point 
(a, y8, 7), so the straight line whose equation i s Za + + ny = 0 

may be spoken of as the straight line (I, m, n). 


Exercises on Chapter III. 

(15) h ind the area of the triangle whose angular points are 
the middle points of the sides of the triangle of reference. 
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(16) Find the area of the triangle whose angular points are 
the feet of the perpendiculars from the points of reference on the 

^opposite sides. 

(17) Find the equations to the sides of the triangle of 
Ex. 16. 

(18) Find the area of the triangle whose angular points are 
given by 


a = 0 ] 

1 

0 ) 7^ 

= 0 ) 

= ny J 

1 ’ ny = 

hi’ h: 

=«i/3r 

(19) Shew that the points 

given by 


a = 0 1 

i 

/3 = 0) 

7 = 0) 

ml3 4- ^7 = 0 J 

1 ’ ny + 


h + = 0 J 


lie all on one straight line. 

(20) Find the coordinates of the points of trisection of the 
side AB o( the triangle of reference. 

(21) Find the equation to a straight line cutting the lines of 
reference CM, AB in Q, It respectively, where AQ = ^AC and 
AR = iAB. 

(22) A straight line cuts the sides BCy CA of a triangle 
ABC in P, Q and it cuts AB produced in P, shew that if 
(7P : (7P = 1 : 3 and CQ : CM =2 : 3, then will BA : AP = 1 : 3. 

(23) Find the equation to a straight line which cuts off 
— 1 and f-j respectively from the sides AB, AO of the tri- 
angle of reference, and find the coordinates of the point where 
it meets the side BC. 


3—2 



CHAPTER IV. 


THE INTERSECTION OF STRAIGHT LINES. PARALLELISM. 
INFINITY. 


34. To find the coordinates of the point of intersection of two 
straight lines whose equations are given. 

Let la + + ^^7 = 0, 

Va 4- + n 7 = 0, 

be the equations to the two straight lines. 

Then the coordinates of the point of intersection must satisfy 
both equations, and the ratios of the coordinates will therefore 
be obtained by solving the two equations together. 

Thus, eliminating 7 we get 

_« ^ 

m, n w, I 

ft f V 

m ^ n n ^ L 

and therefore by symmetry, each = 

equations which give the ratios a : y8 : 7. 

But to obtain the actual values of the coordinates we have to 
introduce the relation 



aa 4* J/9 4- C7 = 2A. 
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Thus, since 


a ^ 7 


niy n y 

Wj Jt 

> 

1, m 

m\ n! 1 

n\ V 


V, m’ 


are equal, therefore each of them is equal to 


aa + J/3 + C7 2A 

T — — , or i ^ 


a, h, c 

or 

a, Z>, c 

If n 


1, w, n 

l\ 7n\ n* 


It t t 

t, nif n 


Hence 



nif 

n 

2A 




m\ 

n 

a 

b, 

c 

h 

7n, 

n 

V 

y 'rn\ 

n 


with similar expressions for ^ and 7. 


35. To find the condition that two straight lines whose 
equations are given may he parallel. 

Let Za + wi/3 + 717 = 0, 

VoL + + w'7 = 0, 

be the two given equations. 

If the two lines are parallel their point of intersection lies at 
an infinite distance from the triangle of reference. Henee the 
common denominator in the expressions for the coordinates of 
the point of intersection, obtained in Art. 34, must be zero. 

= 0. 


That is 


a, J, c 
?, m, n 
l\ fn\ v! 
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36. To interpret the equation 

oa + “f 07 = 0. 

We shall shew first that the locus of this equation includes no 
point other than at infinity; and, secondly, that it includes 
every point at infinity. 

In order to find the coordinates of points on the locus of any 
given equation, we have to determine values for a, 7, which 
will satisfy both tlic given equation and the perpetual relation 

aa “f i/8 4- 07 = 2 A, 

In the present case the two equations wliicli have to be com- 
bined are inconsistent for all finite values of the variables. For, 
if a, »y are finite, we get, by subtraction, 

0 = 2A, 

which is contrary to our original hypothesis. 

But looking at the equations a little more generally, and 
remembering tliat a, /3, 7 may have infinite values, it appears 
that the result of the subtraction ought strictly to be written 

0,a4-0./3 + 0.7==2A, 

an equation wliich requires that one or more of tlie variables 
a, /8, 7 should be infinite. And from considering* either of the 
original equations, we observe that two at least of these variables 
must be infinite, since if only one were infinite, we should have 

aa + J/8 + C7 = CO . 

But it may be asked, how can the equation aa -f 5/8 + 07 = 0 
be satisfied by points anywhere situate, since we know by the 
geometrical construction, Art. 7, that if a, /9, 7 are the coordi- 
nates of any point whatever, aa-f-5/3 + c7 will represent the 
double of the area of the original triangle? 

True. But when we take any point in the plane of the tri- 
angle of reference to represent (a, /8, 7), we necessarily take it at 
some finite distance or other from the triangle. We can make 
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this distance as great as wo please, but we can never actually 
make it infinite. So wlien we say that the equation 

«a -f i/8 + ^7 = 0 

represents a locus lying altogether at infinity, we are not contra- 
dicting, but rather asserting this fact For to say that every 
point u|x>n the locus lies at infinity is in fact saying that no 
point can he found or drawn which shall satisfy the equation. 

But the statement further implies the following: that al- 
thougli no finite point can be found to satisfy the equation 

la -f- + ny = 0 

when ?«, n arc proportional to a, i, c, yet when the ratios of 
If m, n dlfter from those of a, i, c by the least possible difference, 
then sucli points can be found ; and by making the difference as 
small as we please, tlie locus will recede as far as wc please from 
the points of reference. 

This is exactly the meaning which is attached to the term 
“infinity” in Algebra, where (for instance) the statement 

-f “ + “ -f &c. to an infinite number of terns = 1 
2 4 8 

does not mean that any number of terms which we can actually 
take will amount to unity, but tliat by taking as many terms as 
we please, we can make the sum as near unity as wc please. 

But, secondly, any point lying at an infinite distance from the 
triangle of reference may be regarded as lying upon this locus. 

For, let Xbe any point at an infinite distance, and let P be 
any finite point, then we can conceive a straight line joining 
PXj and by Art. 21, Cor. it will have an equation of the form 

la + 7/1/8 -f- Tjysa 0 (1), 

Now let Q be another finite point not in the straight line 
PX, and let the equation to QX be 

Va 4- w /8 + w'y a 0, 


( 2 ). 
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Then since PX and QX intersect at infinity they are pa- 
rallel, and therefore their equations must satisfy the condition 
investigated in Art. 35, 

i. e. a, c =0. 

m, n 

Z i » t 

, m, n 

But this equation expresses the condition that the three 
equations 

«a 4- i/3 + = 0, 

la 4- ■\-ny =0, 

Va 4 4- 7iy - 0, 

should he consistent, or that their loci should have a common 
point. Therefore the locus of the equation 

aa 4- iyS 4 ^7 = 0 

passes through the intersection of PX and QX^ that is, through 
X; and so the same locus can be shewn to pass through any 
point whatever at infinity. 

But we have already shewn that it passes through no finite 
point. Hence the equation 

aa 4- ijS 4 C 7 = 0 

represents a locus lytny altogether at iajinity^ and embracing all 
points at infinity, 

37, It has already been seen that the equation 
la 4 rn^ 4 n 7 = 0 

when the ratios I : m \ n have any values whatever not identical 
with the ratios a \ h \ c represents a real and finite straight line. 

Now since the locus is a straight line however closely the 
ratios li m : n approximate to the values a : b : c, it is a lawful 
form of expression to describe the limiting locus itself as a 
straight line. 
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Thus we are able briefly to express the result we have 
arrived at as follows : 

The equation 

aa + J/3 H- C7 = 0 

represents the straight line qiassing through all points at infinity. 
But it must be remembered that this is but an abbreviated 
statement of the fact, that as Z ; m : approach the values 

a :h \ c, tlie locus of the equation 

la + = 0 

will always be a straight line, which can be made to fail by as 
little as we please from passing through any point whatsoever 
and every point at an infinite distance from tlic lines of re- 
ference; whilst the position to which it approaches will contain 
no finite point whatever. 

It will be observed tliat since sin Ay sin J5, sin C are pro- 
portional to ay hy Cy Ac cquatlon may be indifferently written in 
either of the forms 

aa -f + C7 = 0, 
a sin ^ ^ sin 7^ + 7 sin (7 = 0. 

38. The difficulty of conceiving such a locus as we have 
described, may perhaps be lessened by the following con- 
siderations. 

Let ABC be the triangle of reference, and Pany point at a 
finite distance from it 

From the centre P, at any finite radius PQ, as large as can 
be conveniently taken, describe a circle, and suj^posc that while 
the centre P remains fixed, the radius of this circle be gradually 
increased. If this enlargement be carried on indefinitely, the 
curvature of the circle becomes less and less, and can by sufli- 
ciently enlarging the radius be made as small as we please. 
Thus the arc of the circle in the neighbourhood of any point Q 
upon it can be made as straight as we please; and though 



42 


THE INTERSECTION OE STRAIGHT LINES. 


the circle can never become actually a straight line, yet as 
the radius approaches an infinite length, the circle becomes 
in every part as nearly straight as we choose, while all its 
points recede to an indefinitely great distance from all finite 
points. 


Fig. 12. 



Thus wc perceive that as the circle tends to become straight 
it tends to satisfy tlie same conditions as the limiting locus of 
the e(_iuatioii 

la + 7?^/8 + = 0, 

as I : m : n approach the values a \ h : c. 

The consideration of this infinite circle will tend to diminish 
the difficulty which would naturally be felt in accepting the 
following proposition, 

39 . Every straight line may he regarded as parallel to the 
straight line at infinity. 

Let la -f w/9 -f- 717 = 0 


( 1 ) 
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be the equation to any straight line. The straight line at 
infinity has the equation 

+ C7 = 0 (2). 


And by Art. 35 the condition that (1) and (2) should repre- 
sent parallel straight lines is 

a, Z>, c = 0, 
a, by c 
ly niy n 

which is identically satisfied since two rows of the determinant 
are the same. 


Therefore every straujht line may he regarded as parallel to 

the si/raight line at infinity. Q. E. D. 

/ 

/ 

^ 40. To find the eijuation to the straight line passing through 


a g iven pioint and parallel to a given straight line. 

Let (a', 7') be tlie given point, 

and la + m^ + ny — 0 (1) 

the equation to the given straight line. 

Let fil3 + py=0 (2) 

be the equation required. 

Then since the locus passes througli (a', /3', 7), 
we have Xa + = 0 (3). 


Also since (1) and (2) are parallel, we have 


or 


ft, 




Py V 

ly lUy n 

a, by c 

Uy I 


= 0 , 


+ i; j Z, I = 0. 
I a, 6 ’ 


,( 4 ). 
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Eliminating \, fi, v from (2) by means of (3) and (4), we get 


a, 

a, 


the equation required. 


/9, 


7 

7 


n 


1 


1, m 


f 


f 


b, c 


c, a 


Uy b 


= 0 , 


41. If (a,, 7,), (otj, 7j the coordinates of txoo 

'points^ and if N denote the determinants 


1 A. 7. 

) 

7i. «. 

t 


1 ^2 • 72 


72. «2 


Cl 

» 


respectively^ then will 

a, ~ a, ^ - /3, 


7t - 7, _ L 
2A ' 


b, c 


c, a 


a, b 

M, N 


N, L 


L, M 


For 

by c I = 

0 

1 


M, iv| 

/3.» 7i 



®g» ^9> 78 


_ 1 1 

0, - c, 0 


therefore 


and similarly 


2A 


2 A 

= 2A (a, -a,); 
a. — 


6, c 
it/, 


' > - ’ 9 

c, a 


# 1 It 

a, 

N, l\ 


X, 3 f 
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42. By comparing these relations with the result of Article 
40, it is seen that the equation to the straight line through the 
qpoint (a,, 7 j) parallel to the straight line joining the points 

(«„ /S.. 7,), and (a„ yj 

is «, y = 0. 

7. 

O', -“a, -/3a, 7,-73 

'"^43. To find ike distance ketween two jioints whose trilinear 
coordinates are given. 

Fig, 13. 



Let P, Q be the two points whose given coordinates are 
(a,, /3,, 7 ,), (flj, yS,, 7 ,), and let p be the distance between them. 
On PQ as diameter describe a circle, and in it draw QA', QB' 
parallel to CB, CA. Join PA\ PB' , A'B' and through Ai 
draw a diameter A'X. Join XB', 

then A'B'^ = PA'* + PP'* - 2PA'. PB' cos A 'PB' 

= PA'* + PB'* + 2PA'. PB' cos G 


0). 
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But the angles A!XF, A'QB' in the same segment are 


equal ; 

.-. zA'XB'^zCy 

and 

.’. A'B' = ^'A'^sin C = PQ sin C 


= p sin C; 

also 

PA' — 0^ — 

and 



Suhstituting these values o{ A'B', PA', PB' in (1), we get 
p“ sin* (7 = (a, - a J - /S,)" + 2 (a, - «!,) (;8, - cos C. 

Bimilarly we liave 

p* sill’' A = (/?, - + (7, - 7,)” + 2 (/ 3 , - (7, - 7,) cos A, 

p’ sin’" /i = (7, - 7 ) + (a, - 2 (7, - 7.) (a, - a,) cos i?. 

Thus wc have three expressions for the required distance, 
each of them symmetrical with respect to two of the coordinates 
of the given points. By combining tliese expressions in various 
ways, among themselves or with the identity 

a {(x^ -o^^h O, ~ /3,) + 0 (% - 7o) = 0, 

wc might obtain a variety of expressions for the distance, sym- 
metrical with respect to all the three coordinates of each point. 
Several such expressions will be found in Chapter VI. 

44 . To find the distance between the txco points whose coor- 
dinates are (a^, 7^), (a^, in a form symmetrical with 

respect to the determinants 


A. 

% 


7 ., «. 


A 


7 , 


7a. «. 

> 

^8 . ^2 


Let Zr, My N denote these determinants, then retaining the 
notation of the last article, the required distance is given by 

p* sinM = + (7i 7«)* + 2 - / 3 .) (7, - 7.) cos A. 
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But by Art. 41, 


therefore 
4 sinVl = 


=JL. 

2A ’ 


c, a 

N, L 


c, a 


a, h 

N, L 


L, M 


1 « 

- ^ r 


N, L 


+ 


L, M 


+ 2 


a, h 

L, M 


cos A 


= a' {i’ + 3P + iV’ - 2MN cos A - 2NL cos B - 2LM cos C], 
or remembering tliat 2A sin A = S<i, (Art. 9) 

p’ = [U + M‘ +N'‘- 2,1/A‘cos A - 2NL cos B - 2LMcos C], 


p = i ^[7/+ J/’+ iV’-2.17A"cos J - 2iVA cosB-2LMcos C\. 


45 . To find the i)erpendicidar distance of the j>oint udiose 
coordinates are (a, /3, 7) from the straajht line joining the two 
jiomts iidiose coordinates are (a^, /S,, 7^) and (c^g, 73). 

Let^; be the perpendicular distance required, and p the dis- 
tance between the last two points, then 

pp = twice area of tlie triangle formed by joining tlie three 
points ; 

^ . (this double area), 

and therefore in virtue of Arts. 19 and 44, 

/?. y 

«> 7. 

?*>,Ai_7» 

P ~ Ji“+ N''‘— 2 iUN cos A — 2JS/L cos B— 2LM cos C] 

_ / a + Mff + Ny 

~ ^/{Z/’+ AP+ iV*- 2MNcos A — 2NL cosD- 2LM cos C] ’ 

an expression for the perpendicular required. 
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46. To find an expression for ike perpendicular distance of 
the point [d , /S', 7') from the straight line whose equation is 

la + wj/3 + n7 = 0. 

Let (a,, )S,, 7,), / 3 j, 7,) be two points on the given line, 

and let X, M, N denote the determinants 



7i 


7,, «, 


a,. A 


7» 

> 

7,. a. 

> 

a,, jS, 


Then by the last article the required perpendicular is 
given by 

+ 

^ ~~ \J[D + iP + — 2il/iVcos A ~ "‘INL cos B — 2LM cos (7 } ’ 

But the equation to tlie straight line joining (c'j, 7,), 

(ai,»/3,i78) be written 

L(x “I" 4” JV 7 “ 0 , 

which must therefore be identical with the given equation 

loL + = 0 . 


Hence 


L^M^N 

I m w ’ 


in virtue of which the expression for the perpendicular becomes 
_ la + 

^ 4- m* + 71* — 2mn cos A — 27i/ cos B — Hm cos C] 

Other methods of arriving at this result will be found in 
Chapters V. and vi. 


Note. The expression 

Z* 4- 771* 4- 71* — 277171 cos A — 2nl cos B ~ 2Z71 cos C 

is of such frequent occurrence that it will be convenient to 
denote it briefly by the symbol (Z, tti, ti}*. 
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47. To find the inclination to the lines of reference of the 
straight line whose equation is 

la + + W 7 = 0 (1). 

Let Q be the inclination of the given line to the line of 
reference BG. 


And let a=4yS (2), 

be the equation to the parallel straight line through 0. Then Q 
is the inclination of this line to BG^ and therefore by Art. 4, (5), 
sin 0 ^ sin ( (7 — 6) 

— k (sin (7 cos 0 — cos G sin 6)^ 

(1 4- k cos G) sin 0 i sin G cos 9, 


tan^ = 


k sin G 
1 + A: cos (7 


(3). 


But since (1) and (2) are parallel, we have (Art. 35) ' 


1 , -k, 0 
Z, m, n 
a, b, c 


= 0 


or (me — bn) = (na — Ic) k ; 

therefore substituting in (3), 
tan0 = 


(me — bn) sin G 


(na — Zc) + (me — bn) cos G 

sin G me-- bn 

c ‘ m cos G + n cos B — I 

m sin G—n sin B 
m cos (7 + n cos B—V 


Similarly if ^ and are the inclinations of the same line 
to GA and AB^ we shall have 

n sin ^ — Z sin G 


tan (f) — j /--y 

^ w cos A + Z cos 6 — m 

Z sin -B — w sin A 

tan yjr = j ^ 

^ Z cos + m cos A — n 


w. 
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48. To find the tangent of the angle betioeen the two straight 
lines represented hy the equations 

la + ml3 + ny = 0, 

la H- -f ny = 0. 


Let 0' be their inclinations to the line of reference BC- 
Then if D denote the required angle between the straight lines, 
we have 


tan i) = ± tan {0 -0') = ± 


tan 0 — tan 0' 
1 4- tan 0 tan 


(rn sin 0~n sin B)(m'cos 0+?i'cos O-n'ain B) (ni cos (7+ n cos B-l 

(ni coaC+n cos^ -/)(m cos C+ucos B-t)~i^ni sin C-n sin i)(7/i'sin C-naiiiB] 

I (m' sin C-n' am B)-\-m (n sin it - Z' sin (7) + n sin ^ - 7/t' si n ) 

11% m7)i + nn'- {mn% n^ln) cos il - {nX-k^ nlj cos B - (lm% I'm) cos 6^ ^ 

or (as we may write it), 

ly n 

I'y m'y n' 

^ sin id, sin By sin C 

11% mm% n { 7 ) 171 % m'n) cos id - {nl% nl) cos B - {l7)i% I'nij cos 6’ ’ 


49. Cor. 1. The straight lines whose equations are 
la + m/S “f W 7 = 0, 
a?id I' a -f + ny = 0, 

are at right angles to one another provided 

11! + nvm 4- nn — [pin + m'n) cos A ~ [nl 4- n7) cos B . 

— (Zm' 4“ Z'm) cos C = 0. 


Cor. 2. If the equation 

ud! 4 - vff.% wf 4- ^u^y 4- 2^71 4 - 2 m ?' = 0 
represent two straight lines y they will he at right angles provided 
M 4 - V 4- 1 (? — 2m' cos a — 2v cos B - 2w cos (7=0. 
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50. Obs. We shall in the course of the work give several 
other methods of finding the expression for the angle between 
t^vo lines whose equations are given. The method in the fore- 
going article is generally thought to be the most convenient; 
but the student is recommended not to pass over, simply because 
they lead only to results already obtained, tliose other methods 
which we shall give, but to read them as very suggestive exam- 
ples of the application of triliiiear coordinates. 

The methods given in Chapters v. and vi. in particular are 
offered as very good illustrations of the use which may be made 
of those forms of equations which it is the special object of 
tiiC/oC two chapters to develop. 


61. To determine the sines of the angles of a triangle the 
trilinear coordinates of whose angular points are given. 

Let P, R be the angular points of the triangle and 

7.). («,. /3,. 7.) 

their coordinates. 


PQ , PR sin P= 2 area PQR ; 


therefore 


sinP = 


2 area PQR 
PQ.PR 


7. 
7, 

«a> 78 


(Arts. 19, 44 ) ; 


where = 

^8. 7, 

7. 

li! 

7,» 

, Ar.= 

«8. ^8 

h= 

7i 

* 7a 

III 

7l> 

7a » 


a,, iS, 
4—9 
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But 

«!> /3i) 7i 

= 

«! A 7, 


) 7a 


— Ctj , ^1 — ^8. 7. 7a 


> ^8 > 7a 


1 

1 


2 A, 7. 

0, 7i-7i, 

0, /3,-/9„ 7.-7, 

7,-7. 

A -^8, 7.-7, 



1 


c, a 


a, 6 


2Aa 


A. A 

> 

A, il/a 




1 c, a 


a, h 




N., A 

9 

A. 



(Art. 41) 


a, 


C 

ill 

sin -4, 

sin 5, 

sin (7 

A, 

3fa, 

A 

A, 


3^. 

A. 

3/., 

3^. 


A, 

3f„ 

3/, 


Hence 


8inP= 


sin A, sin B, sin G 


A. 

A. 


3/,. iVL 


i/. 




N. 


{L„ M„ N,}{L„ M„ Ny 
and similar expressions may be written down for sin Q, and sin B. 


52. To find the sine of the angle between two straight lines 
whose equations are given. 

Let the given equations be 

h + ni/8 + 717 = 0, 

fa + «i'/3 + «7 = 0. 
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Let (aj , , 7 ^) denote the point of intersection of these two 

lines, and let (a,, 7 ^) be any other point on the first line, 

fend (ttg, ^g, 7 g) any other point on the second. 

Then if D be the angle between the lines we shall have, 
with the notation of the last article, 


sin i) = + 


sin -4, sin 2?, sin C 

A. N, 


{L., M„ N,}{L„ M„ N,} 


But 


I n ^ 


and 


V ni n ’ 


therefore substituting 


sin -4, sini?, sin C 

Ij 771, n 

. r. m y n 

sin D=± -J-. Y~n' ^ ^ > 

[fc, m, n\[t^ VI y n\ 

the expression required. 

Other methods of arriving at these results will be given in 
Chapters v. and vi. 


53. The expression for sin D obtained in the last article 
might have been deduced from the expression for tan D obtained 
in Art. 48 ; but the process of squaring and adding the numera- 
tor and denominator of that expression and resolving the result 
into its factors would have been tedious, so that it is perhaps 
more convenient to investigate the sine and tangent indepen- 
dently. 
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From a comparison of the results of Arts. 48 and 52 wc can 
immediately write down the expression for the cosine of the 
angle, 

viz. cos D 

nn — cos..^— {nV-\‘nl) co3i?->(?m'-f cos (7 

~ {^, 7n, n] [l\ m\ n] 


Exercises on Chapter IV. 

(24) Find the coordinates of the point of intersection of the 
two straight lines whose equations are 

a a= Y cos B, 
j3 = y cos A; 

and find the equation of the straight line joining this point with 
tlie point of reference (7. 

(25) If the sides QJij RPy PQ of a triangle PQR be repre- 
sented respectively by the equations 

+ ny— 2Za = 0, 
ny + la — 2m^ = 0, 
la + m/3 — 2ny = 0; 

find the equations to all the straight lines joining the points 
P, Qy R with the points of reference. 

(26) Shew that the straight lines 

(a + c?)a+ (5 +</)/3 + 07 = 0, 
and (a + e?)a + (i • d)/8 + cy =« 0, 

are at right angles to each other. 
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(27) Shew that the straight lines 

a sin i? + sin {B — (7) + 7 sin C cos 0—0, 
acosB + ^ cos (jB ~ O) + 7 sin* O =0, 
are parallel, and that each is parallel to the straight line 
a sin {A — 0) + sin A -h y sin 0 cos 0=0. 

(28) Shew that the equations 

a cosec -4 y8 coscc J5 = 0, 
a cos ^ + yS cos J5 — 7 cos 0 = 0, 
represent parallel straiglit lines. 

(29) Find the condition that the straight line 

la + m/3 + n7 = 0 

may be parallel to the side JBO of the triangle of reference. 

(30) Find the condition that the straight line 

l(X + m/3 -i-ny — 0 

may be parallel to the bisector of the angle A of the triangle of 
reference, 

(31) Shew that the straight lines whose equations are 

a + 7 cos C = 0, 
yS 4- 7 cos ^ = 0, 

are parallel. 

(32) Find the angle between the straight lines whose equa- 
tions are 

a — 7 cos JB = 0, 
yS — 7 cos u4 = 0. 

(33) The perpendiculars from the middle points of the sides 
of the triangle of reference are given by the equations 

yS sin B — ysinC-ha sin (B — C) = 0, 

7 sin (7- a sin .4 -f-/3 sin ((7- -4) =0, 
a sin ^ — y3 sin i? -f 7 sin (.^1 — 5) = 0. 
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(34) Straight lines are drawn from the angular points of the 
triangle of reference so as to pass through the point given by 

Za = = ny, 

and so as to meet the opposite sides in the points A\ B\ C: 
find the equations to the sides of the triangle AB' C\ 


(35) Find the equations to the sides of the triangle whose 
angular points are given by 

(a = 0, and /9+ ly =0), 

(/9 = 0, and 7 + ?na = 0), 

(7 = 0, and a + w/3 = 0), 

respectively. 

(36) If 0 be the centre of the circle circumscribing the 
triangle of reference, and if -40, i?0, (70 be produced to meet 
the opposite sides in A B' G\ shew that three of the four straight 
lines represented by the equations 

a see -4 ± y8 sec J? ± 7 sec (7 = 0 

are the sides of the triangle AB G\ and construct the fourth 
straight line. 


(37) 

equations 


Draw the four straight lines represented by the 
a cos -4 ± )S cos j5 ± 7 cos (7 = 0. 


(38) 

equations 


Draw the four straight lines represented by the 
« ± ^ ± 7 = 0- 


(39) Interpret the equations 

o sin ^ + ;S sin 5 ± 7 sin O' 5 = 0. 

(40) Of the four straight lines whose equations are 

?a ± JM/S ± n7 = 0 
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two intersect in P, and the other two in P ; two intersect in Qy 
and the other two in Q' ; two intersect in B, and the other two 
ijoi P'; find the coordinates of the middle points of PP, QQ\ 
BR' ; and shew that they lie on one straight line. 

And find the equation to this straight line. 

(41) On the three sides of a triangle ABC triangles PBC, 
QCAy BAB are described so that the angles QACy BAB are 
equal, the angles BBAy PBG are equal, and the angles PCB, 
QGA are equal; prove that the straight lines, APy BQy CB 
pass through one point. 

(42) Shew that the point determined by 

aa ___ ^ 

n — I I — m m — n 

and the point determined by 

na ^ C 7 

I -- m m — n n — I 

both lie at infinity, and shew that the angular distance between 
them, viewed from any finite point, will be a right angle if 

a® {m — ny+F(n — Vy + c® CZ — my = {aly hmy c«}®. 



CHAPTER V. 


THE STRAIGHT LINE. THE EQUATION IN TERMS OF THE 
PERPENDICULARS. 


54. We have shewn that if p, r he the perpendicular 
distances of the points of reference from any straiglit line, the 
equation to this straiglit line will be 

apoL + hq^ 4- cr^ = 0. 

We proceed to consider some applications of the equation 
of a straight line in this form. But it will first he necessary 
to establish a relation which exists among tlie perpendiculars 
P, 2, 


55. If p, q,r he the perpendicular distances of the angular 
points of the triangle ABC from any straight line^ then will 

a^p^ -f y^q^ 4- cV® — 2hcqr cos A — 2hcrp cos B 
— 2ahpq cos C = 4 A*. 

Let AP , BQ, CR (fig. 14) he the perpendiculars fi^ ABC 
on the straight line PQR, 

Draw BM^ CN perpendiculars upon AP. 

Then AM^p-^q, 

and therefore (Euclid, i. 47), 


BM=^±sJd^{p--q)\ 
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Fig. 14. 


A 



Similarly CN = + - {r - pf, 

and i?<3 = ± •^^-{q-ry. 

But (having regard to algebraical sign in relation to the 
direction of straight lines) 

BM+NO+RQ = 0. 

Hence 

± VK - (<? - »•)*} i V{i’ - (r - ^)»j + V|c’ -{p~ j)’} = 0, 
which when cleared of radicals reduces to 

+ cV’ — ibeqr cos A — 2carp cos B 
— 2abpq cos C= 4 A’, 
the relation reijuired to be established. 

N.B, With the notation introduced in Art. 46, Note, this 
result may be written 

{ap, bq, cr} = 2A. 
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56. To find the perpendicular distances of the points of 
reference from the straight line whose given equation is 

la + + ^7 = 0. 

Let q, r be the perpendiculars required. Then the straight 
line might be represented by the equation 

apa + hq^ + cr^ = 0, 

which must therefore be identical with the given equation 
la + + W 7 = 0. 


Therefore 


ap __ hq cr 
I m n ^ 


and since these fractions are equal, each must be equal to 

{ap, bq, a-} 

{l^ n\ * 

which by the last article is equal to 

2A 

{/, m, n] ’ 

hence 

2A I _ 2A m ^ 2A n 

^ a * {?, m, nj ’ ^ 6 * (i, m, n} ’ ^ c * {?, m, n} ' 


57. The equation to a straight line being given in the general 
form 

Za -f wi/3 + ^7 = 0, 

to reduce it to the equation in terms of the perpendiculars. 

We have only to multiply the equation throughout by 
2A 

{;, m, n} ’ 

since by the last article the expression 
„ ^ Za + + M7 

{hm,n} 

is identical with 

apa + hq^ + cry. 
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58, To find the perpendicular distance of the point (a , 7 ) 

from a straight line whose equation in terms of the perpendiculars 
i^ given. 

Let apo, + hq^ + cr^ = 0 

be the given straight line, and let a line be drawn parallel to 
this through the given point (a', /S', 7'). 

Then if p be the perpendicular distance required, 
p±py q±p> r±p 

(the upper signs going together and the lower together) will 
represent the perpendicular distances of the new line from 
A, 2?, G. 

Therefore the equation to the new line is 

aa {p±p) + J/3 (q±p) + cy {r±p) = 0. 

But, since this straight line passes through (a', /S', 7'), 

{p ±p) + (g± p) + cy (r ± p) = 0, 

or (aa' -f h/ 3 ' + cy) p = T {apod + hq/ 3 ' -|- cry'), 

and therefore 

_ apod -{■ bq/ 3 ' + cry 
P- - 2A 

the expression for the distance required. 


59. To find the perpendicular distance of the point (a', /S', 7') 
from any straight line whose equation is given in the general 
form 

la 4- m^ + n7 = 0. 

Let p, q, r be the perpendicular distances of the straight 
line from the points of reference. 

Then by the last article the required distance is given by 


P = ± 


apod + hq^' 4- cry 
2A 
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But by Art. 56, 

I ap m _ hq n _ cr 

{/, v] 2 A ’ {/, wi, n\ 2 A ’ {Z, m, n} 2 A * 

Hence the last equation becomes 
_ Za' -f my8' + ny 

p;^«] ’ 

the same expression which wo obtained by another method in 
Art. 46. 


60. To find the angle between two straight lines in terms of 
their perpendimlar distances from the angular points of a 
triangle. 


Fig. 15. 


A 



Let I) be tlie angle between the two straight lines OPQR 
and OP’ QR intersecting in 0. 

And let p^ r be the perpendicular distances of the former 
line — and p\ q, r those of the latter — from three points ABG 
forming a triangle. 
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Then OP ^ ABOP-- ABOP\ 

t^at is, OP. OF sin i) = . OP - q OF. 

Similarly OP. OP' sin P = r . OP — r OP'. 

Hence eliminating OP, 

(r — q) OP . sin D = qr — qr. 

Similarly {p —r) OQ. sin D = 7p' — 
and (j' — OP . sin P = ~“PP 

therefore by addition, 

|(r-2')OP+ (_p-r)0(9+ (2'-p)Op|sinP= j), g, r 

P', S'", »•' 

1 , 1 , 1 

But AABC=AARQ+ CQP-BIiP, 

therefore 

2A=p.(OP- 0«)+?.(0<)-^ OP)-r.{OR^ OP) 

= (r - j) OP-f (p - r) 0^ + (j -p) OP. 

Hence 2 A sin P = p, ^ 

P , »•' 

1 , 1 , 1 

which gives P in terms of the perpendiculars. 

61. To deduce the expression for the angle hetioeen the two 
straight lines whose equations are 

la -f- wi/3 + 7iy = 0, 
and I'a + m'/3 + n 7 = 0. 

If Pi q, r; jj, q, r be the perpendicular distances of these 
lines from A^ P, 0, we have by Art. 56, 

<^p _hq ^cr ^ 2A _ 

I m n {^, 7W, n] ' 
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and 


2A 


o^' _cr' 

~V ~ m'~ n’ ~ {f, m', n} ‘ 


But if D be the angle between the lines, we have by the 
last article 


sini) = 


2A 


P, S'. »• 

t t t 

P, 2, ^ 
1 , 1 , 1 


therefore 


sini) = 


2A 

1 

in 

n 

772, 7i}{r, n] 

a 

b 

c 


r 

m 

n! 


a ’ 

j 

’ ~c 


1. 

h 

1 

2A 

i 

niy 

n 

ohc 

v. 

ni\ 

n! 

\ m, n][l\ m\ n'] 





a, 


c 

ly 7W, n 



f f 

t f m , n 



sin A, sinJ?, sin (7 




{/, n] [l\ m\ n'} 

the same expression which we otherwise obtained in Art. 52. 


62. To find the altitude of the triangle whose base is given 
by the equation 

apoi + bq^ + cr7 = 0, 
and the other two sides by the equations 

ap'oL + bqP + cr 7 = 0, 
ap'a + hq'^ + cr 7 = 0. 


and 
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Let K denote the altitude required, and suppose a, / 3 , 7 the 
coordinates of the vertex of the triangle, then, by Art. 57, 

where a, 7 are to be determined from the equations 
a + + cr 7 = 0, 

-f + er 7 = 0, J- 
aa + -f ^7 = 2A. 


These equations give 



aoL 



2A 

q, r 

r\ p 

P\ !?'. 

1, 1, 

tt II 

<1 . »• 

r", p" 

II II 

r - a 

/. 7'. 




v \ l"y 


But since the first three of these fractions are equal, there- 
fore 

each = '’^='+M+/''- 7 . 

P> >• 

ft It It 

p y q ^ r 

Therefore 


Ih 

q^ ^ 

P> 

q\ r 

P"y 

q\ r" 

1 , 

1 , 1 

P'y 

q\ r 

P"y 

q"^ 


63 , To find the lengths of the sides of the same triangle. 

Let p, p'y p" denote the lengths of the sides whose equations 
are respectively 

W. 5 
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apOL *4- hq^ -f cr^y == 0, 
apa + hq^ 4 - cr'fy = 0 , 
ap”a -f Iq^ 4* cr'ry = 0. 

And let (?, O', 0" denote the angles opposite to these sides, 
and Oo, 0'o\ O'o" the perpendiculars from the angles on the 
opposite sides. Then 

p” sin O' = 0(K 




n; 


O 



But by Art. 60, 


si]i 0=4 


2A 


1, J, 1 

q, r 

tt tt n 

?'.</> »■ 


and by the last article, 


Oo = 


p'^ y'. 


r 

r 


1 , 1 , 1 


P "> *l " 
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tl 1 erefore subs t i tii t i 1 1 


1 p 

q 

■ , r \ 

\, 1, 1 


1, 1, 1 

q^ '■ 


V-, r 

2 >'\ q\ 


}>', r” 


and similar (‘xpressioiis can be written down for the sides 
p and p. 


64. 2o Jincl the area of the same triangle, 

AVc have only to express lialf the rectangle contained by the 
base and the altitude. 

Therefore by the last article 


V. q, r 

p\ l\ r 


area 


V. q. r 


2>\ »•' 

p\ q, r 


n n V 


> 2 , »• 

h 1, 1 1 


I, ], 1 


p \ r" 

1 , 1 , 4 


65. Cor. 'JTe expression just obtained is homogeneous 
with respect to p, </, r, and of zei'o dimensions, lienee it will 
not be altered if we substitute for p, q, r any quantities pro- 
portional to them. 

Now suppose that the equation to the base, instead of being 
given in the form 

ajJOL -f bq^ + cry = 0, 
is given in a perfectly general form 

la + 7??/3 H- 7iy = 0, 


5—2 
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then - , ^ ^ arc proportional to j), and may be sub- 
stituted for^, <2, r in the expression for the area. 

And so with respect to the other two sides of the triangle. 
Hence we obtain tlie following tlieorem : 

If Za + -P W7 = 0, 

la + 7u'/ 3 -f 71 7 = 0, 

V'a + + 77^ 7 = 0, 

he the equations to any three straight lines^ the area of the triangle 
ivhich they contain is 

J m n * 

Tr c 

I ni H 

h ’ 7 


a’ h ’ 0 


1 

m 

n 



in 

t 

n 

'■JL 

m' 

tt 

n 

a ’ 

6 ’ 

c 


a ^ 

b ’ 

c 

a ^ 

b ’ 

c 

V 

m 

n 


i" 

n 

in 

ri' 

i, 

in 

n 

a ’ 

1 / ’ 

c 


a ' 

' b '■ 

' c 

a 

6 ’ 

c 

1, 

1, 

1 


1, 

1. 

1 

1, 

1, 

1 


or (multiplying numerator and denominator by a%Y), 
/, m, n * 





1 1”, 

n M 

m , n 

i, 


n 

~ r, 


n 

V 

t 

f 

i", 

tf 

// 

i' j 

m , 

n 

m , 

n 

rt, 

h, 

C 

a, 

h, c 
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Exercises on Chapter V. 

(43) Find the equations to the straight lines through the 
angular points of the triangle of reference parallel to the straight 
line 

apx-\- hq0 -f cry = 0. 

(44) Find the equation to the straight line through the 
centre of gravity of tiie triangle of reference and parallel to 
the straight line 

apOL -f + cry = 0. 

(45) Find the equation to the straight line bisecting AB 
and cutting AC Sit right angles. 

(46) Find the equation to the straight line parallel to BG 
at a distance d from it on the side remote from A, 

(47) Find the area of the triangle whose sides are given by 
the equations 

hjB + cy — 0 , 
cy-\-aoL — 0 , 
aoL-\-hB- 0 . 

(48) Find the area of the triangle whose sides are given by 
the equations 

+ ^^7 = 9, 
ny 4 - = 0 , 
loL + = 0 . 

(49) Find the area of the triangle whose sides are given 
by the equations 

— aa + + 07 == 0, 

aa — + C 7 = 0, 

aa -f J/3 — C7 = 0. 

(50) Shew that the angle between the straight lines 

aa (p + 5 ) 4 - (^ 4- s) 4- 07 (r 4- «) = 0, 

aa [jy 4- s) 4- [q 4- s) 4- cy {r 4- s) = 0, 

is always the same whatever be the values of 5 and s. 
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(51) Througli tlie points of reference C straight 

lines are drawn parallel respectively to the straight lines 

apoL + + c/vy = 0, 

op CL + hq ^ + e ?- 7 = 0, 
up 'a + hq'^ -f- cr "7 = 0 ; 

shew that they will meet in a point, provided 
M , 1 , 1 , 1 - 0. 

r. </. V 

p\ (j. r\ q I 

'*" , 

(52) Shew that if p — q = c, the straight line 

apOL + hqjS 4 - cr^y = 0 

is at right angles to the line of reference AB. 

(53) Apply the result of Art. 55 to find the equation to tlie 
straight line for which p — q^c and r = 0. 

(54) Shew that if p — = 0, the straight line 

apa 4- hqB 4- cr^ = 0 
is parallel to the line of reference AB, 

(55) Apply the result of Art. 55 to find the equation to 
the straight line for which p — q — ^ and r = 0. 

(56) PQRQ is a parallelogram of which the diagonal QQ 
coincides with the line of reference CA, and the points P, R 
lie on BC, AB, respectively. If the base PQ ho, represented 
by the equation 

apoL 4 - hq^ 4 - cry = 0 , 

find the altitude of the parallelogram in terms of p, q, r. 
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TIIK Ki^UATlONS OF TItE STKAIGUT LINE IN TEEMS OF THE 
DIRECTION SINES. 


66. When wc say that the equation 
Id 4 4 - = 0 

represents a straiglit line, we do not mean that any values what- 
ever of a, /3, 7 which satisfy the equation will be the coordi- 
nates of a point upon the line : for unless a, /3, 7 also satisfy 
the relation 

a(x + b /3 + cy= 2 A, 

they will not be the coordinates of a point at all, although a 
point may be found having its coordinates proportional to 
them. 

In other words, if the equation 

Id + 4- R7 = 0 

is to be regarded as a relation among the coordinates of any 
point upon the line and not merely a relation among their ratios, 
we must regard the equation 

aa 4- 4* 07 = 2 A 

as understood to be simultaneously satisfied. That is, the coor- 
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dinates of any point on the straight line must satisfy the 
simultaneous system 

lo. 4- 4 72^ = 0 I 

aa 4 4 ^7 = 2A) 

We may therefore with tlic greatest strictness speak of tliis 
system of two simultaneous equations, as representing the 
straight line, or defining the coordinates of any point on it. 

Instead of these two equations we may use any equivalent 
pair of equations obtained by combining them. And if ot', y9', 7 
denote known coordinates of any point upon the line, we can 
express the system of equations in a very convenient form. 

Thus : since (a', y9', 7') lies upon the line, we have 
Id 4 m^' 4 = 0 ) 

and ad 4 l>^' 4 C7 == 2 A) ’ 

in virtue of which relations the original system can be put 
into the form 

I [cl- d) 4 m { 13 - / 3 ') 4 (7 - 7 ) = 
a (a ~ a') 4 i (/3 - / 3 ') 4 c (7 - 7') = 0; 
or 

a — d ^ — 1 ^ ' _ y — y 


m, n 

1 «, 1 

~ l, ! ’ 

h, c 

1 1 ^ 

c, a 1 

which we may WTite 



a — d 


7 - 7 ' 

X 


‘ V ’ 

where X, /x, v are proportional to the determinants 

m, n 

n, 1 

1, m 

h, c ’ 

j 

c, a 

\ a, h 


or (which is the same thing), where \, /x, v satisfy the relations 
a\ + bfi + cv = 0, 
and ZX 4^/x4>n' = 0. 
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67 . It follows that if a', y be the coordinates of any 
point, the system of equations 

a — a' _ /3 — _ 7 - 7' 

\ fX V 

will represent a straight line provided 

a\ + hfx + cv — 0, 

and if the equation to the same straight line in the ordinary 
form be 

IcL + + ny = 0, 

the ratios I \ m \ n will be determined by the equations 
\l -f- fim -f vn = 0, 
o!l 4- 4- yn = 0 ; 


that is, the equation in the ordinary form will be 


a. / 3 , 7 


= 0 . 


a', / 3 ', 7' j 

(L, V \ 


68. We proceed to obtain the equations to a straight line 
in the form 

a — a __ /3 — / 3 ' _ 7 — 7' 

\ fl V ^ 

without reference to the ordinary form. 

Let or be the straight line whose equations are to be found, 
and let a, /S', 7 be the coordinates of the fixed point 0 , and 
a, |S, 7 those of any point P upon tlie straight line : and let p 
be the distance between these two points. 

It will be observed that p like a, 7 is a variable quan- 
tity dependent upon the position of P. 

Through 0 draw Oa, Ob, Oc parallel to the lines of refer- 
ence BC, CA, AB respectively, and sp that the angles hOc, 
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cOa, aOh may be the supplements of the angles B, 
respectively. 

Fig. 1/. 
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. Hence, if fi, v be proportional to the sines of the angles 
B, 4 ,, we liavc 

a~o! y 

\ V 

relations among the coordinatc.s (a, yS, 7^ of any point on the 
given line, and therefore representing tlic given line. 

And further, if /a, v be not only proportional but actually 
equal to tlie sines of the angles <\>, we may write 

^ _ TLzX - 

\ /Jb V 

wliere p is tlie distance between tlic points (a, 7) and 

/S', 7')- 

69. Def. The sines of the angles which any straight line 
makes with the tliree straiglit lines of reference may conveni- 
ently be termed the direction sines of the straiglit line. 

70. To find the relations among the direction sines of any 
straight line. 

Let \ = sin /x = sin <f>, v= sin yjr be the direction sines of 
any straight line, 

then (Art. 68), — 6 — ir — C, 

and yJr — (f> = 7 r — A, 

Hence we have sin 0 = — sin {C + <f>)j 
and sin yjr = sin {A —<}>). 

Consequently we may write 

X = — sin {C+^), 

/A = sin 

V = sin {A — (f>), 

and these equations will, on the elimination of <f>, lead to two 
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equations among and the angles of the triangle of 

reference . 

Performing the elimination between the first and second, and 
between the second and third equations, we get 

4- cos C = sin’^(^/, 
and fj^ 4 4 cos A = sin’^^. 


By symmetry we must also have 

4 4 2i/X cos B = sin^jB; 

but this does not express any new or independent relation, 
being obtainable from the two former by tlie elimination of fji. 

Also since 

a — a' __ — / 3 ' _ 7 — 7' 

X [M V ^ 

and since the simple function of the numerators, 

a(a-a') 4 J(/ 3 -/ 3 ') 40(7-7), 

is zero, the similar function of the denominators must be also 
zero, i.e. 

aX 4 4 = 0, 

a different relation among X, /-t, i/, but not an independent one, 
for this must also be implied in the former equations, since 
they were shewn to express the necessary and sufficient relations 
among X, /t, v. 

Hence we arrive at the conclusion that the equations 
a — a' _ ^ — __ 7 — 7 ' __ 

X /Xr V ^ 

will represent a line passing through the point (a', yS', 7'), 
p being the distance between this point and the variable point 
A y)} provided, and provided only, that X, /t, v satisfy the 
conditions 
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a\ + i/A -f- ci/ = 0, 

+ 2fjLv cos A — siuM, 

+ X* + 2vX cos 5= 

X^ 4- 4- 2X/^ cos C = sin' C\ , 

wliicli arc equivalent to only two independent equations. 

71. Tlie required conditions of the last article are given by 
an^ two of tlie four equations just written down, or by an?/ two 
equations tliat can be formed by combining them. We pro- 
ceed to obtain two such which arc sometimes more convenient, 
as involving all the coordinates symmetriciilly. 

It will be sufficient to start with the first two equations, 


a\ -h b/i + cn ~ 0 ( 1 ) , 

/A 4 4- cos A = sIiiM (2). 


From (1) we get, transposing and squaring, 
4 " 4 “ ^hcjiv — 


or 


2fJLV = 


— b~jxr — ( 
' he 


Substituting this in (2), wc get 

4 hev^ 4 (aV — — ci^v^) cos A = he sin VI, 

whence 

XV cos A + fAah cos B 4 v^ae cos (7 = Jo sinVI, 

and therefore (since siu^l, sin/>, sin (7 are proportional to 

rt, J, o) 

X^ sin A cos A 4 sin B cos B 4- sin C cos C 
= sin A sin B sin C, 

or X® sin 2 A 4 ft* sin 2B 4 sin 2 C 

= 2 sin ^ sin B sin (7. (3), 


a result to be remembered. 
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Again from (1), 
and therefore 


hyb = 4 - cv^ 

aXfjL -f cfiv 




so 


aXv -f h/ip 


Substituting these in (2), we get 

acXfjL + c^fjLv -f ah\v -f h^fiv — 2 fiv cos yl = ~ hr sin'^^l , 
or i^fiv -f acXfi 4- ahXv 4 he sin'^^l = 0, 

or fxv sin A 4- vX sin B 4* X/x sin C 

4- sin A sin /> sin C^= 0 (1), 

another notable result. 

And similarly we may form ad libitum a variety of equations 
connecting X, z/, each one implicitly contained in the system 
of equations in Art. 70, 


72. It may well be noticed that each of these equations 
(except the simple equation aX + 6/x 4- cz/ = 0, which only in- 
volves the ratios of X : /x : x') furnishes us with a different 
expression for the distance between two points whose coordinates 
are given. 

For let (a, /3, 7), (a', /9', 7') be the two ])oints, and let 
X, /X, V be the direction sines of the line joining them, then 

a — — /9'_7 — 7'_^ 

X ytX V 

and X, /X, v satisfy the equations of the last article ; 
therefore from equation (3), Art. 71, we get 

,5 _ (a — sin 2 A sin 2^4- (7 — 7 j^sin 2 C 

^ sin A sin B sin C ’ 

and from equation (4), 

sin yl4- (7— 7 )(a— a )sin 7?4-(a— a')(/8— /3')sin C 
^ sin A sin B sin C ■ 
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two expressions for the distance, perhaps more interesting from 
their symmetry than useful in practice. 

73. Let < 1 ^ r be the perpendiculars from tlie points of 
reference on the straight line whose equation is 

a — a' _ — /S' _ 7 — 7 ' _ 

\ a V 


Vvr, IS 



Let 6 be the inclination of this straight line to the line of 
reference BC, then 

\= sin^= ± ~ ^ ; 

a 

tlicrefore g ^ r — ± oX, 

r —ji = ± hfjLj 

p — q — ±cv^ 

the upper signs going together, and the lower together, since 
we must have by addition 

0 = aX + J/A -f cv. 
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Hence, substituting in the equation 

^2 _j_ ^2 2 ^ 1 / cos A = siiiM , 

(Art. 70), we get 

tgm + + j (-'-fHr-i ) ^ 

6“ c“ be 

or c* {r (/> — 5')^ + 2 (r — ^j)) {p — q) he. cos A = ?>V sin*.^ , 

or ay + 7/^^^ + cV® — 2 Je( 2 'r cos A — 2carp cos jR 

— 2abpq cos 6^ = ?>V sin’^A = 4 A^, 


the same relation among tlie perpendiculars from the points of 
reference on any straight line, whicli we have already obtained 
in Art. 55. 


74. If instead of substituting in tlic equation 
+ r" + cos A = sinM, 
we had taken the equation (4) of Art. 71, viz. 

pv sin A + v\ sin B + Xp sin C + sin A sin B sin C = 0, 
we should have obtained our result immediately in the form 

kp - 3) (p - »•) + (3 - »■) (3 - p) + e ('■ - p ) (•'• - 3) = -1^*. 

a form in which we shall hereafter find it useful. 

Or if we had substituted in the equation (3) of Art. 71, wc 
should have got 

[q — r)* cot A 4- — pY cot 5 + ( - qY cot 0 = 2 A, 

another useful form. 


75. To find the angles hehreen the straight lines 


g — g _ ^ ^ _ 7 ~ 7 ' 

X p V 


g~g'^/ 3 — ^^7 — 7 
X' p! V 


and 
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Let <^' be the angles which the straight lines make with 
the line of reference CA. 

Then referring to Art. 70, we have 
sin (}) = fit 

and sin (-4 — <^) = 

or sin A cos ^ — cos .4 sin <^ = v, 

sin A cos — yLfc cos = */. 

Therefore 

sin A cos fi cos A, 


and 


. V + u, cos A 
COS(f>= - . . < 

^ sin A 


Similarly, we have 


sin <^' = 
cos 


V 4- cos A 
^ = sin^l '• 


Now if D denote the required angle between the given 
straight lines 

therefore 

. ^ (l/' 4 cos (1/4/^008^4) 

sini) = sm (0^</>) = 4 


~ sin -4 


.( 1 ). 


Or we may write it 


sinZ> = . — 7 
sin -4 


/A, i; 

1 

p, X 

1 

\ 


/ t 

fX, V 

sin B 

1/ , X 

~ sin C 

X', 

1 


So also 

/ , I /V (p A) (v 4 ft' cos A) , 

cosj9 = cos(<^-<>)= ^ ^ 


sinM 

fMfi 4 vv 4 {p'V + ftV) cos A 
'' sinM 


w. 


6 
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and by symmetry 

_ vv -f XX' + (^X' + vX) cos B 
~ sin^ 

XX 4" 4“ (X/^ 4"’ X cos C 


70 . 2 h find the angle between the straight lines 


a — a' /3 — /3' _ 7 — 7 ' 

\ fJb V 

a ~ a' _ /4 — /3' _ 7 — 7 

_ — — - ” 


where X, /x, v and X', /x', z/' are not equal hut only proqwrtional 
to the direction sines. 

The expressions of the last article were obtained on the sup- 
position that Xj /X, V and X', /i\ v were actual direction sines. 
But if we could reduce them to a form in wliich they would be 
of zero dimensions in X, /x, v and also in X', /lx', v\ they would 
still be true when these quantities are only proportional to the 
direction sines. 

Now wc have (Art. 71) 

^ V/x'^ 4- 4- 2 /xz/ cos A _ 4- X* 4 - 2z/X cos B 

sin A sin B 

Vx^ 4- /x^ 4- ‘^X/u. cos G 


and similar expressions connecting X', p, in virtue of which 
the results of the last article may be written 

. j. ifiv — fju'v) sin A 

V ijA 4 - v* + 2 fjLv cos A) (/x'^ 4 - p 4 - 2fiv cos A) 

aa 4- vv 4- (av 4- viiv) cos A p 

cos J) = ~ . r L AAA -^^====--T^====izsrz~ = Otc., 

V (/x'^ 4- x'* + 2/jlv cos A) (/x'* 4- v ^ 4- 2/lxV' cos A) 
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whence 


tan D = 


{yLV — sin A 
fijM + vv -f {fiv + fj!v) cos A 


= &c. 


and these expressions for the sine, cosine and tangent of D arc 
of zero dimensions in X, v, and also in /it', v\ and are there- 
fore still true in the case before us when /t, v and V, /a', v are 
only proportional to the direction sines. 


77. To deduct expressions for the angle between two lines 
whose equations are given in the form 

la 4- + n7 = 0, 

Va -f m'/3 + ny = 0. 

(Compare Arts. 48, 52, 61). 

If (a', 7 ) be the point of intersection of these two lines, 

the lines may be expressed (Art. 66) by the equations 


and 


a — d _ yS — y8' _ 7 — 7 * 


niy n 


riy 1 


i, 

m 

hy c 


c, a 


ay 

b 


® _ 7 — 7' 


m y n 


71 y V 



m 

hy c 


Cy a 


1 a, 

h 


which arc of the form of the given equations of the last article. 
We must consider what the functions 

IJLv — 

pp + vv 4- {jpv 4- pv) cos Ay 
and p^ + v^ -\-2pvQ,o^Ay 

become when we substitute 


x = 

niy n 

p^ 

n, 1 

V = 

ly m 


hy C 


Cy a 


a, h 


and similar expressions for X', p y v\ 


G— 2 
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I. We get 


II 

1 


= 


n, Z 


Z, 7n 



m', V 


1 

0 , a 

> 

a, h 






1 n, V 


V , 111 






c, a 

j 

a, h 



—a 


Ij 7/1, n 
r, m, 71 
a, h, c 


See Prolegomenon, Example F. 


II. fifi -I" vv + {fjbv + [jIv) cos a 

= [na — Ic) {na — Z c) -f (Zc — mh) (Z c — inh) 

+ [{na — Ic) {I'c — 7nh) + {Ic — mh) {n!a — l!c) \ cos A 

= a*|zf + 7/1771 + 7X71 — {m/i + nin) cos A 

— [nV + ril) cos B — {Im' + I m) cos cj . 

III. ^ '2fjLv cos A 

is the same expression as the last with v written for 

fi, V respectively. 

Therefore it reduces to 

c^[l^ + — 2mn cos A — 27il cos 5-* 2Z7w cos G], 

or with the notation of a former chapter, 

a*{Z, m, 7l]^ 

Hence we can write down the following expressions for the 
trigonometrical ratios of the angle between the two straight lines 
whose equations are 


loL -f m^ -f ny = 0, 
Va -f w'/9 + n 7 = 0, 



IN TERMS OF THE DIRECTION SINES. 


85 


. ^ sin^ Z, m, n -r- {Z, m, w} {?, w, n'}, 

VIZ. sin D = 

^ m\ n 

1 «, hy c 

ly lily n 

Vy in y n 

or sin D = sin^, sini?, sin (7 ^ 

{?, lily {f , m!y n) 

cosi> 

mni+ nn— {mn-^ ran) cos -4— {nV-^- n 1) cos J5— ? ni) cos C 

{ly rUy n]{ly lily n] ’ 

and tan D 

ly rriy n 

Vy m'y rV 

sin Ay sin /?, sin C 

wm'+ww — (wn'+ /Mn) cos^l— (nf+n7) cos/i- (/7 h' 4-^ m) cos O'* 


78. To find the direction sines of the straight line ivhose 
equation is 

loL + + W7 = 0. 

Let \y ft, V be the direction sines required. The angle which 
this straight line makes with the straight line 

Z a + + ny — 0 


was shewn, Art. 77. to be given by 

ly m, Uy 

V f f 

I y in y n 

. sin A, sin By sin 0 

&mJj= + —fi M - • 

*“ {Z, niy n] {Z , , n } 
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Hence writing m! = 0, n = 0, and dividing numerator and 
denominator of the fraction by we get 

m, n 

^ _ sin jB, sin C 
[ly my n\ 

So writing Z' = 0 and n' = 0, we get 

Kly I 

_ sin Gy sin A 
^ ”” {ly my n] ’ 

ly m 

, . , sin^, sinJ5 

and similarly v = r — 

Tyify 

which give the direction sines required. 


79. Cor. 1. With the same notation the expression for 
sin D may be written 

sin = ± — 7j, — r—TT— , 

{Z, m, nj 

which therefore gives us an expression for the angle between the 
two lines 

a — a'_/3 — — 7 '_ 


and Z'a + m'/3 4- ny = 0. 

Cor. 2. The two straight lines expresed in Cor. 1 are at 
right angles provided 

l\ + m'fi + nv:= ± {I'y m'y n]. 


80. To find the perpendicular distance of the point (a , y) 
from the straight line whose eguation is 

la 4- m/8 4- ^7 = 0. 
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Let 


\ fjb 


7 - 7 „ ^ 


( 1 ) 


be the equation to the perpendicular from (a , /S', 7') on the given 
line. 


Then the length of the intercept, or the value of p at the 
point of intersection of the two lines, is obtained by combining 
their equations; thus (1) gives us 

a = a' -f- Xp, ^ = + fip, 7 = 7+ vp, 

and substituting in the given equation, we get 

lot! 4- ?n/3' -f ny -f {IX + mpu + nv) p = 0, 


whence 


la! 4- -f ny 

lx + mpu 4 - nv 


But since the lines are at right angles, we have by the last 


Cor. 

lx 4- nipL + 7iv=z ± 7 z}, 

therefore 

as before in Arts. 46, 59. 


_ j loL + 4- W7' 


Cor. The distance of the point (a , /S', y) from the straight 
line apoL + 4- cry = 0 is given by 

P = ± ^ + cry), 

since it was shewn in Art. 55 that 

[ap, h(i, cr] = 2 A. 


81. To find the equations to the perpendicular from (a', /S', y) 
on the straight line whose equation is 

loL 4- m/S 4- ny — 0. 

Let \, /i, V be the direction sines of the required line, and 
X\ pi!, V those of the given line, then from the expression for 
cos D in Art. 75, 
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since the cosine of a right angle is zero, 

0 = + vv + {fiv + fjdv) cos -4, 

or 0 = /Lt (yLt' + V cos A) +v [u + yt! cos A). 

But fJL V 

I Z, m, 

c, a a, h 

therefore substituting 

0 = /JL m cos A^n +v Z, m — n cos A 
a, h cos A — c a, & — c cos A 

But & — c cos = a cos (7, and c — J cos -d = a cos 7?, tliere- 
fore dividing by a, we get 

0 = /tA (n — Z cos i? — m cos (Z cos (7 + n cos A — m), 

^ 

m — n cos A — I cos 0 n — 1 cos B — la cos A ’ 


and therefore 


A _ 

I —m cos G — n cos B ' 


Hence the equations to the perpendicular will be 



l — m cos 6’ — n cos B m — n cos A — I cos 0 

1 - j 

n — ? cos 77 — m cos A ' 


82, The equations of the last article 

A fjb 

l—m cos 0 — n cos B m — n cos A — I cos G 

_ V 

n — l cos B — m cos A 


( 1 ) 
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express the conditions that /la, v may be the direction sines of 
a line at right angles to the line 

h + + n7 = 0. 

But since they imply the relation 

aX+bfjL-^ cv = 0, 

they express only one further condition. 

To find this one condition in a symmetrical form, we have 
from the first of the equations in (1), 

l{/jb-\-\cos C) — m{\ + /jL cos (7) -f n (/X cos /3 — \ cos A) = 0, 

whence dividing by (7, and remembering that aX + hfjL + cv = 0, 
we get 

^ (/X cos V cos (7) + ^ (i' cos (7 — \ cos A) 

71 

+ “ (X cos A — fi cos B) = 0, 

or ! ^ I = 0, 

c 

X cos -4, ^ cos B^ V cos G 

1 , 1 , 1 I 

or /, w, n =0; 

X sin 2 A, fjb sin 2B, n sin 2 C 
sin -4, sin 7?, sin C 

a result which the student acquainted with the differential cal- 
culus could have written down at sight from the consideration 
that 

lx + TYifM 4- nv 

had to be made a minimum subject to the relations 

X‘^ sin 2 A + /x^ sin 27? + sin 2 6^ = 2 sin -4 sin 7? sin (7, 
(equation 3 of Art. 71) 



90 


EXERCISES ON CHAPTER VI. 


and \ sin -4 + sin B + v^mC— 0, 

wlicnce we must have 

lh\ + mZiJL + nhv = 0, 

\ sin 2A fjb sin 2J?. S/x, *f i/ sin 2 (7. Si/ = 0, 

sin . S\ 4- sin i? . 8/x + sin (7 . Si/ = 0, 

and eliminating the differentials, the result is obtained. 


Exercises on Chapter VI. 

(57) The straight line whose direction sines are jx, v meets 
the line at infinity in the point given by the equations 

\ fX 1 / * 

(58) Find the coordinates of the point at which tlic sides of 
the triangle of reference subtend equal angles. 

If through this point three straiglit lines be drawn each 
parallel to a side and terminated by the other two sides, the rect- 
angles contained by their segments are equal. 

(59) From the point (a', )S', 7) the straight line is drawn 
whose direction sines are \, v : find the length intercepted 
upon this line, between the straight lines whose equations arc 

la 4- w/3 4- ny = 0, 

and ?a 4- 4- n'7 = 0. 

(60) Shew that if from any fixed point 0 there be drawn 
three straight lines OP, OP', OP", whose lengths are p, p, p", 
and whose direction sines arc (\, /a, i/), (\', p.', z/'), (\", p", v') 
respectively, then the area of the triangle PPP'will be 

_ 2A 1, pp, vp 
® 1, fl'p, v'p 

I n n n n 
y ^ P , V P 
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(61) From the middle points of the sides of the triangle 
of reference perpendiculars are drawn proportional in length 
to the sides ; and tlieir extremities are joined to the opposite 
angular points of the triangle. Shew that the three joining 
lines will meet in a point whose coordinates (a, yS, 7) arc con- 
nected by the equation 

sin {B — C) ^ sin (C — A) ^ sin (^l — i?) _ ^ 
a 7 ~ * 

(62) From the point 0, (a , /S', 7') a straiglit line is drawn 
in any direction to meet the straight lines 

la + w/8 4- ^7 = 0, 

I'a 4- w^'y3 4- p'y = 0, 

(/ 4" ^ ) ^ 4" (^ 4"^)^“f'(^“f'^)7~9, 

in points P, Qj R. Shew that the ratio OP. QR : OQ .PR is 
equal to 

la 4- 4- ^^7' 

la 4- wi'/S' 4- ^'7' ^ 

whatever be the direction of the transversal. 



CHAPTER VII. 


MODIFICATIONS OF THE SYSTEM OF TRILINEAR COORDINATES. 
AREAL AND TRIANGULAR COORDINATES. 


83. The great principle which distinguishes the modern 
methods of analytical geometry from the old Cartesian metliods 
is, as we have seen, the adoption of three coordinates instead of 
two to represent the position of a point, and the recognition of 
the power thus gained of rendering all our equations homoge- 
neous. 

This homogeneity of equations will be always attainable 
whatever quantities x, y, z we may use as coordinates of a point, 
provided the third, be connected with the other two by a 
linear equation, 

Ax By Cz = Dy 
Ax + By -f Cfe 

or =1; 

for (exactly as in the case of Art. 10, page 13) any term in an 
equation which is of a lower order than another may be raised 
by multiplying it by 

A x ’\- By -k- Gz 

S > 

(since this is equal to unity) and we may repeat the operation 



AREAL AND TRIANGULAR COORDINATES. 


93 


till every term is raised to the order of the highest term, and the 
equation is thus homogeneous. 

84. We have hitherto used the perpendicular distances of 
the point P from the lines of reference as the coordinates of P, 
and wc have established the relation 

aa + 07= 2A (1), 

connecting the coordinates of any point. 

The position of the point would be equally determinate if 
we used any constant multiples of these perpendicular distances 
as coordinates. For instance, we might call the coordinates of 
P, a', /3', 7 , where 

a = Xa, /S' =* 7 = 

and the relation (1) connecting the coordinates of any point 
would then become 

act! hB' cy ^ , 

— -P = 2A (2). 

The particular case in which 

X = a, = V = c 

will present the advantage of a very simple relation among the 
coordinates, for the equation (2) reduces in this case to 

a'-f /3'-f-7 =2A (3). 

Fig. 19. 

A 
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And the quantities a , 7 , which in this case will be the 

coordinates of the point P, arc capable of a simple geometrical 
interpretation. For if PD be the perpendicular from P on BG 
(fig. 19), we have 

a! ^aoL = BC.PD 


=^2APBC, 

so ff^2LPCA, 

and 7 = 2A PAB. 

The coordinates a , 7' of the point P are therefore the 

double areas of the triangles having P as vertex, and the sides 
of the triangle of reference as bases. 


85. If a", 7" denote the halves of ol\ /S', 7', the equa- 

tion (3) of Art. 84 gives us 

a" + /3" + 7" = A (4), 

as the relation connecting a", yS", 7" if they be taken as the 
coordinates of P. These coordinates represent the areas of the 
triangles BPG, PCA^ PAB, and used often to be called indiffer- 
ently the areal or triangular coordinates of P with respect to the 
triangle ABG* These terms ai^eal and triangular have however 
more recently been applied to the system of coordinates described 
in the next article, and authors are not uniform in their use of the 
expressions. It seems convenient to describe these coordinates 
a", /8", 7" which represent the actual areas of the triangles 
PBG^ PGA, PAB as areal coordinates, observing that as they 
represent areas they are of two dimensions in linear magnitude. 
We can thus reserve the term triangular for the system now 
about to be described, although it would certainly be preferable 
to invent a name for them which should indicate the fact (wliicli 
will immediately appear) that they are of zero dimensions in 
linear magnitude, expressing not linos nor areas but simply 
ratios. 
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86 . The relation among the trilinear coordinates a, ^8, 7, 
aa + i/3 + 07 = 2 A 

may be written 

2A'^2A‘^2A 

If therefore x, y. z denote tlic ratios 

aoL Z>/3 c7 
2 A ’ 2A ’ ^ ' 


they will be subject to tlie very simple relation 

x-\-y-\-z=^l (5). 

But since x^ y, z bear constant ratios to a, /S, 7 they may be 
used as the coordinates of P (Art. 84): and on account of the 
simplicity of the relation (5) just obtained, very great advan- 
tages attend their use. 

It will be observed that these coordinates (a?, y, z) represent 
the ratios of the triangles PCA^ PAB severally to the 

triangle of reference ABO. They are (not very appropriately) 
often spoken of as the areal or triangular eoordinates of P, but 
as wc said in the last article, we shall call them triangular coor- 
dinates, reserving the term areal for the system described in that 
article. 

In speaking of the areas of the triangles PEG, PGA, PAB, 
the same convention with respect to algebraical sign will have 
to be adopted as in the case of tlie perpendicular distances of P 
from the lines of difference. Thus (as in Art. 6, page 10) the 
triangle PEG will be considered positive when it lies on the 
same side of the base EG as docs the triangle of reference, and 
so for the other triangles. 

87. It is important to observe that if the triangle of refer- 
ence be the same, the triangular coordinates {x, y, z) and the 
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trilinear coordinates (a, 7 ) of any point P, are connected by 

the relations 

X _ y _ z 1 _ 

aa ay 2 A ’ 

so that we can at once transform any equation or expression 
from the one system to the other. 

To exemplify this, and for convenience of reference, we 
append a table of the principal results which we have already 
obtained in trilinear coordinates, together with the correspond- 
ing results for triangular coordinates. 


TABLE 

OF FORMULiE AND OTHER RESULTS. 


In trilinear coordinates. 


hi triangular coordinates. 


(i) The coordinates of any point are connected by the rela- 
tion (Art. 7), 


aa + 5y3 -f C 7 = 2 A, 


x-hy-i-z=:l. 


(ii) The coordinates of the middle point of BG are 
(Art. 14), 


A A 

0 — ~ 


0 , 


1 1 
2 ’ 2 * 


(iii) The coordinates of the foot of the perpendicular from 
A upon BO are (Art. 15), 


A 2 A ^ 2 A 
0 , — cos C, — cos B, 
Cl a 


0 , 


6 cos (7 c cos B 
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In trilinear coordinates, | In trianguUir coordinates, 

(iv) The centre of the inscribed circle is given (Art. 16) by 




2A_ 

a + 4- c 


^ _ 3/ ^ — 1 

a h c 


(v) The middle point between the two points 

7i) and (a^, 7 ,), is i (,r^, y,, z^) and is 




+ ^1 + ^2 2;, + 


(vi) Tlie area of a triangle whose angular points arc given 
(Art. 19), is 




7i 

1 

il 

> 


y.. 

a*. 

/ 9 », 

72 

1 

) 

) 



y»> 

«». 

^s. 

% 


^ 3 ) 

3^3 > ^8 


(vii) The equation to a straight line joining two points 
whose coordinates are given (Art. 21), is 


a, A 7 

= 0, 1 

a?, y, ^ 

7, 

> ^25 7a 

1 

a?,, 3/n 2;, 

*^2 > 3^2 > ^2 


(viii) The equation to the straight line whose distances 
from the points of reference are 2 ?, r (Art. 23), is 

apa 4- iq/B 4- cry = 0. | px i- rz =0. 


(ix) The condition that the three straight lines 


la 4- 4- W 7 = 0, 

Va 4- rn'^ 4- ny = 0, 
fa 4- 4- n'y = 0, 


lx 4- 7ny 4- =0, 

lx 4- my + nz = 0, 
T^x 4 - m*y 4 - v!*z = 0 , 
7 


w. 
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In trilinear coordinates. j In triangular coordinates. 
should meet in a point (Art. 2G), is 

ly niy n =0. 

tt / t 

I , 7)1 , n 

in ff n 

L y m y n 

(x) The equation to the perpendicular from A on BC 
(Art. 30), is 

cos i? — 7 cos (7 = 0. I y ooiB — zooiG — 0. 

(xi) The condition of parallelism (Art. 35) of the two 
straight lines whose equations are 

la + 4- ny =0, ^ /a; + my +nz =0, 

I'a + m'lS 4* 71 y = 0, > I'x 4- rny + n'z = 0, 


l, 

my 

II 

p 

jis 

1, 

77ly 

71 

1', 

771 y 

71 


l\ 

77 ty 

71 

a, 

5, 

0 1 

i 

) 

h 

h 

1 


(xii) The equation to the straight line at infinity (Art. 36), 
aa 4- 5/3 4- C7 = 0. | cc -4 y 4- 2; = 0. 

(xiii) The perpendicular distance (Art. 46) of the point 

(«', /3', 7 ') I («', y, z) 

from the straight line whose equation is 

la 4- 7)1^ 4" ^7 = 0, lx 4- my + nz = 0y 

. ?a' 4- 771^ 4- ny . ^ . lx m?/' 4- 7iz 

IS (-7 j , IS y , 

p, m, 71} \aiy bmy cn\ 

where 

{Z, my 7i]® = Z^ 4- 4- — ^mn cos A — 272Z cos B — 2lm cos (7, 

and therefore 
[aZ, hmy C7?j* 

= a^{l— m) (Z ~ 7i) 4- 5* {m — n) (tti — Z) 4- c® (n -- 1) {n — m). 
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In trilinear coordinates, j In triangular coordinates, 

(xiv) The perpendicular distance of the same point from 
the straight line whose equation is (Art, 58) 

apo, 4- + cr^ = 0, 

ajpol + + cr7 

IS ^ , 


;px gy rz = 0, 
is px 4- gy' + tz\ 


(xv) The sine of the angle D between the two straight 
lines whose equations are 

apa. + hg^ + cv^ — 0, px 4- gy ■\‘TZ =0, 

ap OL 4- 5^'/3 4- c/* 7 = 0, px 4- gy + tz = 0, 


is (Art, 60) 


1 


v\ '• 


1, 


1, 1 


(xvi) The sine of the angle D between the two straight 
lines whose equations are 


lo, 4- myS 4- W7 = 0, 
la, 4- rn ^ 4- = 0, 

is (Art. 61) 

Z, w, n 

l\ m\ n' 

sin^, sin sin (7 
n}{l\ n) 


lx 4- my nz =0, 
lx 4- m!y 4- 7iz = 0, 


1 oA _ 

ly my n 

V > f 

1 y m y n 

1, 1, 1 


1 {al^ hm^ cn] [al y hm y cn} 


7—2 
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In trilinear coordinates. 


In triangular coordiimtes. 


(xvii) The area of the triangle whose sides are represented 
by the equations 


apa -f hqP + cry = 0, 
ap CL + hg^ + cr'y = 0, 
ap'a + hg^ 4- cr^y = 0, 

is (Art. 64) 


px + gy +rz = 0, 
px f gy + rz = 0, 
p'x + g'y + r'z = 0, 


Ih ^ 
p\ 

// n n 

V ^ I 


p> 

g, r 


q, r 

// r/ ft 

. 7 , »• 


q, r 


g\ r" 

p, a, r 

h 

\ 1 

1, 

h 1 

1, 1, 1 


(xviii) The condition that the two straight lines 

IcL 4- 4- =0, | lx my 4- 7iz ~ 0, 

Z a 4- 4- ^i'y = 0, | Z'cc4- m'y 4- n = 0, 

should be at right angles is (Art. 49) 

ZZ'4“ mm! nn' j U a! 4- mm'b^ 4- nnc^ 

— {mn 4- m'n) cos A < {mn' + mn) he cos A 

— {nl' 4- nl) cos B | -- (jil' nl) ca cos B 

— [hn 4- l'7n) cos (7=0. ^ — (Im + Z'm) ah cos (7=0. 

(xix) Any straight line drawn through the given point 
(a', y)> I {xy y\ z), 

may be represented by the equations (Art. 68) 


a __ /9 — j8' __ y — y' 
X a V 


a? — cc _y — y — z 
X ^ fi V 
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In trUimar coordinates. | In triangular coordinates. 

where /t, v are proportional to the coordinates of the point 
where the straight line meets infinity and are subject to the 
relation 

4- ci/ = 0. | X 4- 4- = 0. 

(xx) Each member of the equations in (xix) will be equal 
to the distance (p) from the given point to the point 

(a? A 7), I (a?, 2/, «), 

provided X, /i, v satisfy a further condition which is expressed 
by any one of the equations (Arts. 70, 71) 

P-* 4“ 4- 2pz/ cos A = sin*J[, $ c?^iv 4- hW 4- c*X/x 4-1 = 0, 

4- X* 4- 2i/X cos B = sin^j?, | X®5c cos A 4- yfca cos B 
X*4-/4*4-2Xpcos (7=8in*(7. \ 4- cos ( 7 = 1. 


Exercises on Chapter VII. 

(63) Shew that the straight lines 

{m + n)x+{n + l)y + {l + m) z = 0 y 
and lx + my+nz= 0, 

are parallel, and find their inclination to the straight line 
(m —n) X + (n 1 ) y + (I — m) z = 0 , 

(64) If a series of different values be given to pj the equa- 
tion 

X (cos*a 4-p sin“a) 4- y (co8*)9 +p 8in*/3) 4- z (008*7 + P = 0 

will represent a series of parallel straight lines. 
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(65) Shew that the straight line bisecting at right angles 
the side BG oi the triangle of reference is given by the equa- 
tion 

(cc — 2 / + 2 ;) cot = (a? 4- y — 2 ) cot (7. 

Hence shew that the three straight lines, bisecting at right 
angles the three sides of the triangle of reference, meet in one 
point. 

(66) Draw the four straight lines represented by the equa- 
tions in triangular coordinates, 

X A ±y cot B ±z Q,oi G = 0. 

(67) Draw the four straight lines represented by the equa- 
tions 

X cosec A±y cosec B±z cosec G = 0. 

(68) Interpret the equations 

X ± y ± z — 0. 

(69) Find the area of the triangle whose sides are given by 
the equations 

lx 4- my 4- = 0, 

7nx 4- Zy — nz = 0, 

5; = 0. 

(70) Find the area of the triangle whose angular points are 
given respectively by 

a; = 0 and y = fo, 
y = 0 and z = mx^ 
z = 0 and x = ny. 

If mn = 1, the result is independent of I, Interpret this cir- 
cumstance geometrically. 
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(71) Of the four straight lines whose equations are 

lx + my ±nz = Of 

two intersect in P and the other two in P', two intersect in Q 
and the other two in Q\ two intersect in P and the other two in 
P'. Find the triangular coordinates of the middle points of 
PP', QQ\ ER\ and shew that they lie on one straight line. 

Find the equation to this straight line, and compare the 
result with that of Ex. (40), page 5G. 

(72) Prove that the straight line represented in trilinear 
coordinates by the equation 

a^a + 1/^ + 

is parallel to the straight line represented in triangular coordi- 
nates by the equation 

X ootA+ycotB + z cot 0=0. 

(73) ABC is a triangle: through tlie angular points 
Af Bf Of straight lines ca, ah are drawn forming a second 
triangle abc : and through a, b, c straight lines are drawn paral- 
lel to BG, GAf AB respectively, so as to form a third triangle, 
and so on. Shew that the areas of the triangles thus formed are 
in geometrical progression. 
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ABRIDGED NOTATION OF THE STRAIGHT LINE. 


88. In Chapter iii. Art. 27, wc used w ~ 0 and ?; = 0 to 

represent the equations to two straight lines, regarding u and v 
as abridgements or symbols of the expressions Za + + ny 

and Ho. -f -f- n 7. 

But it will have been observed that the reasoning of that 
article would have been equally valid if w = 0, t? = 0 had re- 
presented the equations to two straight lines expressed in tri- 
angular coordinates, or in the ordinary Cartesian system. 

We may therefore write the result of that article in the 
following more general form. 

If u — 0 , v ~0 be the equations to two straight lines express- 
ed in ally system in which a point is determined by coordinates y 
then will the equation U'\- kv =0 represent a straight line pass- 
ing through the intersection of the former lines. 

And by giving a suitable value to k this equation can be 
made to represent any straight line whatever passing through 
that point of intersection, 

89 . The following principle will often be assumed. 

If = 0, V = 0, = 0 he the equations to three straight lines 

forming a triangle expressed in any system in which a point 
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is determined hy coordinates^ then any straight line whatever 
will he represented hy an equation of the form 
\u + /-fci? + = 0. 


Fig. 20. 



For let Qlt^ EP, PQ be the straiglit lines whose equations 
are w = 0, ?; = 0, = 0 respectively, and let FO be any straight 

line whatever whose equation it is required to find. 

Since QE^ EP^ PQ are not parallel {hypoth^y one of them 
can be found which being produced will meet FG. Let it 
be QE, 

Let QE produced meet FO \n F, Join FP. 

Then, by Art. 88, since F'P passes through the intersection 
of ?; = 0, 24? = 0, it will have an equation of the form 

v + /C14? = 0, 

or, as we may write it, 

/L62? -f |/24? = 0. 

But since FO passes through the intersection of the straight 
line whose equations are 22 = 0 and 

/LtV -f 1/24? = 0, 

it will by the same article (88) have an equation of the form 

Xtt -f /it? + J^24? = 0, 

which was to be proved. 
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We have supposed that the tliree original straight lines form 
a triangle. All that is necessary however for the validity of 
the proof is that they should not he all parallel, and that they 
should not meet in a point. 

If they were all parallel, one could not necessarily be found 
to intersect PG, and if they met in a point, FP and FQ would 
coincide, and the equation to FO could not then be determined 
as passing through the intersection of FP and FQ. 

But the theorem is perfectly true if two of the original 
straight lines be parallel and intersect the third. 

90. If u + v-^w — 0 represent the fourth side of a quadri- 
lateral whose other three sides are w = 0, v = 0, 2 V = 0, it is 
required to interpret the equations 

V ± w = 0, tv ± u = 0, u ± V = 0. 

Let the first three sides be PC, CA, AB (fig. 21), and let the 
fourth side cut them (when produced) in A, C' respectively. 

The equation v + w = 0 represents a straight line passing 
through the intersection of w = 0 and u+v+w — 0: also through 
the intersection of t; = 0 and w = 0. 

It is therefore the straight line AA. 

Similarly, 4- w = 0 represents BB', 

and = 0 represents CC\ 

Again, let BB', GO', intersect in a; CC, AA in h; 
AA, BB in 0 . 

Then tlie equation v — to = 0, since it results from the sub- 
traction of 4- w = 0 and w 4- v = 0, represents a straight line 
passing through the intersection of BB' and CO\ or a. 

It also passes through the intersection of ?; = 0 and w — 0, 
or A, 

Hence, v — w — 0 represents the line Aa, 


so tv-^u Bh, 

and w - V = 0 Cc. 
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Fig. 21. 


B 



91. The following proposition is very important. 


If w + = 0 (1), 

— w + = 0 (2), 

u — v -\-w=^0 (3), 

— w — (4), 


he the equatiom of four straight lines forming a quadrilateraly 
then 

w = 0, 

V = 0, 

!<; = 0 , 

will he the three diagonals of the quadrilateral. 

For u — 0 evidently represents a straight line passing through 
the intersection of (1) and (2), and also through the intersection 
of (3) and (4), therefore it is a diagonal oftlie quadrilateral. 

Similarly v = 0 joins the intersection of (1), (3) with that 
of (2), (4), and so w = 0 joins the intersection of (1), (4) with 
that of (2), (3) ; 


&C. Q.E.D. 
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92. If the equations 

u-\-v — 0 (1), 

u-\-w=0 (2), 

21 ^ V 0 (3), 

u --20 = 0 (4), 

represent the four sides of a quadrilateral in order, then will 

v + w = 0 (5), 

and V — w = 0 (6), 

represent its interior diagonals, and 

^^ = 0 (7), 

will represent its exterior diagonal, 

and v = 0 (8), 

and t(? = 0 (9), 


will represent the straight lines joining the point of intersection 
of the two interior diagonals to the points of intersection of 
opposite sides. 

Let AA', BB' he the interior, and CC the exterior diago- 
nal, so that the equations (1), (2), (3), (4) represent AB\ B'A\ 
AB, BA respectively, and let AAy BB' intersect in 0. 


Fig. 22. 
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Then the equation (5) may be obtained either by subtracting 
(1) and (4), or by subtracting (2) and (3). Therefore it repre- 
sents the line joining the intersection of (1) and (4) with that 
of (2) and (3); i.e. the line AA\ 

Similarly (6) denotes the line 

But u = 0 passes through the intersection of (1) and (3) as 
well as through that of (2) and (4) ; therefore it represents the 
line Ca. 

Also v = 0 passes through the intersection of (1) and (3) 
as well as through that of (5) and (G). Hence it denotes the 
line CO. 

And similarly tJje equation w ^0 must denote the line 
C'O. Q.E.D. 

The student is recommended to examine for himself the 
modifications which these theorems undergo when one of the 
straight lines is at infinity. 

93. We now introduce some geometrical terms which will 
be found convenient. 


Definitions. 

I. Three or more straight lines which pass through the 
same point are said to be concurrent. 

II. Three or more points which lie upon the same straight 
line are said to be colUnear. 

HI. Two triangles ABC, ABC are said to be co-polar if 
AA\ BB\ CC' meet in a point, and this point is called the 
'pole of the triangles, or the pole of either triangle with respect 
to the other. 

IV. Two triangles ABC, ABC are said to be co-axial 
if the points of intersection of BC, B'C\ of CA, CA, and of 
AB, AB' lie in one straight line, and this straight line is 
called the axis of the two triangles, or the axis of either triangle 
with respect to the other. 
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94. If two triangles he co-axial they will also he co-jgolar. 

Let ABG^ AB'C be two co-axial triangles, and let 
be tlieir axis; P being the point of intersection of BG, B' G\ 
Q that of GA^ G*A\ and R that of AB, A'B\ 

Fig. 23. 



Let w=0, t; = 0, w — 0 be the equations to P(7, GAy AB 
respectively, and a? = 0 the equation to PQE. 

Then, since B’ G' passes through the intersection of PQR 
and BG (a; = 0 and ?4 = 0), its equation may be written 


x-\-lu — 0 (i) , 

So the equation to G'A may be written 

x-hniv = 0 (ii), 

and the equation to A'B' 

x+nw=0 (iii). 

From (ii) and (iii) by subtraction we obtain 

mv — nw—O (iv), 


which therefore represents a straight line passing through the 
point of intersection of G'A' and A'B'; i.e. through A'. 



ABRIDGED NOTATION OF THE STRAIGHT LINE. Ill 


But this equation, from its form, must represent a straight 
line passing through the intersection of the straight lines v = 0 
and w = i.e. through A, 

Hence (iv) is the equation to AA\ 


Similarly, nio-lu=^0 (v), 

and lu — mv = 0 (vi) , 


are the equations to BB' and CC' respectively. But (iv), (v), 
(vi) arc all satisfied at the point determined by 

hi = mv = nw. 

Therefore AA\ BB\ CG' all pass through this point, and 
therefore the triangles are co-polar. 

Therefore any two co-axial triangles are also co-polar, q.e.d. 


95. If two triangles he co-polar^ they will also he co-axial. 

Let 2 ^ = 0, 2 ; = 0, 21 ? = 0 be the equations to the sides of 
the triangle ABG^ and let A'B'C' be a co-polar triangle, the 
point 0 being the pole. 

Let BG, B G' intersect in P, GA, G'A' in Q, and AB, A'B' 
in It. We have to shew tliat P, Q, It are collinear. 

Let aj = 0 be the equation to FQ. 

Then JS'O' passing through the intersection of BG and PQ 
has an equation which may be written 

-f = 0 (i). 

So G'A' passing through the intersection of GA and PQ 
may be represented by the equation 


x + mv = 0 


(ii). 
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Then the equation 

lu — mv — 0 (iii) 

must represent a straight line passing through the intersection 
of the straight lines (i) and (ii), as well as through the intersec- 
tion of the straight lines u and v. Therefore it represents the 
straight line GC, 

Therefore the point 0 is given by the equations 
III = mv 

— nw suppose. 

And therefore OA and OB will have the equations 


mv — (iv), 

and (v). 


Now consider the equation 

X + nw=0 (vi). 

It must represent a straight line passing through the intersec- 
tion of the straight lines (i) and (v), that is, through J5'. 

Similarly its locus must pass through the intersection of the 
straight lines (ii) and (iv), that is, through A\ 
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Therefore it represents tlie straight line A B ; but by its 
form its locus must pass through the intersection of the straiglit 
lines w and i, e. AB and BQ. 

Hence the three straight lines AA ^ BB, PQ meet in a 
point, or (in otlier words) the point of intersection It of the sides 
AA\ BB is collincar with P and Q. And therefore the tri- 
angles ABOj ABC are co-axmh 

Hence any ttvo co- 2 ^ola^' triangles are co-axial, q. e. d. 


9(). The three straight lines tohich are represented in abridged 


notation by the equations 

la 4- mv + mo =0 (1), 

Vu 4- ni v + = 0 (2), 

V'u + m'v + ii'w =0 (3), 

to ill be concurrent j provided 

I m, n I = 0. 


m\ n j 


For (Art. 88) if the straight line (3) pass through tlie inter- 
scctioia of (1) and (2), its equation must be obtained by adding 
some multiples of tlie first two equations. 

Suppose k, Ic the respective multipliers, then we must 
have 

Jd+Jdr =r, 

km 4- Ic7ii= 
kn 4- k'n = n\ 


wlience, eliminating kj k\ we obtain 


w. 


S 
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I, m, n 

It f r 

/ , m f n 

•jtt n tt 

t ^ m y n 


= 0 , 


the required condition for the concurrence of tlic three straiglit 
lines. 


97. It will be observ'cd that the result of the last Article 
is precisely the same as that of Art. 20. Indeed Art. 26 is but 
a particular case of Art. 90. 

For if we regard 

u — u = 0, 10 = 0, 

as denoting the equations to three straight lines in trilincar 
coordinates, then (Art. 40) the expressio7is ti, v, themselves 
denote the perpendicular distances of the point (a, /8, 7) from 
these straight lines. And therefore if these straight lines be 
taken as lines of reference, w, t?, w will be proportional to the 
new trilincar coordinates of the point ((x, 7), and may them- 

selves be regarded (Art. 84) as coordinates of this point, re- 
ferred to the new triangle. 

The equations 

III + mv -f nw = 0, 

III + 'inv + nxo = 0, 

11' w = 0 , 


need therefore be no longer regarded as abbreviated expressions, 
but they may be read as relations among the coordinates w, u, xvy 
and as such may be subjected to the reasoning which in Art. 26 
is applied to the relations among the coordinates a, ^8, 7. 

98. It is interesting to observe that the method of trilincar 
coordinates originally grew out of the method of abridged nota- 
tion applied to Cartesian coordinates exactly by the process of 
thouglit indicated in the last article. In the works of Mr Tod- 
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hunter and Dr Salmon, tlie subject will be found treated from 
this point of view. As far as we know, Mr Ferrers (in 1861) 
was the first to publish a work establishing trilinear coordinates 
upon an independent basis. 


Exercises on Chapter VIII. 


(74) If = 0, = 0, w — 0 be the equations to three 
straight lines, find the equation to the straight line passing 
through the two points 


u __v 
I m 


?/? , 

= — and 7 , = 
n I 


V 

m 


w 

n * 


(75) Find the equation to the straight line passing through 
the intersections of the pairs of lines 

‘lau + hv + 010 — 0, hv — CIO — 0 ) 
and "21x1 + ao + cio = 0, au — cw = 0. 


(76) If 5 = 0 be the equation to the straight line at infinity, 
the equations 

w + V — 5 = 0, — t? q- 5 = 0, 

represent the sides of a parallelogram whose diagonals arc 
u=^0 and u = 0. 

(77) Let the three diagonals of a quadrilateral be produced 
to meet each other in three points, and let each of these ^points 
be joined with the opposite corners of the quadrilateral ; the 
six lines so drawn will intersect three and three in four points. 

(78) If 5 = 0 be the equation to the straight line at infinity, 
then the triangle whose sides are 

= 0, V = 0, 10 = 0, 

is co-polar with the triangle whose sides are 

w -f ?5 = 0, V + ms = 0, to + ns = 0, 
whatever be the values of 1, m, n. 


8—2 



116 


EXERCTSKS ON CHAPTER VIII. 


(79) If ABO, AB'G' be the two triangles in the last ques- 
tion, and if AA\ i? (7 intersect in D; BB', CA in E) CC\ AB 
in F\ shew that the intersections of DE and AB, EE and BC» 
FD and CA will be collinear. 

(80) The three points determined by 

U _ V _ 2V 

p-^i p-a' 

u _ V _ in 

r r — ~n ii f 

q — r q — r q — r 
__ V _ in 

r — p r — p r" — 1>" ^ 

are collinear. 

(81) Tf u — 0, v=0, w — 0, denote the equations to 

four straight lines, and if the sum of the expressions u, v, in, x 
be identically zero, the three diagonals of the quadrilateral 
formed by the four straight lines will be represented by the 
equations 

q- 1 ; = 0, or W-\' x = 0, 

24 + = 0, or cc + 2 ; = 0, 

U + X = 0, or V q- 247 = 0. 


(82) In a given triangle let thi'ee triangles be inscribed, by 
joining the points of contact of the inscribed circle, the points 
■where the bisectors of the angles meet tlie sides, and the points 
where the perpendiculars meet the sides ; then will the corre- 
sponding sides of these three triangles pass through the same 
point; also the triangle formed by the three points of intersec- 
tion will be a circumscribed co-polar to the original triangle, and 
the will be on the straight line in which the sides of the 
given triangle meet the bisectors of its exterior angles. 



CHAPTER IX. 

IMAGINARY POINTS AND STRAIGHT LINES. 


99. Let /-f/' V— 1, ^ V- 1, A + 1 be irrational 

values of a, /3, 7 wliicli satisfy the relation 

aa -f iyS -h C7 = 2 A. 

If instead of being irrational the values had been rational 
they would have been (Art. 7) the trilincar coordinates of some 
real point. But being irrational they are said to be the coordi-- 
nates of an imaginary point. 

This must be taken as the definition of the term “ an 
imaginary point.''" 

Sueli a point has no geometrical existence, it exists only in 
respect to its coordinates. In otlier words, when we speak of 
an imaginary point wc are using a phrase wliicli lias no strict 
geometrical application, but is convenient as giving expression 
to an analytical result, and is very useful in enabling us often 
to use much more general language than we could without 
such a convention. 

For instance, suppose we are finding the coordinates of a 
point of intersection of the loci of two equations (two curves). 
And suppose we arrive at the result 

a = a + VT#'* — 

If we use only geometrical language wc shall have to observe 
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that this value of a is only real when J > e. Hence in stating 
our result we must say that there will be a point of intersec- 
tion only when h > c. In the language of analysis wliich we 
have just introduced we shall be able to state the result more 
generally: we shall be able to speak of the point of intersection 
as always existing, but we shall observe that it is real or 
imaginary according as i > c or h <c. 

100. So, again, if coordinates are to be determined by the 
solution of a quadratic equation, we shall say that there will 
alioays be two solutions, but they will sometimes denote real 
and sometimes imaginary points. 

We shall shew hereafter (Cliap. xii.) that every conic section 
has an equation in triliiicar coordinates which may be written 


4- -f + 2vyot. + = 0 (1), 

Now suppose 

h -f -\-ny = 0 (2) 


is the equation to a straight line, and that it is required to find 
the coordinates of the points of intersection of the straight line 
and the conic, i. c. to find coordinates which will satisfy both 
the equations, we shall have to solve the equations (1) and (2) 
simultaneously with the relation 

a(x + h^+ cy = 2A (3). 

By means of the simple equations (2) and (3) we can express 
/8 and y as functions of a of the first order. 

Substituting these values in the quadratic (1) wc shall get 
a quadratic equation to determine a. 

This quadratic will have two roots (real or imaginary). 
Hence there will be two points of intersection (real or 
imaginary) . 

Hence every straight line meets every conic section in two 
and only two points (real or imaginary). 
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101. Jf f'^f 9 "^9 1, A + A' V— 1 he tlie coordi-- 

nates of an imaginary point; then y, h will he the coordinates 
of a real pointy and g\ K will he proportional to the coordi- 
nates of a point at infinity. 

For if/+ f V— 1, g + g V— 1, A + A' V- 1 be the coordinates 
of a point they must satisfy the relation 

aoL + J/3 4- C 7 = 2A. 

Hence 

(q/’4- hg + ch) 4 {af* 4 hg 4 ch!) V— 1 = 2 A, 
and therefore equating real and imaginary parts 


af 4i^+cA=2A ( 1 ) 

and af'-^rhg^-cli—O (2) . 


But the equation (1) shews that (/, g, h) an', the coordinates 
of a point, and (2) shews that g\ li satisfy the equation 

aa 4 + C7 = 0 

to the line at infinity, and therefore represent a point at 
infinity. Q. E. D. 

Cor. The coordinates of an imaginary point at infinity 


will be 

y’4/^V— 1, V— 1, A4A'V-~1 

where 

af •\‘hg ch ^ 0 , 

as well as 

af 4 hg 4 c4' = 0 . 


102. Def. An equation of the form 
(Z4 Z' V-I) a + + V~ 1 ) /34 (n 4 n ^~\) 7 = 0 

is said to be the equation of an imaginary straight line. 
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We here suppose that 

Z + Z'V— 1, w + wi'V— 1, n + nV— 1 

liave no common factor, observing that such an equation as 
{p -\-p' V— 1) (Xa 4- /i /3 4- 1/7) = 0 
is not imaginary; it represents a real straight line. 


103. Every imaginary straight line passes through one and 
only one real point. 

Let the real and imaginary parts of the equation to the 


straight line be collected so that the equation takes the form 

u 4- V— 1 = 0 (1), 

where u and v are rational functions of the coordinates of the 
first degree, and therefore 

= 0 ( 2 ), 

^ = ^ ( 3 ), 


are the equations to two straight lines (which cannot be coinci- 
dent, else the imaginary factor would divide out of the original 
equation and the equation would become real, which is contrary 
to hypothesis). 

The equation (1) can only be satisfied by real values of the 
coordinates when u and v are each zero. (Todhun tor’s Algebra^ 
Chap. XXV.) Ilcncc any real point whose coordinates satisfy 
(1) must also satisfy (2) and (3), and must therefore lie upon 
both the straight lines (2) and (3). 

Therefore the point of intersection of these two straight lines 
is the only real point which satisfies the given equation. 

Hence every imaginary straight line ijasses through one and 
only one real point 
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104. Every imaginary point lies upon one and only one real 
straight line. 

For let 

V— 1 , g y ^ 

be tlie coordinates of an imaginary point. 

And if possible, let 

la 4- m^ + 717 = 0 

be the equation to a straight line passing through it. 

Then the coordinates of the point must satisfy this equation, 
and therefore 

{/*+ mg + nh + {If -f mg + nli) V—l = 0, 
and therefore we must have 

If^-mg-Vnh^O, 

If + mg + nil = 0, 

whence 


I m n 


U> 

' h, f - 

~ f> 0 

9\ V 


/'. 9' 


equations which determine I : m : n, and shew that only one 
solution is possible. 

Therefore every imaginary point lies on one and only one 
real straight line. Q. E. D. 

Cor. 1. The real straight line imssing through the imaginary 
point whose coordinates are 

y+/'V-T, g + g^J-\ A + 

is represented hy the equation 

a, iS, 7 =0. 

/. 

/', <J\ h' 



122 


IMAGINAKY POINTS AND STRAIGHT LINES. 


Cor. 2. The imaginary point whose coordinates are 

/+/V^, g-\-g'sJ^, /t + A'V=l, 

lies on the straight line joining the point (/, g^ h) with the point 
at injinity [f' ; g ; li). 

Cor. 3. The same real line passes through the two imagi- 
nary points 

/ + /'V-1, ^r+yV-l, + 

and 

g-gW^, h-h’^^l. 

Cor. 4. If tioo curves intersect in a series of imaginary 
points^ they will lie two and two upon real straight lines. 

This follows immediately from Cor. 3, when we remember 
tliat imaginary roots can only enter into an equation by pairs, 
the two members of every pair differing only in the sign of the 
imaginary part. 

105. We have said (Cor. to Art. 101) that the coordinates 
of an imaginary point at infinity will be 

/+/'V-i, g+gW-T, h + hW^, 

where f g, h^ f'j g'y Jt satisfy the relations 

Sy + cA = 0, 

af 4- hg-^ cW = 0. 

This statement requires a little consideration. 

Let us return for a moment to real points, and suppose 
/4, V arc numbers satisfying the relation 

+ + ci^ = 0 (1), 

then we are accustomed to say that the equations 

a 

X fJL p 


( 2 ) 
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represent a point lying at infinity, for if we suppose y9', 7 to 
1)0 the coordinates of the point determined by ( 2 ), then, since in 
virtue of ( 2 ), a', 7 are proportional to /i, z/, it follows from 

( 1 ) that 

aoL + -f C7' = 0, 

which shews that a , yS', 7 ' satisfy the equation to the straight 
line at infinity. 

But if we consider what are the actual values of these coor- 
dinates a , ^ ^ 7 , we perceive (Art. 3G, page 38) that two at least 
and generally all three of them are infinite. But no difficulty 
practically ensues from this, because we never want the actual 
coordinates of such a point, it being sufficient to know tliat the 
finite quantities X, v arc proportional to them : and it is very 
convenient to speak of the point at infinity whose coordinates 
are thus proportional to X, /x, i/, as tlie point (X, /z, z/), since the 
quantities X, /x, or any quantities proportional to them, satisfy 
all practical conditions of the coordinates of the point. For, as 
we have already seen, so long as we have to do with homoge- 
neous equations we never require the actual values of the coor- 
dinates of any point, but only the ratios of those actual values, 
except in theorems connected with tlic distance of the point from 
other points ; consequently we shall not expect ever to require 
the actual coordinates of a point at infinity, since its distances 
from all finite points are infinite and cannot therefore generally 
be introduced into problems. 

(It should be noticed that if only two of the actual coordi- 
nates of a point be infinite and the tliird be finite, then two only 
of tlie quantities X, fju, v will have a finite magnitude, and the 
third will be zero). 

But, to return to the imaginary points, it follows from what 
we have said, that whether 

/ + /'V-1, ir + <7’V-l, A + A'V-l 

be the actual coordinates of a point at infinity or only propor- 
tional to them, we must still have 
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+ c/^ = 0, 

af -I- hg + cli = 0. 

And wc shall find it very convenient to speak of such a point 
as the point 

whether the quantities 

1, h-\-h'J—l 

be the coordinates, or be only proportional to the coordinates of 
the point. And indeed, since it is more convenient to deal with 
finite than with infinite quantities, we sliall always suppose that 
tlic -expressions 

f f* J— 1 , fj 0 J-- t ) h h J— 1 

do represent quantities only proportional to tlie actual coordi- 
nates. 

In other words, if we speak of the point (w, \\ ns a point 
at infinity, we mean the point at infinity determined by the 
equations 

- = - = 

XL V 10 ' 


106. Two imaginary straight lines are said to be parallel 
when they intersect in a point on the straight line at infinity. 
Hence the condition investigated in Art. 35 may be applied to 
imaginary straight lines, 

107. Any equation of the form 

lo? + ma^ + =0 (i), 

represents two straight lines intersecting in the point 0 of the 
triangle of reference. For if /i,, be the roots of the quad- 
ratic 


IfjJ^ + m/jL -f n = 0, 
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the eqUcTtion (i) can be written 

which shews that it represents the two straiglit lines wliosc 
separate equations are 

^ “ /^i/3 = 0, 

a - = 0. 

The two lines will be real if and arc real, and they 
will be imaginary if and are imaginary. Or, assuming 
tlic condition investigated in Algebra, the straight lines will 
be imaginary or real according as Ahi is or is not greater 
than m^. 

For example, consider the equation 

+ 2ay8 cos G = 0. 

Since 1 > it follows tliat this will represent two tma- 

ginarij straight lines. 

The following pro])ositioii is interesting. 


108. The two straight lines represented hy the equation 

+ 2/37 cos yl = 0 (1), 

are parallel^ each to each^ to the two straight lines represented hy 

7* + a* + 27a cos = 0 (2), 

and also paralhly each to each, to the two straight lines repre- 
sented hy 

a* -f /3* + 2a^ cos 6^ = 0 (3). 

For the straight lines (1) meet the line at infinity in the two 
points determined by 

4- 7* + 2/87 cos A = 0 
aa -f •+• C7 = 0) ^ 
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the latter of which gives us by the transposition, 
aW = + cV, 


or 


2 ^ 7 = - 




he 


Substituting this value of in the first equation, we get 
io + r) + - «V) cos ^ = 0 , 

or t^a cos A + cos B -f 7 V cos (7=0. 

Hence the two straiglit lines ( 1 ) meet the line at infinity in 
the two points given by the symmetrical eejuations 

o?a cos A + cos B + cos (7=0 
acf. 4- h^ -f 07 = oi 

By symmetry tlic straight lines ( 2 ) will meet the line at 
infinity in the two points given by the same two equations. 

Hence the straight lines ( 1 ) and the straight lines ( 2 ) pass 
through the same two points at infinity, and therefore arc 
parallel. 

And similarly, each pair is parallel to the two straight 
lines (3). Q. E. D. 


109. Hkf. Wc observe that the six straiglit lines repre- 
sented by the equations (1), (2), (3), pass three and three through 
tioo imaginary points on the straight line at infinity. These two 
imaginary points will be found hereafter to have some very 
important and curious properties. We have indeed to refer to 
them so often that it is convenient to have a special name by 
which to distinguish them : and on account of properties which 
we shall shew hereafter to belong to them it is deemed appro- 
priate to term them the two circular^^ points at infinity. 

By this name we shall continually refer to tliem. 
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110. To find the ratios of the coordinates of the circular 
points at infinity. 

The circular points are given by the equations 

4- 7® + 2/97 cosA = 0 (1), 

and aa + 4- 07 = 0 (2). 

Tlie equation (l) determines the ratio of /3 to 7, thus 
/Q^ + 2/3y cos A + cosVl = — 7^ siiiM, 

/9 4- 7 cos^ = 7 7n/~ 1 sin A, 

/9= — 7 [cos A ± J— 1 sill j, 
or in virtue of the equation (2), 

0 JL 5 

cos A ± J— 1 sin A — 1 cos B 7 J— 1 sin B ^ 

the upper signs going togetlicr and the lower togctlicr. 

Hence tlie ratios are known. 


111. From considerations of symmetry wc at once per- 
ceive that the result of the last article, giving the ratios of the 
coordinates of the two circular points as infinity may be ex- 
pressed in any one of the following forms, 

_a ^ ^ 7 

-"1 cos (7 7 \/^ sin C cos ± J— 1 sin B ’ 

« = A- = 

cos (7 ± ^/— 1 sin G — 1 cos -^1 7 ^/— 1 sin A ^ 




cos 


B + J— i sill B cos A ± J— 1 sin A — 1 


By simple addition we can express these ratios in a form 
symmetrical with respect to the three axes : but such form is 
more complicated, and one of the forms already written down 
will generally be more useful. 
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By multiplication we obtain 


^ 

cos (D - C) + J - 1 sin (b - C) cos [a-A)±J-i sin ( C-A) 


c.oi{A—B) ± ^-1 sin {A—B) ’ 


a result symmetrical as far as it goes, but when we come to ex- 
tract the cube roots by Demoivre’s Theorem we lose the symme- 
try, as it is found upon examination that we cannot take similar 
cube roots and write 


B-d ^ . B- G 

COS — Q - ± V ~ 1 sin — ; 

3 3 


/? 


C-A 
cos — : — 


f J— I sin 


C-A 

3 


A-J^ , 
cos + V - 


1 sin 


A-ir 


but we must take dissimilar roots as 


TT^ . B-a 

COS — - — ± V — 1 sin - — 

o o 

^ 

27r-4-6^-yl / . 27r4-(7~/l 

cos ^ 4. V — 1 sin 


iir + A — Ji / - . iTT + A — 

-s ^ + V— 1 sin 


CCS 


3 3 

a much less convenient form than those already obtained. 


112. Throughout the present chapter we have spoken of 
trilinear coordinates, and proved the properties of imagin.iry 
points and straight lines by the aid of them. 

But all that we have said applies mutatis mutandis to tri- 
angular coordinates : and in order to adapt our arguments to 
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this system it is in most cases only necessary to read unity for 
Oj bf and c severally, as well as for 2A. 

Thus our results will take the following form. 

In Triangular Coordinates, 

(i) If / + ^ 

and /' + 3 ^' + = 0, 

then / + + A-f/iV—l, 

are said to be the coordinates of an imaginary point lying within 
a finite distance of the lines of reference. 

(ii) If + 

and + li = 0, 

tlien /4-/V—1, I, + 1, 

are said to be the coordinates of an imaginary point lying at an 
infinite distance from the triangle of reference. 

(iii) The results of Arts. 101 — 104, 106, 107 will remain 
unchanged. 

(iv) The two circular points at infinity ar.e represented 
by the equations 

X y z 

^ b cos (7 ± V— 1 J sin G ^ c cos B + V— 1 c sin B 

X ^ y ^ ^ 

a cos C T V— 1 a sin O' ^ c cos A ± V— 1 c sin A * 

X y 

a cos ^ ± V— 1 a sin jB 5 cos -4 + 1 6 sin A “ ^ 


w. 


9 
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Exercises on Chapter IX. 

(83) If the imaginary straight lines 

w + vV— 1 = 0 and + V V— 1 = 0 

have a real point of intersection, then the four real straight 
lines 

u — Of i; = 0, u —0^ V = 0 

are concurrent. 

(84) The straight line joining the real point (a', yS', 7 ) with 
the imaginary ])oint 

is represented by tbe equation 

a. /3, 7 + a, /3, 7 V^= 0 , 

a'. /Q', 7' a', /3', 7' 

f, 9 , h /, y, h' 

and will bo real, provided 

a'. 0 , y =0. 

/ 5 ’, ft 

f, 9 , ft 

(85) If the value of the multiplier k vary, the locus of 
the imaginary point 

(./ + ^ 1> S' + ^^9 ^ + M^a/— 1) 

is a real straight line. 

(86) Shew that the equation in trilinear coordinates 

a* + + 7* + 2^7 cos (-B - (7) + 27a cos ( (7- -4) + 2a/3 cos (^ - jB) = 0, 
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represents two imaginary straight lines parallel to each other 
and to the real straight line 

a cos cos i? + 7 cos (7 = 0. 


(87) Given u = 0, v = 0^ 7v — 0 the equations to three real 
straight lines in any system of coordinates, and Q, </>, three 
angles together equal to three right angles, shew that the equa- 
tion 

u^-h + 2vw sin 6 + sin (p -i- 2uo sin yfr — O 

represents two imaginary straight lines, and find their separate 
equations. 

(88) Shew that the equation in triangular coordinates 

(x^ zy (x ^ ^ -h zY-i- ixyz (x^ z^) (x + ?/-i-z)-i- Sx^y^z^ — 0, 

represents six imaginary straight lines parallel two and two to 
the three lines of reference. 


9—2 
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ANIIARMONIO AND HARMONIC SECTION. 


113. Definitions. 

(1) Let a straight line AB be divided at P into two parts 
in the ratio w : 1, and be divided at Q in the ratio n ; 1, 

then the ratio m : n is called the anharmonic ratio of the 
section of yl P in P and Q, 

(2) Let an angle AOB be divided by OP into two parts 
whose sines are in the ratio m : 1, and be divided hj OQ into 
two parts whose sines are in the ratio nil] 

then the ratio m : n is called the anharmonic ratio of the 
section of the angle A OB by OP and 0 Q, 

114. It will be observed that if hath the sections be external 
or both internal m and n will be of the same sign, and therefore 
the anharmonic ratio of the section will be positive. If one 
section be external and the other internal, in and n will be of 
opposite signs and the anharmonic ratio of the section will be 
negative, 

115. For the sake of brevity the anharmonic ratio of the 
section of AB in P and Q is often spoken of as the anharmonic 
ratio of the range of points APBQ^ and it is expressed by 
the symbol [APBQ], 
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So the anharmonic ratio of the section of the angle AOBhy 
OP and 0$ is spoken of as the anharmonic ratio of tlie pencil 
of straight lines OA, OP, OB, OQ, and it is expressed hy the 
symbol {O.APBQ]. 

116. When we speak of the range of points AFBQ it must 
not be inferred tliat the points necessarily occur in the order in 
which we read them: it must be understood that AB (terminated 
by the points mentioned Jirst and third) is the line which we 
suppose divided, and P and Q (mentioned second and fourth) are 
the points of section. The sections may either of them be inter- 
nal or external, but we read the letters in the order in whicli 
they would come if the first section were internal and the second 
external. It is found most convenient to adopt this system 
because in a particular case of most frequent occurrence (the 
case of harmonic section described below) one section is always 
internal and the other external. 


117. In expressing the ratios of lines it must be understood 
that AB and BA denote lengths equal in magnitude but opposite 
in sign. 


Thus, 


:^^_AP_PA__^ 
BP PB “■ PB “ BP • 


118. The anharmonic ratio of the range APBQ 

— lAPBO] — =5 

^^““PP \Bq AQ.BP^ 


and the anharmonic ratio of the pencil OA, OP, OB, OQ 


= {O.^PPg} = 


sin A OP ^ sin AO Q 
mi BOP ’ ^ixiBOQ 


miA OP.miBOQ 
sin ^0^. sin POP* 
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119. If the 'pencil OA, OP, OB, OQ cut any transverse 
straight line in the range APBQ, the anharmonic ratio of the 
pencil is tl^e same as that of the range. 


Rig. 25. 



For 


therefore 


sin QOP _ j^P , am AOQ _AQ 
sin PA 0 PO sin PA 0 ~ QO ’ 

sill OOP ^ AP QO 
sin QOQ ~ AQ' P O' 


Similarly, 


a\nBqP_BP QO 
a\uBOQ~ BQ' PO’ 


therefore by division, 

sin QOP. sin BOQ _ AP. BQ 
sin QOQ, sin BOP ~ A Q . BP ’ 

or [0. APBQ] = [APBQ]. q. e. n. 


120. To shew that 

[APBQ] = = JbrIQ} 

v’o bave only to write the values of the several anharmonic 
ratios as in Art, 118, 
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Thu. 

and {AQBFj=:i^={BPA(}]; 

which prove the proposition. 

12L Similarly loe may i)rove that 

{APBQ} = [PAQB] = {QBPA] = {BQAP}. 


122. ^ the angle C of the triangle of reference he divided 
hy two straight lines CP^ GQ whose equations are respectively 

• ^ = ma and y8 = na, 

then the anharmonic ratio of the pencil CAy CP, CBy CQ is 
m : w. 

For by Art. 4, 

mi AGP , miAGQ 
BUI BOP Bin BCQ 

therefore by division 

{APB Q]=m in. Q. E. D. 

123. It follows that the anharmonic ratio of tlie section of 
the same angle by the two straight lines 

Za* + 2m(xS + n^^ = 0, 

(m ± V ni^ — InY 

18 , 

which is real when i.e. when the straight lines them- 

selves are real. 

If < In the straight lines are imaginary, and unless m = 0, 
the anharmonic ratio is also imaginary. 

But if m — 0 and I and n have the same sign the two straight 
lines become imaginary, but the anharmonic ratio of their sec- 
tion of the angle G is real and equal to negative unity. 
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Cor. The two straight lines, whether real or imaginary, 
which are represented by the equation 

a^ + /cj3^=0, 

divide the angle of the triangle of reference so that the an- 
harmonic ratio of the section is negative unity. 


124. If the angle between the straight lines u = 0 and v = 0 
be divided by the straight lines u-^-kv^O and w + /c'v = 0, the 
anharmonic ratio of the section is k : tc . 

Let OA , OB be the two straight lines represented by w = 0 
and v = 0, and OPy OQ the two straight lines represented by 
u + Kv = 0 and u + kv = 0. 

Tlirough any point S whose coordinates are (a , /3', 7) draw 
a transversal SAPBQ cutting OAy OB in A and By and OPy 
OQ in Pand Q. 

And let Uy v be what w, v become when a', /3', 7 are written 
for a, /3, 7. 

Also let X, fly V be the direction-cosincs of the straight line 
SABy and let tw, n be what Uy v become when X, fiy v are written 
for a, 7. 

Then wc have (as in Art. 80) 

SA=--, = , 

m in + Kn 


SBr=- 


m 


SQ = - 


U KV 
m 4- Kn ^ 


therefore 


\APBQ\ = = _ 

aq.BP ^ 


fxf ^ ll + KV\ /v U -f KV\ 

\m m + KuJ \n m~\- ku / 

'u ll 4- rv i(! -f Kv\ 

m m + KnJ\n tn + m) 


K [mi — mv') [mv — nu) 

K [nu — mv) [md — nu) ^ 


[APBQ]^!^. 


or 


Q.E. D. 
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125. To find the anharmonic ratio of the 'pencil formed hy 
the four straight Unesy 

w + /ct? = 0, w 4- Xv = 0, u fiv Oy w + = 0. 

Put Kv and '^ = w -f pVy 

tbca « = '^“^^and v = 

K — fl K — fi 


So the four given equations become 


^ = 0 , 

Kyfr — fi^ + \ (<^ — 1 ^) = 0 , 

l|r = 0, 

Kylr — + p {<}> — sir) = 0, ^ 


( <l> = o, 


4> + 


or -( 


[<!> + 


K — X 
X~ fi 
f = 0, 

K 


ylr = 0, 

yjr=z0. 


Ilcnce hy the last article the anharmonic ratio is 

/c — X K — p 

\ ’ 1/ — yL6 ’ 

{k -X) { ft- v ) 

{k -p){h-X)' 


126. Def. If tlie anharmonic ratio of any pencil or range 
be equal to — 1 the pencil or range is called harmonic. 

An example of this is obtained if tlie angle C of the triangle 
A GB be bisected internally and externally by straight lines CPy 
GQ meeting the base AB in P and Q, 

Fig. 26. 
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For by Euclid vi. 3, 

AF: FB = JO:BO, 

AQ: BQ = JC: BC: 

, AF_AQ 

whence FB~ BQ' 


or 


and therefore 


AP.BQ 
FB.AQ » 

A P.BQ _ 
BP.AQ^ 


i.e. the range APBQ is harmonic, and therefore by Art. 119 the 
pencil CAy CP^ CB^ CQi^ harmonic. 


127. By reference to Art. 114, it will be seen that if a line 
or angle be divided harmonically one of the sections must be 
internal and the other external. 

Thus if APBQ be a harmonic range one of the points P, Q 
will lie between A and B and the other beyond them : tlie four 
points will in fact occur either in the order in which they are 
read in the numerator of the fraction 

AP. B Q 

AQ. BP* 

(which expresses the ratio) or else in the order in which they are 
read in the denominator. 


128. From Arts. 120, 121, it appears that if APBQ be a 
harmonic range then 

{APBQ] = [PBQA] = [BQAP] =^{QAPB] 

= { QBPA] = {A QBP] = {PA QB] = {BP A Q ] : 

in other words, we may read the four letters in any order in 
which neither A and B are contiguous, nor P and Q, 
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129 . It follows immediately from Art. 122 that the straight 
lines whose equations are 

— wa = 0, and ^ 0, 

divide the angle C harmonically. 

Or more generally, from Art. 124, the four straight lines 

w = 0, n — KV =0^ 

V = 0, w + /cv = 0, 

form a harmonic pencil. 

130 . To find the equation to a straight line which shall form 
with the three straight lines 

w + /tt; = 0, w -f A-v = 0, w H- = 0, 

a harmonic pencil. 

Let w 4“ = 0, be the equation required. 

Then by Art. 125, 

or (k - X) (/4 — I/) -f (/c — v) (/L6 — \) = 0, 

or (/c — 2X + /x) 1 / + X/z, — 2fiK + /cX = 0, 

Xu — 2/JiK 4- k\ 

or 1 / = — ^ . 

K — 2X 4" 

Hence the straight line required will be represented by the 
equation 

u (/c — 2X 4- /x-) — V (X/A — 2fifc 4" fc\) = 0. 


131 . To establish relations among the different anharmontc 
ratios obtained by talcing a range of four points^ or a pencil of 
four straight lines in various orders. 
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Four letters iT, X, Jf, N can be written in 24 different 
orders. We have seen however, in Art. 121, that there are four 
different orders in which any range of points can be taken with- 
out affecting their anharmonic ratio. Hence we cannot obtain 
more than six different anharmonic ratios by taking the points 
in different orders. We observe also from Art. 120, that the 
reciprocal of any anharmonic ratio can be obtained by taking 
the points in a different order. Hence we cannot expect more 
than three different anharmonic ratios and their reciprocals. 

We may shew this more formally as follows : 

Let 

M 4- /ft? = 0, w 4- = 0, w 4* = 0, w 4- = 0, 

be the equations to four straight lines OKy OLy OMy ON inter- 
secting in the point 0 which is given by w = v = 0. 

And let 

Z = AcX 4- fiv, 
m = /c/4 4- v\y 

n — KV'^r X/Lt. 

Then by Art. 125, 

{KLMN\ = , 

(/c — z/) — X) m—l 


or (1), 

so {KMNL]==-^^{ (2), 

and (3), 

and the ratios {KNML}, {KLNM}, [KMLN] are (Art. 120) the 
reciprocals of these three, therefore 

{KNML)^J^^ ( 4 ), 
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{KLNM) = -''^ (5), 

/I v 

= («'• 


It will be seen (by Art. 120 or independently) that if tlie 
letters AT, A, if, iVbe taken in any other order besides these six, 
they will still give one of these same six ratios. 

Hence we observe, 

(i) that hy taking a range of four points in different orders 
we can only get six different anliarmonic ratios^ 

(ii) that of these six ratios^ three are the reciprocals of the 
other three. 

(iii) that the ratio compounded of the first three is negative 
unity ^ and so is the ratio compounded of the other three. 

132. Cor. If [KLMN] be any harmonic ratio^ any an- 
harmonic ratio obtained by taking the pioints JT, A, if, N tn 

different order will be equal either + 2 or fo 4- - • 

For since [KLMN] is harmonic, therefore by equation (1) 
of the last article, 

m - n 

or m — n = I m. 

And since w — and l-^m are equal, each is equal to half their 
sum ; that is, 

m-^n _^l — m n — I 

"T' ~ "1 ' 2 

Hence the equations (2), (3), (5), (6) of the last article 
give us 

[KMNL] = [KMLN] = 2, 

and 

{KNLM] = {KLNM]=\, 

and the equation (4) shews that {KNML] is harmonic. 
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Conversely, If the anhamionic ratio of a pencil or range be 
either 2 or i , we may obtain a harmonic pencil or range by 
taking the lines or points in a different order. 

133. We proceed to establish some important harmonic pro- 
perties of a quadrilateral. 

Let the straight line AB C* meet the three straiglit lines 
BG^ GA^ AB in the points A, B\ G' respectively, so as to form 
a quadrilateral. Let the diagonals AA\ BB\ CC' be drawn 
and produced so as to form a triangle ahe. 

Fig. 27. 





Let w = 0, t; «= 0, ^^ = 0, 

be the equations to BC, CAj AB respectively, where u, v, w in- 
clude such constant multipliers that tlie equation to AB'G' 
may be (Art. 89) 

-f V + Z47 = 0, 

Then, as we shewed in Art. 90, the equation 
V + 14; = 0 represents the line AA, 

= 0 Aa] 


and 
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therefore by Art. 129, A A' and Aa divide harmonically the 
angle contained by the straight lines 

v=-0...{AC), 

w = 0 ... (AB). 

Hence the pencil [A.BA'Ca] is harmonic, and tliercfore 
(Art. 119) the range in which this pencil is cut by BB' will be 
harmonic, that is, 

{BcB'a]=^^l. 

And similarly, {CaC'b} and {AhA'c] are harmonic ranges. 

Again, since the range {BcB*a] is harmonic ; 

therefore the pencil {A . BcB’ct] is harmonic, 

and therefore the range in which this pencil is cut by the 
straight line AB'G' is harmonic, i. c. if Aa meet A'B'G' in 
X, then 

{G'A B*X} is harmonic. 

These properties may be extended and multiplied almost 
without limit. 

134. The following geometrical constructions are sometimes 
useful. 


I. Given three points in a straight line to find a fourth 
point completing the harmonic range. 

Let P, -B be the given points, and through AB describe 
any circle, ARBO, Bisect the arc A RB in P, and join RP and 
produce it to meet the circumference again in 0 ; and through 0 
draw OQ at right angles to RO meeting in Q. Then Q 
shall be the point required. 

Join AOy BO, then by Eucl. iii. 27, the straight line OB 
bisects the interior angle A OB ; 

therefore OQ at right angles to it bisects the exterior angle; 

therefore by Art, 126, {APBQ} is harmonic, and Q is the 
point required- 



144 


ANHARMONIC AND HARMONIC SECTION, 


Fig. 28. 



II. Given three concurrent straight lines to find a fourth 
line completing the harmonic pencil* 

Let OA^ OP, OB be the three given straight lines, and let 
them be cut hy any transvci'sal in the points -4, P, P. Find a 
point Q completing this harmonic range and join OQ^ then (Art. 
119) the straight line OQ forms a harmonic pencil with OA^ 
OP, OB, and is therefore the line required. 


135, The constructions of the last article can be made by 
the ruler alone, without the introduction of the circle, by apply- 
ing the properties proved in Art. 134. Thus : 


Fig. 29. 
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In OA take any point P', and let OP, PP' Intersect in A'; 
then let AA', OB intersect in c, and let cP', AB intersect in Q, 
Join OQ, 

Then, applying to the quadrilateral APAF the properties 
proved in Art. 133, 

[AFBQ] is a harmonic range, 

and therefore 

[O.APBQ] is a harmonic pencil. 

Hence Q is the point, and OQ the line, required. 


Exercises on Chapter X. 

(89) If two straight lines OK and OK' intersect a system 
of parallel straight lines KK\ LL\ MM\ NN' in K, X, M, N 
and K\ L\ AT, N' respectively, then will 

{KLMN} - [K'LMN']. 

(90) A point 0 is taken within a triangle ABO, and OA, 
OB, 00 arc drawn; and through A, B, G straight lines B'G', 
O' A', A'B' arc so drawn tliat each of the angles of the original 
triangle is cut harmonically. Shew that the points of intersec- 
tion of PO and P'O', OA and O' A', AB and A'B' are col- 
linear. 

(91) If through the vertex of a triangle two straight lines 
be drawn, one bisecting tlie base and the other parallel to it, 
tliey will divide the vertical angle harmonically. 

(92) Any two straight lines at right angles to one another 
form a harmonic pencil with the straight lines joining their 
point of intersection with the circular points at infinity. 


w. 


10 
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(93) If /c, X, fjb be in arithmetical progression the straight 
line v =» 0 will form a harmonic pencil with the three straight 
lines 

f4 + ACV = 0, w + Xv = 0, w + /AV = 0, 


(94) If K,\ fjL he in harmonical progression the straight 
line w = 0 will form a harmonic pencil with the three straight 
lines 

u + KV ^ 0^ w + Xv = 0, w + /AV = 0. 

(95) The four straight lines represented by the equations 

w = 0, t; = 0, 

Zw® + ^muv + nv^ = 0, 

will form a harmonic pencil if Sw* = 9Zn. 

(96) The angle between the two straight lines 

Zw* + ^muv + nv* ==■ 0 

is divided harmonically by the two straight lines 
Tw* + ^rriuv -4- nV = 0, 

provided Zn', mm\ nX are in arithmetical progression. 


(97) The anharmonic ratio of the pencil which the two 
straight lines 

Zw* + 27WW -f nv* = 0, 
form with the two straight lines 


+ 2m uv + nV = 0, 

is equal to 

In ^ 2mvf{ + wZ' ± 2 V (w* — In) (m'* — In*) 
Iri - 2mm; + nZ^ T 2 V(m* - In) - Z"^^ * 
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136. Suppose we have the equation to any locus referred 
to a triangle ABC^ and suppose we wish to find the equation to 
tlie same locus referred to a new triangle 

The method of transformation will depend upon how the 
new triangle is given, and two cases immediately present them- 
selves ; first, the case in which the new triangle is given by the 
coordinates of its angular points being assigned, and secondly, 
the case in which the equations of its sides are given. 

We proceed to discuss these two cases separately. 

137. Case I. When the coordinates of the new points of 
reference are given* 

Let the coordinates of A\ B\ G' referred to the original tri- 
angle be (a„ y,), (a„ y,), (a„ ^ 3 , y,) ; and let o', b', c' 

denote the sides of the new triangle A'B'C', and A' its area. 

Also let a', y denote the new coordinates of any point 0 
whose old coordinates were a, y. 

Then ag are the distances of BC from the three points 

A\B^ G' respectively; therefore the equation to the straight line 
BG refeiTcd to the new triangle A'B' G' is (by Art. 23) 

a^aV + + a^dy = 0 ..(i)., 

10—2 
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Fig. 30. 



And therefore (Art. 58) the perpendicular distance of 0 from 
the line BG is 

{a^a a! + a.p’0 + a/y')- 

Bat this perpendicular distance is the coordinate a ; therc- 


fore 


and so 


and 

7 = (7.a'a' + 7/^’ + %c'y’), 


equations which express the old coordinates a, 7 of any point 
explicitly in terms of the new coordinates a', /S', 7 ' of the same 
point. 

If therefore an equation is given connecting the old coordi- 
nates a, 7 of any point on some locus, by writing the three 
expressions given by (ii) instead of a, /8, 7, we at once obtain a 
new equation connecting the new coordinates a', 7 ' of any 

point on the same locus : that is, we obtain the equation to the 
locus referred to the new triangle A'B'G'. 
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Thus if the equation to any locus referred to the triangle 
ABG be 

/(a, /S, 7)=0, 

the equation to the same locus referred to the triangle A B' C' is 

^ f a^a'a' + a ^h'/3' + a,c'y^ /3.aV + 

2A' ' 2A' ' 

y.a'a' 4 - yj) ^ 4 - y^c'y' \ _ 

2A' J 

But if, as is nearly always the case, the given equations be 
homogeneous, then 2 A' will divide out, and therefore 

If any locus referred to the triangle ABQ he represented hj 
the homogeneous eguation 

/fe A7)=0, 

the same locus referred to the triangle A'B'O' will have the 
eguation 

f{(xfici + + a^c'y, a + /8//3' + ^fy\ 

yfld + yj)^ + yfy) = 0. 

138. CoR. It will be observed that the equation just ob- 
tained is necessarily of the same degree as the original equation. 
Hence the degree of an equation is not altered hy transformation 
of coordinates. 

This is a very important result. 

139. This case of transformation of coordinates becomes 
very much simpler when triangular coordinates are used. 

For if (ic, y, z) be the triangular coordinates of any point 
referred to the old triangle of reference, and (a;', y', «') the tri- 
angular coordinates referred to the new triangle, the angular 
points of the latter being 

(a’l.yi. *i)» «.)» 
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then the equations (ii) of the last article become 

X — x^od -f + x^' 

y = + + 2^3^' 

z = z^cd 4- + «3«' 

And the equation /(a?, y, s) = 0 therefore transforms into 

fix^ud + a?y + y^od + yy + y/, z^x + + z^z) = 0. 


140. Case II. When the equations of the new lines of re- 
ference are given. 

If the sides of the new triangle be represented by the equa- 
tions in terms of the perpendiculars from -d, J5, (7; viz. by the 
equations 

Pfia + qf^ + r,cy = 0, 
p,poL 4 - qf^ 4 - rpy = 0 , 
i^8«a + #^ + r3C7=0, 

then the coordinates of J?, G referred to the new triangle are 
respectively : 

new coordinates of A, [p^^Pa^ p^), 

of B, {q,, q,, q^y 

of (7, (r,, r,, r,). 

Hence, if (as before) any point 0 have the old coordinates 
(of, /8, 7) and the new coordinates (a, /9', 7'), then a represents 
the perpendicular from (a, y9', 7) on the line joining {q^^ q^, q^ 
and (r^ r,, rj. 


And aa is the double area of the triangle whose angular 
points in the new coordinates are 

(«', I 7)» (lZi> (»'i. »•.. 0- 


Hence we Lave 


2 / 8 " 

S'.. !?. 

n. 
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II 

bS 

/S', 7 

li 

/S', y 


2l> 2«> 2a 


*"1, *"» 


'•i. »*.. »*. 




1 

a', /S', 7' 


'^~2c8' 






2 .. 2 ». 2 > 


Therefore, if the locus of the homogeneous equation 

/(«, A 7 ) = 0 

he referred to the new triangle whose sides are given hy 
jj,aa + q})^ + r,C7 = 0, 
pf,a + qp^ + r,C7 = 0, 
ppa + qP^ + rjTf = 0, 

its equation in terms of the new coordinates will he 


/ 7 

fr- 


a', /S', 7' 

i’.. p.. i^s 


7' 

I 

c 

i\» ?*) Ja 


= 0 . 


14L The cases which occur in practice are generally very 
simple. The following is an example. 

Let an equation connecting the coordinates a, 7 involve as 
terms or factors the three expressions 

la -f m/S + ny, I' a + + n 7 , T'a + -f n" 7 , 

and suppose we have to transform it to the new triangle of 
reference whose sides are represented by the equations 


Za + wiyS + w7 = 0, la + mfi + ny^^O^ Ta + + n'7 « 0. 
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Then if a', /3', 7' denote the new coordinates of the point whose 
old coordinates are a, /3, 7, we have (Art. 46) 

, _ ?a + + n7 ^ _ Z'a + m'^ + n'7 

“ “ (Z, ?«, w] ’ {Z'j m', m'} 

, I" a + + n"7 

'y - iz", ' 

Hence, in eflfecting our transformation, wherever the expres- 
sions 

Id 4 - 4- ^ 7 , Z'a 4- 4- Z"a + m"/3 4- n'v 

occur, we have only to substitute for them 

/^a', K 

where /c, /c', /c" are constants and represent the expressions 

{Z, m, 72 }, {Z'j m\ 72'}, {Z", 772", 72 "}, 

It follows that if the original equation be made up cntirclj of 
the expressions 

Za 4- + 727, Z'a 4- 4- Z"a 4- rn!'^ 4- 72 " 7 , 

the transformation will generally simplify it very much. 

It should also be borne in mind, if 
aa 4- Z>y8 4 - cy 

occur as a factor or a term in the original equation, that since it 
is known to represent a constant quantity it cannot be trans- 
formed into an expression which would denote a variable quan- 
tity. It can therefore take no other form than 

K (a'a' 4- 4- c'7'), 

where a', Z>', d are the sides of the new triangle of reference, 
and /c is a constant expressing the ratio of the areas of the old 
and new triangle. 
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142. Example. 

The equation 

{loL + m /3 -f ni) (aa -f i /3 + cyY 

= K (Z'a + m'/3 + w 7) (Z"a + m "/3 + ^"7)''*, 
may be transformed into the much simpler form 
a (a a' + i'yS' + cV)* = 
by taking the straight lines 

loL + m/S + ny = 0, 

Ta -f wi'/3 + ny = 0, 
i'a 4- 7n' ^ 4- n'y = 0, 

as lines of reference. 

We shall very often have recourse to such a transformation 
as this in order to simplify the equations of curves. 

Exercises on Chapter XL 

(98) Transform the equation 

4- 4- y^ 4- 2/37 (/> sin '\|r 4- 27a cos -v/r sin 6 

4- 2ayS cos 0 sin (^ = 0 

to the new triangle of reference formed by the straight lines 
y8 cos </) 4- 7 sin = 0, 

7 cos 4- a sin 0=0, 
a cos 0 4- /3 sin ^ = 0. 

(99) Transform the equation 

wa* 4- v/3* 4* R?7* 4“ 2u^y 4- 2vyOL 4- 2w(x^ = 0 

to the new triangle of reference formed by the straight lines 
m 4- 10^ 4- vy = 0, 

4- vy = 0, 

[vv — uw') yS — {ww — wV) 7 = 0. 
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143 . Having explained the principles of Trilinear Coordi- 
nates and exhibited the application of the method to the inves- 
tigation of the properties of straight lines, we now pass on to 
apply the same method to curved lines, commencing with the 
conic sections. 

We shall endeavour to make our investigation of these curves 
as independent as possible of the knowledge which we have 
acquired of their properties by purely geometrical and other 
methods. At the same time the student must not expect to 
find in these brief chapters anything like a complete treatise on 
the properties of the curves, as it is our object rather to set 
before him such properties as can be advantageously treated of 
by trilinear coordinates, and to leave for treatment by other 
methods those properties to which other methods are specially 
applicable. Success in the solution of a problem generally 
depends in a great measure on the selection of the most appro- 
priate method of approaching it ; many properties of conic sec- 
tions (for instance) being demonstrable by a few steps of pure 
geometry which would involve the most laborious operations with 
trilinear coordinates, while other properties are almost self-evi- 
dent under the method of trilinear coordinates, which it would 
perhaps be actually impossible to prove by the old geometry. 
We shall strive to set before the student such a series of propo- 
sitions as shall best illustrate the use of trilinear coordinates, and 
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at tlac same time put him into possession of sueh properties and 
results as are most often called for in the solution of problems. 

144. Any j)lane section of a right circular cone when referred 
to suitable lines of reference may he expressed by an equation of 
the form 

la? + + nf = 0, 

where I, m, n are not all of the same sign. 


Fig. 31. 



Let 0 be the vertex, OZ the axis of any right circular 
cone, and XYZ any plane cutting the cone in a curve, one of 
whose points is P. 

Through 0 draw two straight lines OX, OF at right angles 
to OZ and to one another, meeting the plane of the section in 
X, F, and let 6, <^, yjs be the angles which OX, 0 F, OZ make 
with the perpendicular upon XYZ. 
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Take XYZ as triangle of reference, and let 

be the trilinear coordinates of any point P on the curve. 

Let PP, Pil/, PN be the perpendicular distances of P from 
the planes OYZ, OZX, OXY. 

Then we have 

PL . . PJIf . . PAT 

p^=sin(/), = sin (i). 

But if 0 ) be the semivertical angle of the cone 
PN = ON, tan w, 

and since OiV‘ = PN + PM'\ (Euclid, i. 47) 

P^=(Pp 2 +PiP)tan^a); 
and therefore, in virtue of (i), 

7 ^ = (oL^ sin^d + /3^ sin^<f>) tan®«, 

or 0 ? sin ^0 tan^co + sin*^ tan^co — 7 * sin®'>/r = 0 , 

which may be written 

loL^ 4 - + n'f = 0 , 

it being observed that n is of the opposite algebraical sign to 
I and m ; but the absolute ratios of 1, rriy n are any whatever, 
since angles can be found with their sines in any assigned ratio. 

145. Any section of a right circular cone^ to whatever lines 
it he referred, will he represerited hy a homogeneous equation of the 
second degree in trilinear coordinates. 

For we have shewn in the last article that when suitable lines 
of reference are chosen, the conic section will ’be represented by 
an eejuation of the form 

W + + n/ = 0, 

a homogeneous equation of the second degree. 
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Now if we transform onr coordinates to any other lines of 
reference (Art. 138, page 149), the degree of the equation will 
not be altered. Hence, whatever be the lines of reference, the 
conic will be represented by an equation of the second degree. 

Q. E. D. 


146. Conversely. 

Every equation of the second degree in triUnear coordinates 
represents some conic section. 

For any equation of the second degree (being rendered homo- 
geneous, Art. 10, page 13) may be written in the form 

wa® + + wy^ -f 2u^y -f 2vya + 2ida^ = 0. 

Multiplying by u and re-arranging, we get 

{uoL + w' 13 + vyY 

= (te'® — uv) — 2 {vw — uii) ^y + (r ® — uw)f. 

Now multiplying by — and rearr«anging, we get 
{w^ — uv) (wa + w ^ -f vy)'^ == — wv) yS - [vid — mi!) 7]® 

+ u {uvw + 2iivw — w?/® — ® — ww'^} 7 ®, 

And if we take the lines 

UOL + wfi + vy = 0, 

and — wv) /3 — {vw — uii) 7 = 0, 

as lines of reference instead of 

a = 0, 

and /9 = 0, 

the equation takes the form 

U -f 7 w/ 3® -f n7* = 0, 

and therefore represents a conic section by Art. 144. 

Hence, every equation of the second degree in trilinear coor- 
dinates represents a section of a right circular cone. 
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147. A conic section can generally he found to satisfy five 
simple conditions. 

For the general equation to a conic section has been seen to 
consist of six terms. It therefore involves six different coeffici- 
ents, and by altering the ratios of the coefficients one to another 
we shall obtain different equations representing different conic 
sections. 

But since an equation is not altered by altering all its coeffi- 
cients in a constant ratio, we shall obtain all possible variations 
of the equation by giving any one of the coefficients an assigned 
value and varying the values of the remaining five. 

In order to determine the equation to a conic section we 
have therefore five unknown coefficients to assign. And since 
each simple condition which the conic satisfies (such as the con- 
dition of passing through a particular point or touching a parti- 
cular straight line) will in general give us one equation among 
the coefficients, it follows that we can generally so assign the 
coefficients as that five such conditions may be satisfied. 

The following article illustrates this. 

148. To find the equation to the conic section which passes 
through five given points. 

Let 

(«.» 7.)> («a. 7,), K. %)> (“l- /®4> 74)) («6) 75) 

be the coordinates of the five given points. 

And suppose 

wa* + + wf + 2m'/ 37 + 2u'7a + 2w'a/8 = 0 

to be the equation to the conic. 

Then, since the five points lie upon it, we have 

wa,' + u/3,’ + + 2 m';S, 7, + 2u'7,a, + 2M>'a,/S, = 0, 

wa/ + + ^7/ + 2M'jS,7j + 2u'7,a, + 2wa^^ = 0, 

+ 2m'^,7, + 2vy,ct, + 2w'a^^ = 0, 

+ ^oy^ + 2m'/S«7, + 2v%ai^ + 2w'aj9< = 0, 

+ M 7 / + 2M'y3j7j + 2v'y,0Li, + 2 M>'a^, = 0 . 
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Hence, eliminating u \ v \ w \ u : v \ w\ yfQ get 


<5^ J 


7 ’. 

^ 7 . 

ya, 




7 .’ 

. A7,. 

7.a., 




7 / 

) ^s7j> 

7sa». 

«A 



7 / 

) ^373 > 

73^8 » 

®S^B 

^4» 


7 ; 

. /3,74. 


“A 

2 

9 





“A 


whicli will be the equation required. 

149. To find the condition that six points whose coordinates 
are given should lie upon one conic. 

Let the given coordinates be (a,, /S,, 7,), (a^, 7,), 

0^a)> (^4» ^4> ^4)^ (^6 9 ^59 y^9 (^a> ^99 7o)* 

The points will lie upon one conic if the coordinates of one 
of them satisfy the equation to the conic through the other 
five. 

Hence by the last article the condition is 




7i*. 

^.7„ 

7i«i, 

«A 


A’. 

7,’. 


y^%9 

Ct^g 

«8*. 


73 ’. 

^37,, 

%'^3 9 

“A 

a/. 


7.’, 

/8.74. 

74^4» 

“ 4^4 

«3*. 


73 ’. 

^ 373 . 

^ 6^6 9 

“A 



73*. 

^373. 

%^a9 

® 3^3 


150. Every straight line meets every conic section in two real 
or imaginary points f distinct or coincident. 

Let + v^ + w<y^ + + 2v^a + 2wa^ = 0 (1) 

be the equation to any conic section, and 

la + + 717 = 0 (2) 

the equation to any straight line. 
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The coordinates of their points of Intersection must satisfy 
Loth the equations as well as the relation 

aoL-^h^ + ay — 2A (3). 

Hence, to find the coordinates we may proceed theoretically 
thus : 

From (2) and (3), which arc simple equations, we may 
express /9 and 7 as functions of a of the first degree. We may 
then substitute these values in (1), which thus becomes a quadra- 
tic equation in a. Being a quadratic it will give two values for 
a, real or imaginary, equal or unequal, and the simple equations 
(2) and (3) will tlicn give a value for jS and a value for 7 corre- 
sponding to each value of a. Thus there will be determined two 
and only two points of intersection, which may however be real 
or imaginary, coincident or distinct. 

151. If in the argument of the last article the straight line be 
at infinity the reasoning still applies. ITence every conic cuts the 
straight line at infinity in two real or imaginary points, either 
coincident or distinct. 

If these two points be real and coincident the conic section 
is called a Parabola. 

If they be real and distinct it is called a Iltjperhola. 

If they be imaginary it is called an Ellipse. 

152. Def. Tangents which do not lie altogether at Infinity 
but have their contact at infinity are called Asymptotes, 

It follows that an ellipse has two imaginary asymptotes and 
a hyperbola two real ones. 

In the parabola, since the straight line at infinity meets it 
in two coincident points, that line is a tangent, and there can be 
no other tangent touching at infinity. Hence the parabola has 
no asymptote. 

153. Students who have not commenced Analytical Geo- 
metry of Three Dimensions may omit tlie remainder of this 
chapter. 
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Jiut those who have made any progress in tliat subject will 
observe tliat tlie first article in this clia])tcr is but a jiartieular 
ease of tlie following more general theorem. 

If /K ;'/>«) = 0 (I) 

he the equation to atnj surface in rectangular coordinates of tlnue 
dimensions^ and if 

:r cos 6 -f ?/ cos -h ^ (‘OS ~ p (2) 

he the equation to any plane^ then the equation tn the section of 
the surface (1) hij the plane (2) irill he 

/(asin0, fB sin (j>^ 7siii\/r)=0 (8), 

the coordinates heing tril inear ^ and the lutes of reference the 
traces of the coordinate planes upon the plane of the section. 

For if F be any point upon the section, .t, y, ;2: its coordi- 
nates regarding it as a point u])on tlie surface (1), and a, 7 its 
coordinates referred to the traces of the original planes upon tli(‘ 
plane of section, then since are tlie angles which this 

plane makes with tli(‘ original planes, we have 

x=^ a sin 6^, y — ^ sin c = 7 sin -v/r, 
therefore substituting in (1),' we get 

f{pL sin 9 , ^ sin 7 sin \[r) — 0 (8), 

a relation among the trilinear coordinates of any point in the 
section, and therefore the equation to the section. 

154. It should be noticed that if the surface represented 
by the equation (1) happen to be a conical surface having its ver- 
tex at the origin, the equation (1) will be liomogencous in x, y, 
and therefore the equation (3) will be homogeneous in a, /3, 7. 

In all other cases these equations will be heterogeneous, and 
we shall generally have to make the trilinear equation (8) homo- 
geneous by means of the identical relation 

aoL + hf 3 -h cy = 2 A, 
as explained in Art. 1C. 


w. 


11 
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155. Cor. If f{x, ;y, z) be of the order, then 
/(a sin yS sin 7 sin ylr) = 0 
is of the order: that is, 

Every iilane sectum of a surface of the order is a curve 
of the order, 

Tlic following particular case is important. 

Every plane section of a surface of the second order is a conic 
section. 


156. The identical relation among the coordinates a, yS, 7 
may be obtained directly from the equation to tlu' plane, thus 

X cos 6 +;/ cos ^ + z cos y{r = 
but x=^ a sin 0, y=l3 sin (f>, z = y sin yfr ; 

therefore substituting 

a cos 6 sin 0 -f y8 cos sin + 7 cos sin 
or a sin 20 + yS sin 2(f) + 7 sin 2yfr — 2p, 

COK. dlte eejaation to the straiylit line at infinity in this 
plane will he 

a sin 20 -f ^ sin 2<^ 7 sin 2i|r = 0. 


157. To find the section (f the ellipsoid whose equation ii 


IS 




hy the plane whose equation is 

X cos 0 + y cos cf) z cos yjr —p. 


153) 


The equation to the section in trilinear coordinates is (Art. 


o^in^0 sin*<^ f sin*'\/r 

~~o.~ 



SECTIONS OF CONES. 


163 


which has to be rendered liomogeneous by means of the relation 
a cos 0 sin 6 -f- ?/ cos cfy sin ^4-2? cos yjr sin yjr ~ p. 


Hcncc the equation becomes 

a' sin^^ /3^ siir<^ 7^ 

^'oT ■ “■ ¥~ " 

(a sin 2^ -h /3 sin 2 ^ 4- 7 sin 2'v/r)“ _ 

4;? 

(JoR. If the ])lane of section were 


we should have 


X y z ^ 

— h *7 "h = 1 j 

a b c 


COS 6 ■ 


.P 

a 


cos (6 

b 


cos y/r 


^P 


and tli(' equation to the section would be 

\ sin *0 4- % sin*0 4- sin’^^/r 

or tr c ^ 

— sin ^ ~ sin ^ sin = 0, 

or sin ^ sin y\r 4- hyx sin sin 6 4- sin 0 sin <^ = 0, 

nr ^ - o 

01 ^ 4- . — j H — . — — 0. 

sm V sin 9 sin y]r 


Exercises on Charter XIL 

(100) Determine three straight lines which being taken as 
lines of reference, the equation 

X/3y 4- P'yoL 4- Pai 3 = 0 
shall be transformed to the form 

la^ 4- + ny^ = 0. 


11--2 
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(101) Shew that the six points given by 

I 771 771 71 V n I 771 ’ 

n 771 I ^ I n TH^ 771 I 71 ’ 

lie all on one conic section. 

(102) More generally, shew that if 

71 = 0 , ?; = 0 , w = 0 

be the equations to three straight lines, then the six ])oints 
given by the equations 

71 7^ 70 7t 7’) _ 70 71 7') _ 70 

I 771 71 ’ 771 71 / ’ 71 I 7ll ’ 

71 __ 77 ^ 70 71 _^77 _ 70 71 _'0 ___ 70 

71 711 Z ’ I 71 771 ’ 711 I 11 ’ 

lie all on one conic section. 

(103) Find tlie equation to the conic section circumscribing 
the pentagon, whose sides taken in order are represented by the 
equations in triangular coordinates, 

X = 7J-7rZ, 7J = Z + X, 
cc=0, z^Z{x-\-y)y y = 0. 

(101) Shew that tlic six points in which the straiglit lines 
^ cos 7? = 7 cos G, /3 sin 7? = 7 sin (7, 

7 cos C ~ a cos A, 7 sin 0 = a sin A, 
a cos A — /3 cos a sin A =j3 sin 7?, 

(drawn from the vertices of the triangle of reference) intersect 
the opposite sides, He all on one conic section. 



CHAPTER XTII. 


AinillH^EI) NOTATION OF THE SECOND DEGREE. 


158. We liave «alrcacly in Chapter Ylir. considered the in- 
terpretation of a variety of equations obtained by combining the 
symbols v, to, &c. wliich we have used to denote expressions 
of tlie first degree in trllinear, triangular, or otlier coordinates. 

But tlie equations of that chajiter were all formed by the 
addition or subtraction of constant multiples of u, v, w, vtc. and 
were therefore all of them equations of the first degree, and con- 
sequently represented straight lines. 

We now go on to interpret equations of the second order 
obtained by combining w, v, w, &c. where these symbols them- 
selves still represent expressions of the first degree in the coor- 
dinates, and therefore when equated severally to zero form 
equations to straight lines. 

159. To interpret the equation 

uv — tewx = 0, 

where u = 0 , y = 0 , ?y = 0, x = 0 are the equations to four 
straight lines and k is any constant. 

Since the equation is of the second order, it represents a 
conic section (Art. 146). 

Moreover it is obviously satisfied if =: 0 and = 0 are 
simultaneously satisfied, therefore the conic passes through the 
intersection of these two straight lines. 
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Similarly it passes through the point determined by 
u = 0 and = 0 ; 
also by v=0 and w= 0, 

and V — 0 and x — 0 ; 

therefore the equation represents a conic circumscribing the 
quadrilateral in which u and v are opposite sides, and w and x 
opposite sides. 



100. We may notice the particular case when x = 0 repre- 
sents the straight line at infinity. The equation then represents 
a conic passing tlirough the points in which zv is cut by zi and 
e, and having its asymptotes parallel to these last two straight 
lines. This will be more clearly seen after reading Chapter 
XVII. 

Ki-. 
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161. To interpret the equation 

UO — = 0. 

We may regard this as a particular case of tlic last equation, 
wliere tlie opposite sides w = 0, x = 0 of the quadrilateral liave 
become eo incident. 


Fi-. 3t. 



Kaeli of the linos — r = 0 therefore meets the conic in two 
coincident points on the coincident straiglit lines ?^ = 0 and 

X = 0 . 

] lence it — 0 and r = 0 represent tangents, and w = 0 repre- 
sents the chord of contact. 

Cor. Consider the particular case 
iiv — /c/ = 0, 

where 5 = 0 is the straiglit line at intinity. The lines h = 0, 
v = 0 are now tangents touching the conic at infinity, and are 
therefore asymptotes. Hence the equation ur — /c.r = 0 repre- 
sents a hyperbola whose asymptotes are u = 0, v = 0. 

162. -dny two conics maij he regarded as intersecting in four 
real or imaginarij points. 

For the two conics will be represented by two equations, 
each of the second degree, solving these together with tlie 
relation 


aa -f i/3 4- cy -= 2A, 
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if the coordinates be tvi linear, or 

ic + 7/ + .r 1 , 

if they be triangular, we obtain four difTcrent sets of real or 
imaginary values for the coordinates, satisfying botli the e({ua- 
tions. These will determine four real or imaginary points lying 
on the two conics. But since two or more of the solutions of the 
equations may b(‘. identical, it follows that two or more of the 
])oints of intersection may be ex)incident. 

16 d. CoH. Two conic sections Ijave in general six common 
chords, since four points can be joined two and two in six 
ways. 

We say in gennud, because if some of the four points of 
intersection be coincident, some of the common chords will 
become also coincident, wliile others will become common tan- 
gents. 

Dkf. The chord joining any two of the points of intersec- 
tion of two conics, together with the chord joining the other two 
points, constitute a pair of common chords of the two conics. 

Thus if I\ Q, S be the four points of Intersection, the six 
common chords can be arranged in tlie three pairs QR, PS; 

RP, QS; PCI Pii<. 


Ib4. Definitions. If two of the four points of intersection 
of two conics are coincident, tin*- conics are said to touch one 
another. 

If the other two are. also coincident, but not coincident with 
the first two, the conics arc said to have double contact with 
each other, and the common chord is then called the chord 
of contact. 

If three of the points coincide, the points are said to have 
thrcc-pointic contact, or to have the same curvature at the point 
of contact. 
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165. To inter j)ret the equation 

S — fcuv = 0, 

S = 0 being the equation to a conic. 

The equation 

S — Kur — 0 , 

being of the second order, represents some conic section. 

To find wliere the straight line u= 0 meets it, wc have to 
substitute = 0 in tlie equation S — kuv-=^^\ wliencc we must 
have = 0 ; 

i.e. the points of intersection of the straiglit line a = i) with 
the conic to be investigated lie upon the given conic S\ 

i.e. ?^ = 0 is a common chord of the two conics. 

So V == 0 is a common chord of the two conics. 

Hence 8 — kuv = 0 represents a conic intersecting the c<mic 
/S' = 0 in the four points whicli lie upon the lines w = 0, = 0. 

166. To interpret the equation 

8-ku^^O. 

We may regard this as a particular case of the last equation, 
= 0 and V = 0 coinciding, and so by reasoning similar to that 
in Art. 161 wc conclude that it represents a conic touching tlic 
conic /S = 0 in two points, = 0 being the equation to the chord 
of contact. 

167. It will be observed that all the equations which we 
have considered in the present chapter have been found to re- 
present conics passing through some four fixed points. 

Each equation has involved an undetermined constant /c, 
which may receive different values distinguishing the different 
conics which can be drawn through the same four points. 
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And by giving k a .suitable value, we can make the equation 
rc])rcsent anij conic whatever passing through the four points. 

For since five points determine a conic .section, any conic 
througli tlic four points will be detennined by one point more, 
and the condition that the (upiation may be satisfied at this 
])oint is an equation from which k may be determined. 

Hence by giving k a suitable value, the ecpiation uv — kwx ~ 0 
will represent (onj conic circumscribing the quadrilateral whose 
opposite sides are a, r and x. So uv — k}c)^ - 0 will represent 
any conic having a ~ 0, v — 0 as tangents, and ?/’ — 0 as chord of 
contact, and so in the other cases. 

KhS. If S=0 and 6''— 0 trpresent the equations to two 
conic sections, then will the equation represent a. conic 

section passinjj throuyli all the points of intersection of the first 
two* 

And hy g icing a suitable value to k, this equation can be made 
to represent any conic whatever passing through those qyoints of 
infer, wet ion* 

For the coordinate.s of any point of intersection of 0 and 
N' =0 satisfy both the ecpiations: i.e. they make aS' and H' seve- 
rally zero: therefore they make 8 -f k8' zero : i.e. tliey satisfy 
the equation 8 + kS' = ^. Hence the locus of this equation 
passes through every point of intersection of the given conic.s. 

And since 8 and 8’ arc of the second degree, 8 -f fc8' = 0 
is of the second degree, and therefore 8-\-tc8' = 0 represents a 
conic section. 

Further, by giving a suitable value to ic this equation will 
rcpre.sent any conic passing through the four points of intersec- 
tion of the first two. For since five points determine a conic 
section, any conic passing through the four points of intersection 
will be determined if one other point upon it be determined. 

It is only necessary therefore to shew that by giving k 
a suitable value, the equation 8 -f k8’ — 0 can be made to pass 
througli any one assigned point ; which follows immediately as 
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in the last article. For if s and s be what S and S' become 
wlieii tlie coordinates of the assigned point arc substituted for 
tlie current coordinates, the C(|uation s -f ks' = 0 will be tlic con- 
dition tliat tlie conic should pass through the assigned point. 


Hence if we give k the value — 7 , the required condition 


will be fulfilled. 


ExErxCisKs ox Chapter Xlll. 

(105) Prove that the e(|iiation 

{aoL -f hfi + cy)'^ = {la -p 7n/3 + ity) {I a + in ^ -f 11 y) 
represents a hyperbola, and (ind its centre. 

(l(}(j) Interpret the equations, 

(i) kd^ = ^ {aa + -h cy), 

(ii) {la-\-in^ nyf 

— {a cos A-{- ^ (‘OS Jj 4- y cos C) (a sin ^4-/8 sin B -\-y sin G ) . 

(iii) //a“ 4- = 2aa [aa 4- cy), 

(107) Shew that whatever be the value of /c, the locus of 
the equation 

Kx^ — (^ 4- 1)*'^ = (/c — 9) if 

will pass through four fixed points, and find their coordinates. 

(108) lf.s '=0 be the equation to the straight line at infi- 
nity, and w = 0 , == 0 , iv = 0 represent three other real straight 

lines, the equation 

nv -\-siv = 0 

will generally represent a hyperbola; but if u and v be parallel, 
it will represent a paraboba. 
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(109) With the notation of the last exercise the equation 

sw —0 

r( 3 presents a parabola, and the equation 

-{- 810 =^ 0 , 

where w and v are not parallel, represents an ellipse. 

(110) If two conics have double contact with a third, the 
cliords of contact are concurrent with a pair of common chords 
of the first two conics, and form with them a harmonic pencil. 

(111) If three conic sections have one chord common to all, 
their three other common chords arc concurrent. 

(112) The straight Wind u — 2Jcv -{■ w ~ 0 is a tangent to 
the conic uw = v^, 

(113) The straight line t^+v + t4?==0isa common tangent 
to the three conics 

= 4,viVy = ^wUy v)^ = 4^4?;. 

(114) Three conic sections arc drawn through a point P, 
and each touches two sides of the triangle ABO at the extremi- 
ties of the third side, slicw that each of the tangents at P makes 
a harmonic pencil with tlie straight lines joining P to the an- 
gular points of the triangle. 
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169. We shewed in Chapter xii. tliat by selecting suitable 
lines of reference any conic section might be represented by an 
eejuation of the form 

— 0 ( 1 ). 

It is quite evident that if m, 7i arc all positive, siru'C the 
squares 7^ are necessarily positive and cannot be all zero, 

the expression W + H- u’f must be positive and therefore 
greater than zero. Hence the coordinates of no real point can 
satisfy the equation, and the locus must be entirely imaginary. 

If I, 71 are all negative, we may change the signs through- 
out, and thus arrive at the case just considered. 

Hence if the equation have a real locus, two of the coeffi- 
cients must be of one sign and the remaining one of the opposite 
sign; and therefore (by clianging the signs throughout, if neces- 
sary) we can suppose two of the coefficients positive and the 
third negative. 

We will suppose that I and m arc positive and 71 negative, 
and we may write 

7n = M\ 71^- N\ 
so that the equation becomes 

7vV4- = ^ 


( 2 ). 
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This may be written 

4- (iV/3 + Ny) {M/3 - Ny) = 0, 

Avhcnce w(‘ at once conclude, Art. 161, Cliap. xili. that the lines 

+ Ny = 0 , 

M/3 - Ny = 0 , 
arc tangents, and the line 

a-0 

their chord of contact. 

That is, the side BG of the triangle of reference is th(‘ 
chord of contact of tangents from the opposite angular point A. 

Similarly, by writing the equation (2) in the form 
M^/3^ 4- {La 4' Ny) {Lol — Ny) = 0, 
we conclude that the lines 

La 4- iV7 = 0, 

La Ny — 0, 

arc tangents, and the line 
their chord of contact. 

lhat is, the side GA of the triangle of iH^ferenec is the 
chord of contact of tangents from the opposite angular point />. 

But further, the equation (2) might be written 

{La 4- d/ySV -^1 ) {Lx - M/3^/ - 1) ~ A^Y - 0, 

from which fom we see that the two imaginary straight lines 

Jja 4- ^ 0^ 

La-M/3^~\ = 0 , 

(which both pass through the real point G) are tangents, and 
the real straight line 

7 = 0 


their chord of contact. 



s 1 -: r. v-VA )N j iJ( } A'r r ii i a n ( 1 1 . k . 
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That is, the side A U of the triangle of reference is the chord 
of contact of imaginary tangents from the opposite angular 
point C. 

Hence the conic is so related to the triangle of reference that 
eacli side is the chord of contact of the. (real or Imaginary) tan- 
gents from the opjioslte vertex. This is represented in ligur(‘ 35. 


V\- a:,. 



170. Definitions. ''Fhc chord of contact of real or imagi- 
nary tangents from a fixed ])oint to a conic is called the 'poh/r 
ot the point with respect to the conic. 

Also a point is said to be the iwle of that line which is 
its polar. 

We may tlierefore express the result of the last article as 
follows : 

The equation 

Id? + = 0 

represents a conic such that icith respect to it each vertex of the 
triangle of reference is the pole of the opposite side. 

This is often briefly expressed by saying that the triangle is 
self-conjugate with respect to the conic. 
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171 . From a given point a straight line is drawn in a given 
direction to meet the conic 

4 - + 717 ^ = 0 , 

it is required to find the lengths intercepted hy the curve upon this 
straight line. 

Let (a, /?, 7') be the given point, and /l6, v the sines of 
the given direction (see Chap, vi.), tlicn the equations to tlic 
straiglit line are 

a - a _ ^ 721 _Z ^ 

\ p V 

wlicnce 

a — CL+\p, /9 = 4- pp^ Y - ry' 4- i,p. 

If we substitute tliesc values of a, yS, 7 which arc true for 
any point on the straight line in the equation to the conic, the 
resulting equation, viz. 

I (a 4- (/3' 4- ppY + n ( 7 ' •\'vpy = 0, 

will give the values of p at the points of intersection, that is, the, 
lengths of the intercepts required, measured from the given 
point {d, / 3 ', 7'). 

The equation is a quadratic, and may be written 
[Vs? 4 - mp? 4 - n p^ 4 - 2 [IXoi! 4 - mp/3' 4 - nvy’) p 4 - [Iol‘^ 4 - m/3'^ 4 - ny ") = 0 . 

COK. 1. Since this quadratic has two roots, every straiglit 
line meets this — and therefore any — conic in two points (wliich 
may however be distinct, coincident or imaginary), as we proved 
in Chap. XIT. 

Cor. 2 . If the point (a', y) lie on the conic, so that 
la^ 4 - mjS'^ 4 - ny’^ = 0 , 

one of the intercepts is zero, and the equation reduces to 

{l\^ 4“ mp^ 4 - nv^) p 4- 2 [IXoi 4- mp^ 4- nvy') = 0, 

which therefore gives the length of the ehord drawn from 
7 ) l^he given direction. 
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172. To find the equation to the tangent at any point on the 
conic. 

Let p, V be the direction sines of the tangent at (a, y), 

and let (a, /3, 7) be any point on the tangent, then (Chap, vi.), 

X p ^ p 

and the length of the chord in this direction is given by the 
equation 

{IX^ 4* mfjL^ -P nv^) p + '2 {IXol -P + nny) = 0. 

But since the direction is that of the tangent the length of 
the chord must be zero, therefore 

IXoL -f + nvy = 0, 
whence by the substitution of (1) we get 

la (g — g ) + w/3' — /3') -j- 7iy (7 — y) = 0, 

or la a + m0/3 4- W7'7 = la^ + ^ -f ny^ 

= 0 , 

since {a, /S', 7') lies on the conic. 

Hence the equation 

la a + 7)1^' P + nyy = 0 

expresses a relation among the coordinates of any point on the 
tangent at (a', 7',) and is therefore the equation to that tan- 

gent, 

^173. To find the eqn^ation to the chord of contact of tangents 
drawn from a given point to the conic ^ or, to find the polar of a 
given point with respect to a conic. 

Let g', /3\ y be the coordinates of the given point and suppose 
a", y8", 7", g'", yS"', 7" the coordinates of the points of contact of 
tangents from (g, y8', y) to the conic. 

The equations to these tangents arc by the last article 
la a 4 4- ny'y = 0, 

and a + 4 ny”y = 0, 

\V. 12 
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and since they pass through the given point (a', / 9 ', 7') we have 
loi'a + 7)1^" + 7^7'V = 

/a'"a' -f -f 717" 7' = 0. 


But these two cciuatioiis respectively express that (a", / 9 ", 7'') 
and (a", 7"') He on the locus of the equation 

Za a -I- 4- = 0, 

and this being of the first order is the equation to some 
straight line. 

Therefore it is the equation to the straight line joining 
(a", 7") and (a ", /9'", 7'") the two points of contact, that is to 

the chord of contact, or tlic polar of tlic point (a , 7'). 

It will be observed tliat the tangents from (a , / 3 ', 7 ) may be 
imaginary, but the cliord of contact or polar is always real, 
like the polar of C in Art. 169 . 

174 . To find the condition that any straight line whose 
equation is given should he a tangent to the conic. 

Let /a 4 + A7 = 0 (1) 

be the equation to the straight line : and suppose (a, 6 \ 7 ) its 
point of contact with the curve. 


The tangent at this point is given by 
Ida + 7?7)S'y8 4 nfify = 0 
wliich must be identical with (1), therefore 
lo! nip _ nfi 

f~~0~ ■ 

But (a, /S', 7') must also lie on the locus of (1) whence 

fd 4 4 ny = 0 , 

therefore eliminating a', 7 we get 

V 4 - ~ 4 ~ = 0 , 

L 711 n 

which will be the required relation among /, g^ h in order that 
the given line may be a tangent. 
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Cor. If the conic touch any one of the straiglit lines 
± ±hy — 0 

it will touch them all. 

175. To f uel the locus of the middle 2 ^ 0 hits of a series of 
parallel chords in the conic whose e<i\iation is 

la: + + ny“ = 0. 

Let /4, V ho the direction sines of any one — and therefore 
of every one — of the scries of parallel chords. 

And let (a, /3', y) he any point on the required locus, then 
the chord through this point is represented by 


a — a /3 — yS' 7 - y' 



and tlu'refore the lengths of the intercepts by the conic arc given 
by the equation 

I (a' i-XpY in (/3' -f- ppf + 11 (7 + vpf = 0. 

But since (a , /3', 7) is the middle point of the chord the 
two values of p givc'n by this quadratic must be equal in value 
and opposite in sign. Therefore the coellicient of p must vanish 
in the quadratic, and therefore we have 

4- 4- nvy — 0 

a relation among the coordinates of any point (a , yS', y) on the 
locus. Ilcncc the locus is the straujht line whose equation is 

' IXa. 4- mpjB 4- nvy = 0. 

Such a straight line is called a diameter of the conic, 

176. Thus far the reasoning of the present chapter will 
apply equally whether wc understand the coordinates to be 
trilinear or triangular, except that in the latter case we must 
modify the interpretation of \, fi, v in Arts. 171, 172, 175, not 
speaking of them as direction sines. [See (xix) and (xx) in the 
table of formuUe, pages 100, 101. J But now that we have to 

12—2 
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introduce the straight line at infinity our equations will no 
longer hold for triangular coordinates until we replace a, c, 
2A, severally by unity. (Art. 87.) 


177. To find the condition that the equation 

+ n*fi = 0 

may represent a parabola. 

It is sufficient (Art. 152) to express that the line at infinity 
must be a tangent. Therefore by Art. 174 the condition in 
trilinear coordinates is 





or in triangular coordinates, 


1 1 
7 H — 

L m 


-f 


= 0. 


178. To find the centre of the conic. 

Let (a', f) be the centre ; then the lengths of the inter- 
cepts in the direction (X, v) measured from the centre are given 
by the equation 

+ mp? 4- nv^) 4- 2p (ZXa 4* 4- nv^') 

+ -f 4- := 0 (1 ) . 

But since all chords througli the centre arc bisected in the 
centre the two roots of tliis quadratic must be equal in magnitude 
and opposite in sign, therefore the coefficient of p must vanish, 

therefore l\d + mpIS' 4- nvy’ = 0 (2) 

for all values of X : /i : j;, subject to tlie relation 

aX hfjL cv = 0. 

Hence we must have 

Id __ m^' _ nf 2 A 

'a “r T "" 7 7? ? ’ 

I m n 

which determine d, /3', y the coordinates of the centre. 
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Obs. In triangular coordinates the centre of the conic 

whose equation is h? + my^ + nz* = 0 is given by the equa- 

tions 

1 _ 1 1 _1 1 1 

lx my nz t m n 

CoK. The coordinates of the centre arc infinite if 

+ + > + 1 + 1 = 0, 

L m n L m n 

{tnliaear coordmates) {triangular coordinates) 

13ut we have already seen that when the same condition 
holds the conic is a parabola. (Art. 177.) 

Hence the centre of a parabola is at infinity. 


v' 179. To find the conditions that the equal io7i 
la? 4 - 4 * nf = 0 

should represent a circle. 

Let (a', /3', f) be the centre, then the length of the semi- 
diameter in any direction will be given by the equation (1) of 
the last article, which in virtue of (2) becomes 

p -h mp? 4- 4- w/3'* 4- = 0. 

Hence all the diameters will be equal, provided 
V>d 4- 4" nv^ 

be constant for all directions. 

But we know (Art. 71, page 77), that 

V sin 4- sin 2ji94- sin 2 (7, 

is constant. 

Hence the diameters will be all equal, provided 

I m n 

sin ^lA ”” 5n 2+B sin 2 (7 ’ 

which therefore express the conditions that the conic should 
be a circle. 
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Hence 

a’* sin 2 A 4- sin 27? 4- 7* sin 2 (7= 0 

represents the circle with respect to which the triangle of refer- 
ence is self-conjugate. 

Ons. The circle will he imaginary unless one of the coeffi- 
cients sin 2Aj sin 27?, sin 2(7 be negative (Art. 169) ; 

i.e, unless one of the angles 2^1, 277, 2 (7 be greater than 180®, 

i.e. unless one of the angles A, 7?, G be greater than 90®, 

i.^. unless the triangle of reference be obtuse angled. 

Cor. 1. The equation in triangular coordinates to the circle 
with respect to which the triangle of reference' is self-conjugate is 

cot A -f- Tf cot B 4- cot (7=0. 

^ Cor. 2. In the case of the circle 

0 ^ sin 2 A 4- /3^ sin 27? 4- 7^ sin 2 (7 = 0, 
the equations to give the centre become 

a sin 2 A _ /3' sin 2Z? _ 7 sin 2 G ^ 
a h G ’ 

or 0 ! cos ^ cos 7? = 7 cos (7, 

which we have already seen Chap. ir. arc the equations to the 
point of intersection of the perpendiculars from the vertices of 
the triangle on the opposite sides. 

Hence if a, triangle he self-conjugate with respect to a circle^ its 
perpendiculars intersect in the centre of the circle, 

180. To find the pole of any given straight line with respect 
to the conWy whose equation is 

lo? 4- 4- nf = 0. 

Let /a + 5^/9 4-A7 = 0 (1) 

be the given straight line whose pole is required, and suppose 
(a', 7 ) the pole. 
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The polar of this point is given bj 
la a -f 7?ij3'j 8 ~h 7iyy = 0, 
which must be identical with (1), tlierefore 
la ^ 7iy 2 A 

f 0 ^ li ~ ’ 

7 * ' 

L 7)1 n 

Vvliicli determine a', y\ tlic coordinates of tlie pole required. 

/ Cor. In trilinear coordinates the pole of the line at infinity 
is given by 

Id _ 7)1^ __ iiy ^ 2A 
a h c 

-j -\ 1 — 

L in n 

Hence (Art. 178) the centre is the pole of the line at infinity. 

^ 181. If we assume as the definition of tlic foci the well 
known geometrical property of a conic section, that the square 
on tlie st'mi-rninor axis is equal to the rectangle contained by 
tlic focal perpendiculars on any tangent, we can readily find 
C(juations to d(‘Jerminc the focus of a (^onic section with respect 
to which the triangle of reference is self-conjugate. Thus : 

To determine the foci of the conic whose equation is 

Id + -f ^^7* = 0 (1). 

Let («!, 7 i), (ag, /Sg, Ta) be the foci required, and let k 

be the semi-minor axis of the conic. 

The tangent at any jioint (a, y8', y) is 
Ida + + nyy — 0. 

And expressing that d is equal to the rectangle contained 
by the product of the perpendicular distances of this line from 
(5i>, 7.) an*! («.. vj, we get 

j {la,a.'+m^^ff+nyj) + «7.7’) 

^ ~ r(x'^+ 2mn0' y'ws A— 2nly' a! cosB— 2lm3.'^ cos 0 ’ 
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which is a relation among the coordinates («', /S', 7') of any point 
on the conic, and therefore, suppressing the accents, the equation 

(Za,a + + W 7, 7) (fa, a + . 

ZV+»i^/S’+ 7i‘'y^—2mn^ycosA—27ilycicoaB—2lma^coaC ' 

is the equation to the conic and therefore is identical with (1). 

But this equation (2) may be written 

/c*) + {0A- '^0 + ”V {7i73- «’) 

+ mn^y (/ 3 , 7 , + + 2«'‘cos A) 

+ nlya (7,^2 + y^a.^ 4 - 2«'cos B) 

+ Zma/3 (ttj/Sj + cos C) = 0. 

Hence equating the ratios of the coefEcIents of this equation 
and the equation (1), we get 

I (a, a, - «*) = m -ic‘) = n (7,7, - «') = t (sui)])ose) ... ( 3 ), 


and ^,7 , + 1027, + 2a:" cos ^ = 0 (4) , 

7t“s + 73 «i + 2a:" cos i? = 0 (5), 

® A + + 2/t’ cos (7 = 0 (6). 


Multiplying (5) and (6) by c and b respectively, and adding, 
we get 

a, (A + C7») + “3 (A + C7,) + 2/e"rt = 0, 

or «! (2A — aa,) + (2A — aaj + 2K^a = 0, 

or + = 

or by equations (3), 

(7), 

and (Xi(x^ = ^+ 


Therefore a, and are given hj tlie quadratic 


ar 


a + -j + ^ 0. 
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Similarly and 0^ are given by 

^--^^+-+** = 0, 
mA m 

and and are given by 

7^-^7+ -+/^ = 0. 

' nA ' n 

Hence the foci of the given conic are determined by the 
equations 


, artt T _ ^ hr^ t , cry t 

ZA I mA m ^ nA n ’ 


mA m 


where t may be determined as follows. 
The equation (7) gives us 

WT 

hr 

Similarly we have /9j + /8, = , 


and 'y* + T^« = ;jA- 

Multiplying by a, 5, c and adding, wc get 

4 A = I y H 1 — ] y , 

\l m 71 J A 


and therefore 


T Ta 8 • 

a 0 c 

^ 1 — 

I m n 


Hence the equations to determine the foqi take the form 

f »• + i’ + i’) . f + 14! 

m n/ I I \C m nj m m 


=(^H.5:+!i)y_«4a;+<4!, 

\l m nJ ' n « ’ 


and the corresponding equations in triangular coordinates can 
be immediately written down (Art. 87). 
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Note. If we had assumed the fact that the centre is the 
point of bisection of the straight line joining the foci, we might 
have written down the equation (7) and determined r at once. 

For (Art. 18, Cor. page 20) the coordinates of the centre 
must be 

2 " 2 ’ 2 ’ 
and therefore (Art. 178) 

_j 1 

I m n 

182. Cou. 1. If the conic be a parabola, we have 
(Art. 177) 

7* H 1 — = 0, 

I m n 

and tlie equations to determine tlie foci give one point at 
infinity, and reduce for the other to 

aa — A _ — A __ 07 ~ A 

I m n ^ 

each of which fractions must be equal to 

A _ 

Z + H- 71 


Hence 

7l-\rl 

aa = A y- , b/3 = A j- , 

aa __ oy 

m^-n w 4- / ~ ^ 4- ’ 

Cor. 2. In the case of the parabola. 


cy~ A 


t +7)1-}- 71* 


4 1 — = 0, 

i m 71 


it follows that the coordinates of the finite focus of any parabola 
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with respect to which the triangle of reference is self-conjugate, 
will satisfy the equation 

aa — A ^ — A C7 — A ’ 

a\^ V ^ 

+ cy — act. cy + aoL — aa + bji— cy ' 
or 

a^siii 2 A + /S^sin 25+ 7^sin 2 C— 4 {fiy sin yl + 7a sin 5+ a/3 sin (7) = 0, 

which is therefore the equation to the locus of the foci of all 
parabolas, with respect to which the triangle of reference is self- 
conjugate. 


183. Def. The polar of a focus is a Directrix. 

184. To find the equation to the directrix corresponding to 
the finite focus of the parabola.^ 

lo: + + ny~ = 0. 


Tlic finite focus is given (Art. 182) by 

aa _ i^/3 _ cy 
m + n n + I I 


hence (Art. 173) its polar is represented by 

I [m + ^0 ” "h + 0 ^ ^ + in) ^ = 0, 

m nJ a \n U b \l mj c 


or 


1//8 

I 


\b e) m\c a/ n\a bj 


Cor. Since 


^ 

7 H 1 — = 0, 

L m n 


it follows that the directrix of any parabola, with respect to whicli 
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the triangle of reference is sclf-congugatc, passes through the 
point given by 



^ ^ 7 

cos A cos B cos C ' 


185. If the opposite sides of a quadrilateral he produced to 
meet in A and B, and its interior diagonals intersect in ( 7 , then 
the triangle ABC is self -conjugate with respect to any conic 
circumscribing the quadrilateral. 


Fig. 30. 



Let PQES be the quadrilateral, take ABC as triangle of 
reference, and let P be determined by the equations 

Icf, = m^ = ny, 

then the equation to A P\s 

my3 — R7 = 0, 


and since the pencil at A is harmonic, the equation to AR is 

d- ny = 0. 
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So the equation to BP is 

— — 0 , 

and since the pencil at B is harmonic, the equation to BR is 

la + ny = 0. 

But these four lines are the sides of the quadrilateral. Hence 
any conic circumscribing the quadrilateral must have an equa- 
tion of the form 

(in^ — 71^) 4 wy) — k (la — 7iy) (la + wy) = 0, 

or 7)}^^'^ — 7ry^ — K (ZV — 7^^) = 0, 

or — 77^^ 4 (1 — /c) = 0 ; 

hence the triangle of reference is self-conjugate with respect to 
any conic circumscribing the quadrilateral. 

Cor. 1. If any number of conics intersect in four points, 
a triangle can be found self-conjugate with respect to all of 
them. 

Cor. 2. If a scries of conics pass througli four fixed points, 
a suitable triangle can be found witli respect to which all their 
equations will be of the form 

Vx 4 wi/3^ 4 'ivf = 0. 


Exercises on Chapter XIV. 

(115) Shew that 

aV ^ ^ cV 

r-p p-q 

represents a parabola. 

( 116 ) If AA\ BB\ CC' the diagonals of a quadrilateral, be 
produced to form a triangle aJe, this triangle will be self-conju- 
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gate with respect to one conic passing through BOB' G\ to 
another passing througli OJC'A', and to a third passing through 
ABAB\ 

(117) Interpret tlic equation 

{U -f - 2/iV = 0. 

(118) Shew that all the lines 

/a + mB ± ^^7 = 0 

are tangents to tlie conic whose equation is 

(119) Shew that tlie conic 

circumscribes tlie quadrilateral whose sides in order arc 

0 , 

— + v H- = 0, 
u — v-]rio 0, 
w -f — II? = 0. 

(120) Interpret the equation 

a" sin 2^ + /S^sin 2^ + 7^ sin 2(7= 0, 
when the triangle of reference is right-angled. 

(121) Shew that the diameter drawn through the point 

(a', 7') in the conic 

lo^ + + nrf = 0 

is represented by the equation 

a, y = 0 . 

a') /3', y 

a h c 

V w ’ n 
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(122) The conic referred to a ser-conjugate triangle and 
having its centre at (a', ff, 7 ') is represented hy the equation 

a 7 

(123) The tangents at the extremities of the eliorcl a = a :/3 
in the eonic 

l(^ + w/3^ + = 0, 

arc given by tlie equation 

{Jkx -f = (Jk^ 4- m) y\ 

(124) Find the equation to the tangents whose chord of 
contact is 

fa+f/^ + hy = 0. 

(123) The four straight lines of Exercise 119 arc tangents 
to tlic conic 

- — I 4. = 0. 

m —71 71 — t I — 7il 

(126) Find the equation in triangular coordinates to the 
locus of the foci of all parabolas with respect to wliich the 
triangle of reference is self-conjugate. 

(127) Tlie conditions that the point of reference A should 
be a focus of the conic 

lo^ + + 7iy'^ = 0 , 

are m = and b'" + = a®. In this case the triangle of reference 

is right-angled and the line of reference BC is the directrix 
corresponding to the focus A, 

(128) Apply the last result to shew that the distance of 
any point on a conic from a focus bears a constant ratio to its 
distance from the corresponding directrix. 
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186 . The equation 

IjSy -f 7nr^0L + wa/3 = 0 

represents a conic circumscribing the triangle of reference, for it 
is satisfied when any two of the coordinates are zero ; and there- 
fore each point of reference lies upon its locus. 

Further, by giving suitable values to m, n this equation 
will represent any conic referred to an inscribed triangle (or 
circumscribing the triangle of reference). For by Chap. xir. 
every conic must have an equation of the second degree, which 
may be written 

fo? 4- + 2myOL + 2na/3 = 0. 

But if the conic pass through the point of reference Ay the 
equation must be satisfied when 

/3 = 7 = 0 . 

Therefore (substituting these values in the equation), we get 

w = 0. 

Similarly, if the conic pass through B and C, we get 
V = 0 and = 0. 

Hence the equation reduces to 

?/97 4- wya + na/3 0, 

where the values of Z, m, n depend upon further conditions. 
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187. The equation to the conic may be written 
+ a {my + n^) = 0. 

Hence it is cut by the straight line my -f = 0 in the two 
])oints where this straight line meets /3 ==■ 0 and 7 = 0, i.e. in two 
coincident points at A. Therefore my + w/8 = 0, or 


represents the tangent to the conic at the point of reference A, 

Similarly, the tangents at the other two points of reference 
are given by 

5f+« = 0, and ?+^ = 0. 
n I I m 

188. From a girm 'point a straight line is drawn in a given 
direction to meet the conic 

l^y + mya + wayS = 0, 

it is required to find the lengths intercepted hy the curve upon this 
straight line. 

Let (a', /S', y) be the given point, and ft, v the sines of the 
given direction, then, as in Art. 171, the intercepts are given by 
the equation 

I (/ 3 ' + pp) {y + vp) + m {y + vp) (a +\p)+n (a + \p) (/ 3 '+ ftp)= 0, 
which may be written 

{Ipv + inv\ -f n\p) p^ 4- 4 my ol 4 nv!^') 

4 {X {rny 4 wyS') 4 p {no! 4 ly) 4 v (Zy8 ' 4 ma)] p = 0 , 

a quadratic giving two values for p, expressing the length of the 
two intercepts. 

Cor. If the point (a , y8', 7') be on the conic, so that 
y 4 myd 4 nd^' = 0, 

one of the intercepts is zero, and the other is given by 

{l/jiv 4 mv\ + n\p^ p'\-\{my 4 wy8') 4 p {nd 4 ly) 4 v (//S' 4 md) = 0. 

w. 13 
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• 189. To find the equation to the tangent at any point on the 
conic. 

Let p, V be the direction sines of the tangent at (a', y) 
and let (a, /3, y) be any point on the tangent, then (Chap, vi.) 
we have 



\ fJL V ^ 

and the length of the chord in this direction by the last corollary 
is given by 

{Ifiv + riivX + nkyt) p-\- \ [my ly) + v{l^'+ mu!) = 0. 

But since the direction is that of the tangent, tlie length of 
the chord must be zero : therefore 

\ (7^7 4- n^') -f fi [ncf! -f ly') v (//S' 4- mo!) = 0, 
or in virtue of (1), 

(a - o!) {my 4- w/3') + (/3 - ^'){no! 4- ly) 4- (7 - y) (//S' 4- mo!) = 0, 
or 

a {my 4- 7?/S') 4- /8 {no! 4- ly) 4- 7 (//S' 4~ ma) = 2 (//S'y 4- myoi' 4- 7ia'/S') . 

But since (a, /S', y) lies on the conic, we liavc 

//S'y 4- my a' 4- no! ^ = 0 (2), 

and the equation becomes 

a {my 4- rz/3') 4- /9 {no! 4- ly) 4- 7 (//S' 4- mo!) = 0. 

This equation expresses a relation among the coordinates of 
any point (a, / 8 , 7) on the tangent at (a', /S', y) and is tliercfore 
the equation to that tangent. 


Cor. The equation may be written 
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therefore the equation will take the form 


a I B m y n 

a' 13'^^ 7 " ’ 


or 


let. . ”7 _ A 

>'2 I" ^>2 “I t2 — 

a p 7 

a form of which we shall presently give an independent investi- 
gation (Art. 198 ). 


190 . To find the equation to the chord of contact of tangents 
drawn from a given point to the conic^ or, to find the polar of a 
given point with respect to the conic. 

Let (a, y 9 ', 7 ) be tlie given point, then we may shew, pre- 
cisely as in Art. 173 , that the required equation is of the same 
form as that of the tangent at a point on the curve. 

That is, tlie equation 

a {mf 4- nff) + /3 [no! 4- If) 4 - 7 (//S' 4 - nio!) = 0 , 

which, when (a, y8', 7') is a point on the curve, represents the 
tangent thereat, will, when (a, /S', 7') is a point not on the curve, 
represent the polar of that point. 

191 . To find the condition that any straight line whose equa- 
tion is given should he a tangent to the conic. 

Let /a +5^/3 4 - A7 = 0 (1) 

be the given equation to tlie straight line and suppose (a', /S', 7) 
its point of contact with the curve. 

The tangent at (a', /S', 7') is given by 

a {mf 4 - w/8') 4 - ^ {na 4 - ly) 4 - 7 {W 4 - nioi) = 0 , 
which must be identical with (1). 

Therefore 

my 4- ^i/S' _ noL 4- ly _ //S' 4- moi! 
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But (a, 7') must also lie on the locus of (1), whence 

/a + Ay = 0. 

Hence eliminating a , yS', 7 we get 
Ifilf— mg — nh) + mg {mg — nh — If) + nh {nh — If— mg) = 0, 

or Zy* + — ^rnngli — 2nlhf — ^Imfg = 0 (2) , 

which is therefore the condition required. 

Note. The equation of condition just obtained may be 
written in the form 

V lf-\- V mg -f = 0 (3) , 

as will be seen by clearing this latter equation of radicals, when 
it will be found to take the form (2). 

192. Cor. The equation in trilincar coordinates 

7/37 + ^^^7^ + 
will represent ^parabola provided 

VaZ-f Vim-f Ven = 0. 

And the equation in triangular coordinates 
lyz H- mzx + nxy = 0, 
will represent 2 ^ parabola provided 

V7+Vm + \77i = 0. 

The remarks made in Art. 176 will apply here. 

193. To find the locus of the middle points of a series of 
parallel chords in the conic whose equation is 

l^y + mya + wa/3 = 0. 

Let fi, V be the direction sines of the parallel chords, and 
let (a, y) he the middle point of any one of them. 
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Then (Art. 188) the lengths of the intercepts measured from 
(a, 7) to the curve in the direction (A, /a, v) are given by the 

equation 

{Ifip + mvX + nXfji) -f myoL + notyS) 

-h {X {my + n^) + fi (na + ly) +v (ZyS -f wa)} p = 0. 

But since (a, 7) is the middle point of the chord, the two 

values of p, representing the intercepts, must be equal in magni- 
tude and opposite in sign. Therefore the coefficient of p must 
vanish in the quadratic, and therefore 

X {my 4- wy8) + pu {noL +ly)+v (?y3 + ma) = 0, 

or a {mv + np) + /S {nX ■\-lv)-\-y (Jp + mX) = 0, 

a relation among the coordinates a, yS, 7, of the middle point of 
any one of the chords, and therefore the equation to the locus of 
the middle points. 

194. To find the centre of the conic. 

Let (a', 7 ) be the centre. 

Then the lengths of the intercepts measured from the centre 
in the direction (A, p., v) are given by the quadratic 

{Jfiv -f mvX + nXp) p* 4- ^^’y 4- myoL 4- /3') 

4- {A {my 4- 4- (na' 4- ly) 4- v {l^' 4- moi)] p = 0 (1). 

But since all chords arc bisected in the centre, the two roots 
of this quadratic must be equal in magnitude and opposite in 
sign; therefore the coefficient of p must vanish, and therefore 

A {my 4- n^') 4- p^ {noL +Iy') +v {lj3' 4- ma') = 0 (2), 

for all values of X : fi : v, subject to the relation 
aX-\-bp-\- cv = 0. 

Hence, we must have 

my 4“ n^' _ n(x! + lr/ _ 4* mot! 

a h 


c 
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a' 0 y 

Oj* r— 1 = • 

I {la --mb’- vc) m {mb — nc — la) n {no —la — mb) 

_ 2A_ 

I'a^ + + nV — 2mnbc — 2nlca — 2hnab ’ 

which determine (a', 7') the coordinates of the centre. 

N.B. If the coordinates are triangular instead of trilinear, 
we find that the centre of the conic whose equation is 

hjz + mzx + nxy — 0, 

is given by the equations 

t f / 

X y z 

l{l — m—i^ m {m — n — 1) n {^n—l — m) 

1 

r + nr + ir — ^mn — 2nl— 2hn * 

Cor. The centre of a parabola is at infinity, 

195. To find the conditions that the equation 
l^y + mya + nay8 = 0, 
should represent a circle. 

Let (a', yS', y) be the centre, then the length of the semi- 
diameter in any direction is given by equation (1) of the last 
article, which in virtue of (2) reduces to 

{Ifiv + mv\ + n\p) + Iffy + mya! 4- naff = 0. 

Hence all the diameters will be equal, provided 
Ipv + mv\ + n\p 
be constant for all directions. 

But we know (Art. 71, page 78), that 

pv sin -4 + z;\ sin 5 4- \fi sin C 
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is constant for all directions. Hence the diameters will be all 
equal, provided 

I _ 

siii^ sin/? sin O’ 

wliicli therefore express tlie conditions that the conic should be 
a circle. 

Hence the equation 

ySy sin ^ + 7a sin B+ a/Ssin C = 0, 
or, a^y + hya + col^ = 0, 

represents tlic circle circumscribing the triangle of reference. 

Cor. 1. In the case of this circle the equations (Art. 194) 
to determine the centre reduce to 

COS A cos/? cos O’ 
agreeing with the result of Art. 17, Cor. 

Cor. 2. The equation in triangular coordinates to the circle 
which circumscribes the triangle of reference is 

dryz + Vzx + c^xy = 0 . 


196. To find the pole of any given straight line with respect 
to the conic whose equation is 

Wy + niya 4- noi/3 = 0. 

Let f^~^ff^'^hy = 0 (1), 

be the equation to the given straight line, and suppose (a , /9', y) 
the pole. 

The polar of this point is given by 

a {my 4- n^') + {noL -{- ly) + 7 {l^ -f mot!) = 0, 
which must be identical with (1). 
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Therefore 

7W7' + n^' _ na' + _ Z/8' + moL 

_______ ^ , 

g' /y 7' 

? (^- mg — n/^) wi (7/1^ — 77/1 — If) n [nh —If— mg) ’ 
which determine the coordinates of the pole required. 

Cor. Tlie pole of the line at infinity is the centre of the conic. 


197 . The following Theorem is attributed by Dr Salmon 
to M. Hermes. 

If {a, yS', 7), (a", 7") he the coordinates of any two points 

on the conic 

l^y + myoL + na^ = 0, 

I m n ^ 
or - q- - + - = 0, 

the equation to the straight line joining them is 
l^ ny _ 

* O' /y' “r t h — 

a a p p 77 

For this equation is satisfied at the point (a', 7'), since 

(a", / 3 ", 7") lies on the conic, and therefore 

f .m __c\ 

71 ^' ' 75 ^ ^ — 0 . 

a P 7 

So also it is satisfied at the point (a", / 3 '', 7"), since (a', / 3 ', 7') 
lies on the conic. 

And it is of the first degree in a, / 3 > 7. 

Therefore it represents the straight line joining the two 
points (a', i), (a", / 3 ", 7")- 

198 . Cor. Let the point (a", / 3 ", 7") move up to and ulti- 
mately coincide with (a', 7') : then ultimately the chord 

hecomes the tangent at («', ^ , 7') and the equation becomes 

i? 4. n 
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the same form of the equation to the tangent at the point 
(a , 7') which we deduced in the Corollary to Article 189. 


199. To find the condition that three jjoints whose coordi- 
nates are given should lie on one conic with the three points of 
reference. 

Let (a^, /3,, 7.), (a^, 7J, (a^, /3,, 7J be the coordinates 

of the given points. 

Any conic passing through the points of reference may be 
represented by the equation 


I m n ^ 

^ - =0 

a yS 7 

and if it pass also through the given points we must Iiavc 
I m n ^ 

- + ^ + - = 0 

I m n ^ 

^ +- = 0 

Oa P, 7, 


( 1 ), 

( 2 ), 

( 3 ), 



771 n 

/9s ^ 7 , 


0 


(4). 


Eliminating 

obtain 


I : m : n from the last three equations, we 


i i i 

a. ’ ’ % 



i 1 L 

Oj’ 7s 


i 1 i 

«»’ ^s’ 73 


which will be the condition required. 


200. Paschal’s Theorem. If a hexagon he inscribed in a 
conic, and the pairs of opposite sides he produced to intersect, the 
three points of intersection are collinear. 
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Let AP^BP^CP^ be the hexagon, take ABC as triangle of 
reference, and let (a,, 7,), (a^, 7,), (ag, )Sg, 73) be the co- 

ordinates of P,, P^y Pg respectively. 

The equation to the side AP^ is therefore 

/3 _ 7 
0 . 7? 

and the equation to the opposite side P.fi 

7 a 
7. ” a/ 

Hence these two sides intersect in the point given by 

-y. (1) 

««7, ^.7. 7.0, 

So the sides PP^, Pg^l intersect in the point given by 

— = (2) 

OjO, ^ 

and the sides (7Pg, P^P intersect in the point given by 

— = _ -7 

oA vA 

But the three points represented hy the equations (1), (2), 
(3) are collinear (Art 20) if 

«a7,. /8,7,, 7,7, 

7.«, 

7i^a 

that is, if 

I 1^=0, 

Oa * ' 7s 

111 

«1 ^1 7. ' 

111 

/^s’ 7, 
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which is the condition (Art. 199) that the three points P,, P,, P, 
lie on the same conic with ABC. 

Hence the condition that the intersections of opposite sides 
of a hexagon should be collinear is identical with the condition 
that the six angular points should lie on one conic. 

This proves the proposition and its converse. 


201. Only one conic can he described passing ihrotigh three 
given points and having its centre at another given point. 


For if we take the first three given points as points of refer- 
ence for triangular coordinates, the equation to the conic may be 
written 


I m n 

— ' "1" I 

X y z 


= 0 , 


and if («', y', z) be the coordinates of the given centre, we have 
by Art. 194 

mz' + ny = nx + Iz' = ly -p mx\ 

whence 


I m _ n 

x{x'-y-z') ~ y' (y - s' - x) ~ s' (s' -x'- y) ’ 

so that the only conic satisfying the conditions will be that 
represented by the equation 


X 


^ {x - y - ^ [y' - 2 - a) + ^ (s' - a:' - y ) = 0. 
«/ 


Obs, Since we have seen that a conic can be described so 
as to fulfil five simple conditions (such as passing through an 
assigned point) it follows that the condition of the centre being 
at an assigned point will count as two of these simple conditions. 
Such a condition may be spoken of as a double condition, or a 
condition of the second order. 
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Exercises on Chapter XV. 


(129) If \a + fJL^ + vy — 0 

be a tangent to tlie conic 

I m n ^ 

a p y 

then the three quantities ?X, nv will be cither all positive or 
all negative. 

(130) If \a-PyL6^H-Z^=:0 

be a tangent to the conic 


-+5+-=o, 

a A 7 


then will 


Za 4- wi/3 4- ^7 = 0 
be a tangent to the conic 

a /3 7 


(131) A conic is described so as to touch in A, B, C the 
sides B'G'j G'A', AB' of a triangle AB'G\ Shew that 
AA, BB\ GG' are concurrent, and that the straight line BG 
is divided harmonically by the straight lines AA ^ B' G^ pro- 
duced if necessary. 

(132) A triangle is inscribed in a conic, prove that the points 
are collincar in which each side intersects the tangent at the 
opposite angle. 

(133) The six points of intersection of non-corresponding 
sides of a pair of co-polar triangles lie on one conic. 

(134) If a triangle be self-conjugate with respect to a 
scries of conics which all pass through a fixed point, the centres 
will lie on another conic which circumscribes the triangle. 
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(135) Determine the position of tlic fixed point in the last 
exercise in order that the locus of the centres may be the circle 
circumscribing the triangle. 

(136) The normals at the points of reference to the conic 
whose equation is 

Z/37 + T/iya + = 0 

will be concurrent, provided 

Z, n =0. 

Ill 

Z ’ m ’ n 

1 I 1 

c 

(137) The equation 

l/3y 4- niya -h wayS = 0, 

will represent a hyperbola, provided 

aV + ly^rn^ 4- cW > 2 {hcm7i 4- ca^il 4- ahlm), 

(138) The tangents to the conic 

l^y 4 - myoL 4 - — 0 , 

parallel to the line of reference BC are represented by 
Z (yS 4- 7 ) 4- ± JnY a = 0 , 

the coordinates being triangular. 

(139) The chord of contact of the tangents 

Z (y5 4- 7 ) + {xjm ± JnY a = 0 , 

(whether the coordinates be trilincar or triangular) is 

Z (yS — 7 ) 4 * — 7 i) a = 0 . 
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CONICS REFERRED TO A CIRCUMSCRIBED TRIANGEE. 


202. The equation 

Pa’* -f + nV 2mny97 — 2n?7a — 2lmal3 = 0 (1 ) 

may be written 

{la + 7)1^ — n 7 )® — 47ma/9 = 0, 

and therefore (Art. 161) represents a conic section to which a = 0 
and yS = 0 are tangents, and 

la + — ^7 = 0, 

the chord of contact. 

Similarly, 

7n/3 + R7 — Za = 0, 

is the chord of contact of tangents ^ = 0 and 7 = 0 , and 
Tiy -{-la — = 0, 

the chord of contact of tangents 7=0 and a = 0 . 

Hence the equation 

Z V + 7?P/?* + nV — 2m?i/37 — 2nlya — 2lma^ = 0 (1 ) 

represents a conic section, to which the lines of reference are 
tangents, and 

— Za -f 'm/S + n7 = 0, 
la — 771 + ny = 0, 

la + — «7 = 0 , 

the chords joining the point of contact. 
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203. It should be observed that if we write — I for the 
equation (1) takes the form 

+ 71*7* — 2mn^y -f 2nlyoL + 2lma^ = 0 (2), 

and the chords of contact now become 

loL + + ?i7 = 0, 

loL + m/3 — ny = 0, 
let. — m/3 + ?i 7 = 0. 

So also if the equation to the conic be written 

Z‘V + m*^* + ?i^ 7 ^ 4- 2mnfiy — 2nlya + 2h)iOL^ = 0 (3) , 

the chords of contact will be given by 

h + — ny = 0, 

la 4- wiyS + ^7 = 0, 

— Za 4- myS 4- = 0 ; 

and if the equation to the conic be written 

Pa* 4- wi’‘'/3* 4- n^y^ 4- 2mn^y 4- 2?i?7a — 2lm7.^ = 0 (4), 

the chords of contact will be given by 

la — 4- 717 = 0, 

— ?a 4- m^ 4- ny = 0, 
la + ???y3 4- ny = 0. 

Hence the four equations (1), (2), (3), (4) represent conics 
inscribed in the triangle of reference, and so related tliat all the 
twelve points of contact lie three and three on the four straight 
lines given by 

± Za 4 m/9 ± W 7 = 0. 

This reasoning applies equally whether the coordinates be 
regai^ded as trilinear or triangular. 
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204. The last two articles shew that every equation of the 
form 

Z V + + 2n?7a + 2lmai^ = 0, 

where we take eitlicr one only or all of the doubtful signs as 
negative, represents a conic inscribed in the triangle of reference. 
It will be observed, that if the doubtful signs be othervrise deter- 
mined, the first member will become a perfect square and the 
equation will reduce to one of the forms 

{loL -f + 7i<yy = 0, 

(— loL q- 7n^ + nyY = 0, 

(loL — W2/S + nyY = 0, 

{loL + 771^ — nyY = 0. 

In each of these cases, the locus of the equation consists 
of two coincident straight lines, the limiting form of a conic 
section when the plane of section becomes tangential to the 
cone along a generating line. 

Such a locus will moreover meet any straight line in two 
coincident points, and will therefore, like an inscribed conic, 
meet each side of the triangle of reference in two coincident 
points. It cannot however be said to tomh those sides in any 
geometrical sense. 


205. Conversely, every conic section referred to a circnm^ 
scribed triangle will he represented by an equation of the foriii 

rck 4- -f TzV ± 2mn^y ± 2nly7. ± ^hnoi^ = 0, 

ivhere the doubtfil signs must he either all negative, or one 
negative and two positive. 

For any conic section may be represented (Art. 145) by the 
equation 

wa® 4- 4- 7vf 4" /Sy 4- ^vyy. -f- 2wa^ = 0. 

But if the triangle of reference be circumscribed, a = 0 re- 
presents a tangent, and therefore we must find two identical 
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solutions when we combine a = 0 witli the equation to the 
conic. 

Therefore the quadratic 

v/9^ + 2ii0y + = 0, 

must have two equal roots. 

And therefore 

or 21 == ± ^ vw, 

Similarly, since y9 =« 0 and 7 = 0 arc tangents, we have 

r> — ± s/ wily 

and w' = Hh V 2 n\ 

Hence tlie equation takes the form 

-I- 4- w'f ± 2 Juv/3y ±2j ivuyu ± 2 = 0, 

or, writing F, for ii, 

r~a + ± 2y?i?/y87 + 2 nlyu, ± 2 lnvx^ = 0. 

We tlms sec that every conic inscribed in the triangle of 
reference has an equation of this form : and the doubtful signs 
must be either all negative or only one negative, since we 
found in the last Article that if they were otherwise determined, 
the equation would represent two coincident straight lines. 

206. It will be observed that if two of the doubtful signs 
be positive and one negative, we can immediately make all three 
negative without altering the rest of the equation, by changing 
the sign of one of the quantities /, n. We may therefore 
always assume the equation to a conic referred to a circum- 
scribed conic to be of the form 

+ ni^^ + 2mw/97 — 2nlyaL — 2lma^ = 0, 

where Z, tr, n may be positive or negative quantities. 

w. 


14 
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It should be noticed that the equation 

± J la ± ± Ju'y = 0 , 

when cleared of radicals, takes the form of the equation just 
written down. 

So the equations (2), (3), (4) of Art. 203 are the rationalised 
forms of the equations 

+ V— Za i V lafi + Vn 7 = 0, 

± V/a i V— + V/17 = 0, 

± ^ la ± ± V— ??7 = 0. 

TIius we may always write tlic equation to a conic inscribed 
in the triangle of reference in tlie form 

VZa V 4- Vri7 = 0, 

the coefficients ?, m, n being cither positive or negative, and 
double signs being understood before the radicals. 


207. From a given point a straight line is drawn in a given 
direction to meet the conic 

l^a + + n^7* — 2mnl3y — 2nlya — 2hna^ = 0, 

it is required to find the lengths intercepted hy the curve upon 
this straight line. 

Let (a', 7') be the given point and X, /^, v the sines of 

the given direction, then, as in Art. 171, the intercepts are given 
by the equation 

r (a + XpY 4 w® (Z?' 4 ppY + n^ {y 4- vpY — ^mn (/S' + pp) (7' + vp) 
~ 2nl (7' 4 vp) ip! + \p) - 2lm {a + \p) (/S' 4 pp) = 0, 
a quadratic to determine p. 
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Cor. If the point (a', y8', 7') be on the conic, so that 
Ta'® + -f n*7 * — — ^nly a! — 2lmol^ = 0, 

one of the intercepts is zero, and the other is given by 
(fX* + IV ? — 2mnixv — 27ih\ — 2l?n\fi) p 
+ 2 {?X (la' — — ny) 4- nifi {m^' — 7iy — la) + nv (ny — la' •- m^')} 

= 0 . 

In otlier words this equation gives the length of the chord 
drawn from (a, /9', 7') in the direction (X, /x, v). 

208. To find the equation to the tangent at any point on the 
conic. 

Let X, pi, V be the direction sines of the tangent at [a, 7'), 

and let (a, 7) be any point on the tangent, then (Chap. Vl.) 

we have 

~X fi ” V 

And the length of tlie chord in this direction is given by the 
equation of the last corollary. But since the direction is that 
of the tangent, the length of the chord is zero : therefore 

ZX {la — 771/3' — ny) + mp {m^' — ny — la) 

+ 7 iv {ny — la — m^') = 0, 

or in virtue of (1), 

Z (a — a') (la — — ny) + &c. = 0. 

But since {a', yS', y) lies on the conic, we have 

Va^ 4- 777^/3'* 4“ 7?y^ — 2mn^'y — 2nly a — 2lma'l3' = 0, 
which reduces the last equation to 

la {loL — m^' — ny^) 4- {m^' — ny — la) 

4- ny (ny — la — w7/3') = 0, 

a relation among the coordinates of any point (a, /3, y) on the 
tangent at (a', /S', 7'), and therefore the equation to that 
tangent. 


14—2 
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209. The polar of the ptoint (a', /S', 7), or the chord of con- 
tact of tangents from that pointy iRRy be shewn as in Art. 173 to 
be represented by the equation 

Za (Za' — — nf) + — nj — la) 4- ny [ny — la — 

= 0 . 


210. To find the condition that any straight line whose 
equation is given should he a tangent to the conic. 

Let /a 4 5^/3 + A7 = 0 (1) 

be tlie given equation to the straight line, and suppose (a', ^',7') 
its point of contact wltli the curve. 

The tangent at (a', /3', y) is given by 

la {lo! — — ny) 4 wi/3 { 111 ^' — 7iy — la) 4 ny {ny — la — in^) 

-0, 


which must be identical witli (1). 

Therefore 

la! — mff — ny' m0 — ny — la 7iy — let! — 

f 1 " 7i ’ 

Z m 71 


la' 


or 


7710 


77y 


771 n n I I 771 


But (a', 0, y) must also lie on tlic locus of (1), wherefore 
f(x + ^ 7 = 0 . 

Hence eliminating a', /3', 7', we get 

/('« + *) + 2 (■'?+/) + 5 (/+«).(,, 

I \7n nj m\n tj n \l mj 


or 


I ni n 

- _j 1. ^ ~ 0 

f 9 7^ 


wliich is therefore the condition required. 
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211 . Cor. The equation in trilinear coordinates 

V/a + V = 0 

will represent a parabola, provided 


I til n ^ 

- + y + - = 0. 

a b c 


And the equation in triangular coordinates 

Jmy + Jiiz = 0 

will represent a parabola, 2)rovided 

Z + m = 0. 


212. We may shew, as in Art. 175 or 193, that the locus 
of the middle points of a scries of parallel chords in the conic 

V h +Jmj3 + Vn7 = 0 

is a straiglit line represented by the equation 
loL iJX — mfji — nv) + {infi — nv — IX) + [nv —Tk — m/i) = 0, 

where X, /x, v are the direction sines of the given direction, or 
(whether the coordinates be trilinear or triangular) where X, /x, v 
are proportional to the coordinates of the point where the parallel 
chords intersect at infinity. 


213. To find the centre of the conic 

V/a + V mji 4- = 0. 

Proceeding as in Art. 178 or 194, we find that the co- 
ordinates (a, yS, 7) of the centre must satisfy the equations 

- {la!- m/3’ - ny') = {vi^' -nry' - la') = - {ny’ - h! - 

(I/O c 

a ^ y 

or = — = '—y- 

071+071 cl + ail am + bl 

A 

~ Ihc + mca + nah ’ 

whicli express the coordinates explicitly. 
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Obs. If the coordinates are triangular instead of trilinear, 
we find that the centre of the conic whose equation is 

V/ic + V my + = 0, 

is given by the equations 

_ y _ ^ _ 1 

m 71 71 I I -]r 7tl 2 -j- Wi -j- 71^ 


214. Cor. In order that the centre may be at the point 
a = ^ = 7, which we have seen (Art. 16), is the centre of the in- 
scribed circle, we must liave 


whence 

or 


hn + C7n = cl-\- an = am + Z>Z, 

hcl ^ cam aim 

})-\-c — a c a — a-vb — c^ 


I m n 



hence the equation 


Vacos^ 4- V/3cos^+ V 7 COS — = 0 
2 2 2 


is the only equation which can represent an inscribed conic 
having its centre at the assigned point ; tlierefore tlicre is only 
one such conic, namely, the inscribed circle, and the equation 

^ A ^ B !- C 
V a cos ^ + y cos ^ + V 7 cos 7- = 0, 

^22 

represents that circle. 

Similarly, we can shew that the escribed circles having their 
centres at the points 


- a = 7, 

a = - /3 = 7, 

a= ^=-7, 
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are represented respectively by the equations 

V — acos^ + v'y38in^+\/-ysin^=0, 
^ 2 

i~' • -A / — pc B /— . (J 

Vasin- + V-/3cos- + V 7 Sin - =0, 

r ^ A ,77 . ! G 

NOL sin^- + V/Q sin^ + V -7C0S — = 0. 


215. To find the pole of any given straight line with rc- 
spect to the conic 

\//a + ijni^ 4" >Jn^ = 0. 

Let foL h^ — 0 (1) 

be the equation to the given straight line, and suppose (a', /3', f) 
the pole. 

Tlie polar of this point is given by 
loL {loL — — ny) + m/3 {ni^’ — ny — lo!) 4- ny [ny — la — ni^') 


= 0 ( 2 ), 

which must be identical with (1). 

Therefore 

/ 0_ 


I {h' - - ny) ~ m {ml3' - ny - la) n [n^ - M - m^) ’ 

or ^ _ 7' 

ng + mh lli + nf mf + Ig ’ 

which determine the coordinates of the pole required. 

216. If we assume the geometrical property that every 
conic has a pair of foci situated at equal distances on opposite 
sides of the centre, and such that the rectangle contained by the 
peiq)endiculars from them upon any tangent is constant, we can 
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readily write down equations to give tlic trilinear coordinates of 
the foci of the conic 

JJi + + Jny = 0 . 

For let (a, 7) be the coordinates of a focus, and let 

(a', 7') be tliose of the centre. 

Then, since the centre bisects the line joining the foci, the 
sum of the two values of a is the double of a (Art. 18. Cor.). 

But since the line of reference BC is a tangent, the rectangle 
represented by the product of the two values of a is equal to a 
constant, B suppose. 

Therefore the two values of « arc the roots of the quadratic 
a“- 2a'a + 0. 

But similarly /9 and 7 are given by the quadratics 

+ = 

and 7" - 277 + = 0. 


Ilcnce a* — 2a'a = /S’* — = — 277, 

or substituting the values of a, /S', 7' (Art. 213), 

{hcl + cam + ahi) a' — 2 A (!m + cm) a 

= {hcl + cam + ahn) /S” — 2A {cl + an) /3 

= {hcl + cam + ahn) 7’’ — 2A {am + hi) 7, 

/I m , n\ , 2Aa (m n\ 

(a + i + cj""-^' U +cj 


or 




equations to determine the two values of a, /8, 7 for the 
two foci. 
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Obs. In triangular coordinates, the foci of the conic 


4my -I- = 0, 


are given by 



m^-n \ 1/2 n-\-l \ 

I + m + n y l + m + n 

1/2 Z+ w ^ 
l + m + nl' 


217. To find the condition that it should he 2 '>ossible to find 
d conic touching the three straight lines of reference and three 


other given straight lines. 

Let /a+^,^ + A,7 = 0 (1), 

+ + % = 0 (2), 

/ 3 «+ 5 ' 8/3 + ^» 37=0 ( 3 ). 

be the three given straight lines. 


Any conic inscribed in the triangle of reference will be repre- 
sented by the equation 

JTol + -\-Jn<y= 0. 


If the straight line (1) be a tangent we must have (Art. 210) 

1 m n . 

+ + =0 

/i 9i K 

(4). 

Similarly if (2) and (3) be tangents, 


1 m n ^ 

T + - + r = 0 

9. K 

(5), 

+ 

+ 

II 

O 

(6). 

Hence, eliminating 1 : m : n from the equations (4), (5), (6), 


we have 
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1 1 i = 

i i i 

f.' 9: K 

1 1 i 

SV 5^3 ’ K 

which will he the condition required. 

218. Bhianchon’s Theorem. If a hexagon he described 
about a conic section^ the three diagonals formed by joining ojypo- 
site angular points ivill be concurrent 

Let FQItF QR be the hexagon. 

Take three alternate sides, QR, ItP\ PQ produecd, for lines 
of reference, and let the equations of the other sides be 


9 -h /q7 = 0 (1), 

{RP)^ = 0 (2), 

{P' Q)^ + = ^ (^)* 


Then P is given by 7 = 0, fa + g^ — 0, 
and F is given by /3 = 0, fa + = 0, 

therefore the diagonal PP is represented by the equation 
//a^ +fz9fi = 0, 
so QQ* will have the equation 

^3Xa + y3'7,/3+yA7 = ^» 
and RR will have the equation 

Kf^ + + hKl = 0 . 

Hence the condition of concurrence of the three diagonals is 

/8^2> fK =0, 

Oifii 9i9\^ 9^z 

^2^1 > ^\9%’i ^1^2 



EXERCISES ON CHAPTER XVI. 


219 


or 


f: /. 

i i i 

9 » 

1 i 1 

A,’ A,’ h. 


which is the condition that tlie three straight lines (1), (2), (3) 
should touch the same conic with the lines of reference ; which 
proves the proposition and its converse. 


Exercises on Chapter XVL 

(140) The conics 

//37 + rii^OL + na/8 = 0, 
and + wi 7a + = 0, 

intersect in the points of reference and in the point given by 


a 

71 


n, 1 

= 7 

Z, m 


n 


n', V 


ly m 


(141) The straight line Xa -h /^/3 + P7 ==• 0 will be cut har- 
monically by the conics 

= 0 , 

and T + m*yoL + = 0, 

provided 

ll'X^ + -h — {fnn' + ni 7 i) fiv — (nf -f 71 T) v\ 

— {hn + f 7/1) XfjL = 0 . 

(142) The imaginary triangle whose sides are 

w + V— lv = 0, v + V— li4? = 0, t4)4-V— lw = 0 

is self-conjugate with respect to the conic 

l + ’ + i = 0. 

U V 70 
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(143) A triangle ABC is inscribed in a conic, and from 
each angular point straiglit lines are drawn parallel to the oppo- 
site sides to meet the conic again in P, Q, jirovc that QB^ 
BP, PQ are parallel to the tangents at G, 


(144) The triangle whose sides are 

/i^ + 9i^ + Ky = 
f^CL 4- = 0, 

+ //,7 = 0, 


will be self-conjugate with respect to the conic 


I on 01 ^ 

- + ^ + - = 0, 
a ^ 7 


provided 


0, 0, 0, I, n, 

//. />'. 9 A 

9i^ 9-2 > 9-2^ Kfi2 KA 

K’ K ‘2 Ki f^ 9 ^^ A92 


= 0. 


(145) Interpret the equation in trilincar coordinates 

+ n/ — C7 = 0, 

and find the coordinates of the foci of its locus. 


(146) If a parabola touch the sides of a triangle its focus 
will lie on the circle which circumscribes the triangle. 
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219. Students who have not read tlic Differential Calculus 
are recommended to pay particular tnttention to the notation 
whicli we now introduce. Those wlio liave read the Differential 
Calculus will accept it without explanation. 


Let fix) denote 

dfM 


iny function whatever of x. Then the 
(which must be regarded as a single expression 


symbol 

not capable of resolution into numerator and denominator) is 
used to denote the expression derived from f [x) by substituting 
for every power of x (suppose a;”), the next lower power multi- 
plied by the original index (i.c. and omitting altogether 

the terms which do not involve x. 


Thus X will be replaced by or 1 , by 2 a?, x* by 4a;*, and 
so on. 

For example, if f (. 2 ;) denote a;* -f + oc^x 4- ci^, then 
will denote 3a;* 4- Qax 4- 3a*. 


So also, if /(a, yS, 7 ) be any function of a, 7 , then 

^ denotes the result obtained by substituting for the 

powers of a according to the law enunciated above, and neg- 
lecting the terms in the original which do not involve a. 
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So denotes the result obtained by neglecting the 

terms whicli do not involve and substituting for the powers 
of ^ in the other terms. 

It is usual when the abbreviation ean be made without 

ambiguity to write for - - and for ^ , — — . 

dx ax dcL dx 


d-f 

220. The expression is called the derived function with 
respect to ol of the original expression /(a, yS, 7). So the expression 

J-P rJ-p 

^ is called the derived function with respect to yS, and 
the derived function with respect to 7. 

Also if /(a, yS, 7) = 0 be an eqxiation involving a, / 3 , 7, then 

I- 

is called the derived equation v)ith respect to a, and so on. 


221. Let/(a, y 3 , 7) = wa*4- + ivf-\- 2 u^^ -f 2v 7a + 2 w(x^, 


^ = 2uol + 2tdp + 2?/7 I 


= 2 t;/ 3 -f 2^7 + 2^^ a (i). 

^ = 2wy + 2va + 2ii^ 


Hence 




= 2 [uao! + + wyy' + u {I3y + yS 7) + v (7 a -{- 7a') 

+ («^' + a'y8)}. 
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And this expression is not altered if a, y be inter- 
changed with a, 7 respectively. 

Hence if 

df df df 

d^ ’ (10 ’ dy 

denote the derived functions of f (a , 7'), then 

, df df ,df df ^ df df 


Again from (i) we get 

-f 2vya + 2w 2/ (ct,^, 7)... (iil). 

-^gain, /(a + ^, /3-f-.7, 7 + ^) 

= (a + ir)^ -f V (/3 + (7 + 2:)® -f 2u (/? + ?/) (7 + z) 

4- 2v (7 + 2;) (a + a?) + 2?^?' (a + a;) (/3 + y) 

= 4- wy’^ 4- 2ii^y 4- 2i? 7a 4- 2w'a^ 

4- 2x {iioL 4- vy 4- ?^'/3) 4- {v^ 4- iiy 4- id Cf) 4- 2z [loy 4- ii ^ 4- vd) 

4- ux^ 4* vy^ 4- wz^ 4- 2uyz 4- 2v zx 4- 2wxy 

=/(«, 'y) + * y ^ ^ 

If we write \p, fip, vp for x, y, z, tlie result (iv) becomes 
f{a+Xp, ^ + fip, y + vp) 

= /(«. A + /*> v)....{v). 

The results given in tlie equations (ii), (iii), (iv), (v) arc of 
the very highest importance. 


222. To express the homogeneous function of the second degree 
f 7) = 4- v0 4- loy'^ 4- 2u ^y 4- 2vy(i + 2id 

in terms of its derived functions 

^ ^ df 

da* d^* dy' 
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We have (Art. 221, equation iii) 
and (equations i) 


= Ma 4- w ^ -f- v'fy . 


2 v/3 +uy, 


Therefore eliminating a, / 8 , 7 , from ( 1 ), ( 2 ), (3), (4), wc get 




df 

dx^ 

d/d' 

dy 

n, 

to\ 

V 

w\ 

V, 

XI 


u\ 

w 



w , 

XJ 

xv\ 

V, 

XI 


u, 

w 


0 ^ 12 . 

' <//3’ rfy 

df , , 

rfa’ ^ 

df , 

d^' “ 

, , 




+ 2Z/^ Jr lY’— —+2W'^^- 



NOTATION, ETC. 


225 


where 


Z7 = 

V = wu ~ v'®, 

W uv ^ 

TJf > f / 

U ^vw 

II 

1 

W' =^uv — ww\ 


and so 


/(«. y) 




(D + ^'1 f ^'1 f ”"r -- 


doL c//3 


u, 

tv, 

V 

w\ 


u 

* 

u', 

to 


Thus every homogeneous function of tlic second degree of 
three quantities may be expressed as a homogeneous function of 
the second degree of its three derived functions. 


w. 


15 



CHAPTER XVII. 


THE GENERAL EQUATION OF THE SECOND DEGREE. 


223. Having considered in the last three chapters some 
special forms of the equation to a conic section, and thereby 
rendered the student who reads the subject for the first time 
familiar with the methods of treating equations of the second 
degree, we pass on to consider the most general case, when the 
conic is represented by an equation of the most general form. 

But for the sake of the reader who needs not to be thus led 
up to the more difficult part of the subject, but prefers to in- 
vestigate first the most general form of the equation and thence 
to deduce the particular cases, wc shall make the present chapter 
perfectly independent of the three preceding, so that it may be 
read consecutively after Chapter xiii. 

To this end we shall be obliged in this and the succeeding 
chapter to repeat some explanations and definitions which have 
been already given in the treatment of the special cases; but, 
our object being thus explained, the repetition will doubtless be 
excused. 

224. The equation of the second degree in its most general 
form may be written 

wa® -f v/3* + + 2v^ol + 2w = 0. 

But when the coefficients of the several terms have not to 
be separately discussed, we shall generally denote the first 
member by the symbol /(a, 7 ) and write the equation 

/(«, /5, 7 ) = 0- 
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225 . To find the equation to the tangent at any point on a 
conic section. 


Let /(5 'iA 7)=0 (i), 

be the equation to the curve, and (a', 0 , y) the coordinates of 
the given point upon it, then any straight line through the 
given point will be represented by the equation 

a - a' 7-7 


= p. 


.(li), 


\ fJL V 

and the lengths which the curve intercepts on this straight line 
will be given by 

/(a + Xp, ^ -f /xp, 7 + vp) = 0, 
or, /(a', 0 , y) + ^ ^ ^ =0...(iii). 

Since (a', / 9 ', 7) lies on the curve, therefore /(a, /S', 7') = 0, 
and one of the values of p is zero, as we should expect. But if 
the straight line be a tangent the two values of p must be equal, 
that is, each must be zero. 

Hence the coefficient of p must also vanish in the quad- 
ratic (iii). 


therefore 


. df df . 

^ dol^>" ~d0'^'' 


or since X, fi, v are proportional to a — a', /8 — 7-7 by (ii) 

we get 

( a -«')2 + (^-/ 3 ')^ + ( 7 - 7 ')^ = 0 - 

= 0 , 

since («', yS', 7 ) is on the curve ; therefore 
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a relation anion, the coordinates of any point on the tangent at 
0, 7) find therefore the equation to the tangent at that 
])oint. 

Obs. If the equation to the conic be written 

wa’ + 4- W'f + 2«/y87 + 2u'7a + 2to'a^ = 0, 

the equation to the tangent is 

a(Ma'+ w'/3' q-uV) +/3(f/5'+MV + w'a') +<y{w'y + v'd+ u'^') = 0. 


226. Cor. The normal at (a', /Q', 7') will be given by the 
equations, (Art. 81). 


iW 


a — OL 




n T> 

cos C—-j- COSjB 
a<y 




Ilf df 7~T7)- ” 

rf;?-Jy^os^--,cosC 


7-7 

(if itf 7> df ' 
cos B—~g cos A 


dy dd 




if the coordinates are triUnear; or, if they be triangular, (Art. 87) 
by the equations 


a — a 


fd: ^ ~ ///? ~ V‘- - -j- he cos A- ah cos C 




dd dl3‘ 


dj 


c// 

dy dd 


d0'' dy' 

7-7' 


dd 


“ 7 / 

7 c* ~ ca cos i? - ^ be cos A 


227. On the determination of Direction, 

Any two straight lines drawn in the same direction are 
parallel and have their point of intersection at infinity. 

Conversely any straight lines which intersect in a point at 
infinity arc in the same direction. 
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Hence every point at infinity determines a direction, and 
every direction may be determined by assigning the point at 
infinity in wliicli straight lines drawn in that direction inter- 
sect. 

It has already been remarked (page 101 ) that if we represent 
a straight line by equations of the forms 

«-«' ^ ^ 7-7 ■ 

X jjb V ^ 

then X, /X, V will be proportional to the eoordinates of the point 
where the straight line meets infinity, or the point where a 
system of straight lines parallel to the given one will intersect. 

The quantities X, ya, v therefore determine the direction of 
these straight lines, and we shall henceforth speak of such a 
direction as the direction (X, /i, n), where wc suppose X, ya, v to 
have such actual values as shall make each of the fractions in 
(i), equal to the distance p between the points (a, y9, 7 ) and 

(«', ^ , 7')- 

If X, fi, V all have values only proportional to these values, wc 
shall speak of the direction as the direction (X : yu- : v) instead of 
(X, fly v). Sec Art. G9, ad jin. 

When the direction : /i: v) is spoken of, it must be borne 
in mind that X, yx, v satisfy the relation in trilinear coordinates 

aX -f Jyx + ci/ = 0 , 
or in triangidar coordinates 

X + yx -f = 0, 

and if the direction (X, yx, v) be referred to, then X, yx, v satisfy 
not only the former relation but also the non-homogeneous 
relations of page 101 (xx). 

228. Let 0 be a point in which a conic section meets 
infinity. Any straight line drawn in the direction determined 
by 0 meets the conic in this point at infinity and therefore in 
one and only one finite point (Art. 150.) The number of real 
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directions in which straight lines can he drawn so as to cut a 
conic in only one real point, will thus be the same as the number 
of real points in which the conic meets the straight line at 
infinity; there is therefore one such direction for a parabola, two 
for a hyperbola, and none for an ellipse (Art. 151). Further, 
if the tangent at 0 lie not altogether at infinity it will be an 
asymptote (Art. 152). Hence in the hyperbola, any straight line 
parallel to an asymptote will meet the curve in only one real 
point, and the two asymptotes determine the two directions of 
such lines. 

229. To determine the direction of the tangent at any point 
on a conic section. 

Let /(a, /3, 7) = 0 be the equation to tlie given curve, and 
suppose \, /i, V the direction sines of the tangent at (a', 7 ). 

Then the equations to the tangent will be 

« — g' _ /3 — _ 7 — 7^ _ 

X /u, “ z/ 

and the lengths which the curve intercepts on this line will be 
given by the equation 

/(g' + Xp, iS'-f/xp, 7+z/p) = 0, 

or 

/(a', 'y') + p ^ ^ + p“ /(>•» v) = 0. 

Since (a', y9', 7') is on the curve, therefore / (a, /S', 7') = 0, 
and one of the values of p given ty this quadratic is zero, as 
we should expect. But since further the straight line touches 
the curve at this point, wc must have both values of p zero. 

iw 

This equation, together with the relation 
Xa + p,h + VC = 0 

in trilinear coordinates, or 

\ + p,+ i;=s 0 
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in triangular coordinates, gives us 


\ 


df 

w - 

df 

df 


df 

df 



df' 

df 


df’ 

d0 

i, 

C 

c, 

a 


a, 

h 


in trilinear coordinates, or 

X V 

df ()f (if (if df df 

d0 df df doL doL d^ 

in triangular coordinates, — which determine the ratios of /t, i/, 
and their actual values are immediately given by one of the 
non-homogeneous equations of Kesult xx. page 101. 

230. From any 'point there can he dr axon txjoo real or imagi-’ 
nary tangexits to meet any conic. 

Let /(a, /3, 7)=0 CO 

be the equation to the conic, and (a , /3', f) the given point. 

Suppose 

= = ( 2 ) 

the equations of a tangent to the curve, and suppose (a", /3", 7") 
its point of contact. 

The intercepts measured from (a", ff', 7") to the curve must 
both be zero. 

Hence the equation 

/ (a" + \p, + up, 7" + vp) = 0 

must have both its roots p = 0 ; 

therefore / («", y")=0 (3) 
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But since (a", /3", 7") lies on the straight line (2), therefore 

X fj, V 

Hence the equation (4) becomes 

(a- - .■) + («" - « + (y 


d^' 


'dri'' 


.(5). 


But by the property of homogeneous functions (Art. 221), 
the eciuation (3) gives us 

„ndf ^,df df 

“ + ^ dW^^ ^ 

Hence, subtracting (5) and (6), 


„'4f , O' I ' - 0 

da" ^ dji" ^ dy” ~ 

or, which is the same thing (Art. 221), 

a" 4 - Q" 4 - fv" — 0 

“ d/3'‘+'y 


.(7). 


Hence the coordinates (a", 7") of the point of contact 

of any tangent from (a, yS', 7) to the curve, arc obtained by 
solving simultaneously the quadratic equation (3) and the sim- 
ple equation (7). 

Hence there will be two real or imaginary solutions. 

Therefore from any point tliere can be drawn two real or 
imaginary tangents to a conic section. 


231. To find the equation to the chord of .contact of tangents 
drawn from a given point to a conic section. 

Let (a, yS', 7') be the given point, and 

/(a, A7)=0 

the equation to the conic. 
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Then if (a", /3", 7") be the point of contact of either .tangent 
from (a', /3', 7') to the curve, we have by equation (7) of Art. 230, 


di 


da 


Hence the coordinates of either point of contact satisfy the 
equation 


df . df df ^ 


•(«)■ 


But this is the equation to a straight line. Hence it repre- 
sents tlie straight line through the two points of contact, that is, 
the chord of contact of tangents from (a, /8', 7) to the conic. 

It will be observed that the equation (8) represents a real 
straight line wherever (a', /?', 7') be situated, i. e. the. cliord of 
contact is real whether the tangents be real or imaginary. 


232. Def. The chord of contact of tlie real or imaginary 
tangents from a fixed point to a conic is called the polar of 
tlie fixed point with respect to the. conic. 


And the fixed point is called the pole of the straight line 
with respect to the conic. 


Wc have shewn in tlie last article that the polar of the conic 


/(a, /3, 7) = 0, 


with respect to the point (a', 0, 7'), is represented by the equa- 
tion 




If the equation to the conic be written 

iia^ + + wf -f + 2vya + 2wa^ = 0, 

the equation to the polar becomes 

a {uo! + 4- vf) 4- ^ (u/S' 4- uf + wd) > 7 [wf 4- u'a'4- w'/3') = 0. 
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233. To find the coordinates of the pole of any straight line 
%oith respect to a conic section. 

Let h + + n7 = 0 (1) 

be the equation to the straight line, and 

/(a, A 7) = 0 

the equation to the conic. 

Suppose (a , /S', 7') the coordinates of the point required, 
then the polar of (a, /3', 7') with respect to the conic is given by 
the equation 

^ 

which must therefore be identical with (1). 

H^ioe 


or 


1 1 _ ^1 ^ 

I d(x tn d^ ~ n dy ’ 

ua! + w’^' + vy _ + iiy + woi _ wy' + v'a + uff 

I 


m 


n 


Therefore 



and if the coordinates be trilinear so that 


( 2 ), 


aa + JjS' + cy' = 2A, 
each of these fractions 



— 

2A 


0, 

1, 

m, 

n 

a, 

u, 

to', 

V 

h, 

w\ 

V, 

vl 

c, 





or if they be triangular so that 

a' + /9' + y»l, 
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then each of the equal fractions in (2) 



— 

1 



0, /, 

niy 

n 


1) u, 

Wy 

t 

V 


1, w', 

V, 

t 

u 


1, v', 


w 


Thus the actual values of the required coordinates are ex- 
pressed. 

Cor. The pole of the straight line 
la + -f n 7 = 0 
will lie upon this straight line provided 

Uy V) y Vy I 0. 

w\ Vy v!y m 
Vy Uy Wy fl 
ly TYly riy 0 

This is therefore the condition that the straight line 
la + + n 7 = 0 

should be a tangent to the conic. 


234, If a point P lie upon the polar of a point Qy the point 
Q will lie upon the polar of the point P. 

For let (a , 7 )> 7l be any two points P and Q. 


The equations to their polars are 
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If P lie on the polar of Q, we have 

which is the same thing (Art. 221) as 

» j. /Q" A. " n 

‘ 2? + “^ dff*'' -h' ’ 

which is the condition that Q should lie on the i^olar of P. 

/. &C, Q.E.D. 


235. If a sU'aight line p pass through the pole of a straight 
line q, the straight line q will pass through the pole of the straight 
line p. 

For if the equations to the two straight lines be 


loL -f ny = 0 (/>), 

Z'a + + ?i'7 = 0 [q)^ 

then, by Art. 233, the equation 


u, 

w\ 


1 

= 0 

to\ 


u\ 

m 


t 

V, 


w, 

n 


r 

m 

71, 

0 



expresses equally the condition that the pole of p should lie on 
q, and that the pole of q should lie on p^ which proves the 
proposition. 

236. The two preceding articles express the same proposi- 
tion in different forms. The following corollaries follow from 
either article. 

Cor. 1. If a point lie on a fixed straight line^ its polar will 
pass through a fixed point (viz. the pole of the fixed straight 
line). 

Or, if a series of points be collinear, Iheir polars are eon- 
current. 
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Cor. 2. If a straight line pass through a fixed point , its pole 
will lie upon a fixed straight line (viz* the polar of the fixed 
point). 

Or, if a series of lines be concurrent, their poles are col- 
linear. 


237. To find the ecpiation to the two tangents drawn from a 
given external point to the conic ichose equation is 


/(a, 7) =0. 


Let (a', /S', 7') be tlic given point F, and let (a„, /9„, 7J be 
any point Q on either tangent. 

Then PQ being a tangent, passes through its own pole; or 
P, Q and the pole of FQ are collincar. 

Therefore PQ ia concurrent with the jjolars of P and Q, 
(Art. 236, Cor. 1.) 


But the equation to PQ is, (Art. 21) 


a, A 7 
«o. ^0. 7« 

7' 


= 0 , 


and the equations to the polars of Q and P are, (Art. 231) 
da„ drf^ 

^ dd^^ d^^^ di~^' 


and therefore by the condition of concurrence, (Art. 26) 


/3a > 

% 1 

1 7o. «0 


“o. ^0 

0 , 

7 1 



a', 


df 

df 

K 

da,’ 

d0'f 

d^o 

df 

df 

df 

da!' 

d^’ 

df 
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a relation among the coordinates of any point (a#, 0^, 7,) on 
either tangent. Hence, suppressing the subscripts, we have the 
equation to the two tangents 


/3, 

7 

1 ) 

7, a 


«, |S 

/S', 

1 

7 


7', «' 

) 

a', /S' 


^ ^ df 

do.' dfi' cty 

# df df 

da! ' d0 ' dry' 


This equation may be written 



or in virtue of Art. 221, 

(• f ’')/(«, A r), 


the form in which the equation is commonly quoted. 


238. The following is another method of obtaining the 
equation in the form just written. 

To find the equation of the pair of tangents drawn from a 
given external point to the conic whose equation is 

/(a, A7) = 0 (1). 

Let (a , /S', 7') be the external point : and suppose 
g-cx' - ^ 7~7 ' _ 

\ /4 V ^ 


( 2 ), 


to be one of the tangents. 

Then the equation of the intercepts 

/(a' + \p, /S' + fip, 7 + j;p) = 0 

must have two equal roots. 
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Therefore 

^f\' 


or substituting the equations (2), and remembering that 


wc get 




= ^/(“'j /S'> 7 '} /(« - «'» /3 - 7 - 7 ) 

-4/(«',^,y)j/(.,A'/)-(«f +ff+7D+/K,^'.4 


therefore 




a homogeneous equation of the second order connecting the 
coordinates of any point (a, y8, 7) on cither of the tangents from 
(a j y8', 7 ) to the curve, and therefore tlie equation to the two 
tangents from that point, which was required. 


239. To find the locus of the middle points of a series of 
parallel chords in the conic whose equation is 

/(«» 7) = 0. 

Let (\, Pj v) be the point of intersection at infinity of all the 
parallel chords : and let (a', /S', 7') be the middle point of one 
of them. 


Then the equation to this chord is 

g - g _ 7~7 

\ p 


(1), 


and the lengths of the intercepts cut off by the curve are given 
by the quadratic 

/(a' + \p, y' + vp)~0 


( 2 ). 
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But since these intercepts are measured from the middle 
point of the chord, they must be equal in magnitude and oppo- 
site in sign : therefore the coefficient of p in the quadratic ( 2 ) 
must vanish ; therefore we have 


, df df f r. 


an equation connecting the coordinates (a , / 8 ', 7 ) of the middle 
point of any one of the chords, and therefore (accents sup- 
pressed,) the equation to the locus of the middle points. Since 
the equation (3) is of the first degree, the locus of the middle 
points of any system of parallel chords in a conic section is a 
straight line. 


240. Def. The locus of the middle points of a series of 
parallel chords is called a diameter. 

One of these chords in its limiting and evanescent position 
will become the tangent at the extremity of the diameter. 
Hence the tangent at the extremity of a diameter is parallel 
to the chords which the diameter bisects. 

Since all chords are bisected in the centre all diameters must 
pass through the centre, and every straight line through the 
centre is a diameter. 

Def. The diameter parallel to a system of parallel chords 
is said to be conjugate to the diameter which bisects those 
chords. Some properties of conjugate diameters will be found 
investigated in Chap, xviii. 


241. As a particular case of Article 239 we may observe 
that the diameters bisecting chords parallel to the lines of re- 
ference are represented in trilinear coordinates by the equations 

h d^ 0 dr^'^ c d^’~ a doL^ a da'^' h d^^ 
and iu triangular coordinates by the equations 

d^ dy ’ dy doL^ da d^ * 
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Hence the centre, being the point of concurrence of dia- 
meters is represented in trilinear coordinates by the equations 

a doL h c dy ’ 

and in triangular coordinates by the equations 
dx d^ dy * 

Or, we may establisli tlieso o(|untions more independently as 
follows. 


242. To find the centre of the conic whose equation is 

/S, 7) = 

Let (a , /S', 7 ') be the centre. Then since all chords through 
the centre are bisected in the centre, the roots of the equation 

/(a' + Xp, 7'fFp)=0 

must be equal and opposite whatever be the direction (X, p,, v). 

df df 

drf' 


Hence 


'rfa 




must be zero for all values of X, p, Vy subject to the relation 


or 


aX d- 6p = 0, 
X d- p d- = 0. 


[trilinear 

[triangular 


Hence the centte is given by the equations 

1 d f ^ 1 df 1 d f 

a dd h rfyS' c dy ’ 


[trilinear 


or % = \trmngiaar 

Comparing these equations with those of Art. 233, we observe 
that the centre is the pole of the straight line at infinity (which 
we might have inferred d prioriy from the fact that every diameter 
is the chord of contact of tangents drawn from a point at 
infinity). 

W. 


16 
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The equations can be expressed (as in the article referred 
to) so as to give the coordinates explicitly. 

Thus we shall have in irilinear coordinates, 










w 



m', 

w 


u, 

w, 

v' 


a. 

h, 

c 


a, 


c 



and in triangular coordinates, 


OL /3' 


IV , 


u' 



n\ 

w 


V, ll, 

w 


u, 

w, 

V 


h 

1 , 

1 


1 , 

1 , 

1 



7 ' 



-2A 

tv, 

V 1 

u, 

W, 

V , a 


u \ 

w. 

V, 

u, h 

h 

i 

<' 1 

t 

u, 

w, c 



a, 


c, 0 

r 

2^ 






1 

, tv, 

V 


u, 

IV . 

- 1 

V, 

n 


w\ 

V, 

u, 1 

> h 

1 



u\ 

r 1 



1, 

h 

1, 0 


9 


giving the actual values of the coordinates of the centre. 


243. To find the length of the semi-diameter drawn in any 
given direction in the conic 

/(a, A 7) = 0. 

Let (a, /3, 7) be the centre of the conic, and let /a, v define 
the given direction, so that 

a— a_y9--)8__7 — 7_ 

\ /Lt V ^ 

arc the equations to the diameter. 

The lengths of the intercepts are given by the equation 
/(a-fXp, + 7 + z^p) = 0. 

But since (a, 7) is the centre, the two values are equal 

and of opposite sign, and therefore 

/(«. A7) 

^ v) ’ 

which gives tlie square on tlic semi-diameter required. 
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244. To find the conditiom that the general equation of the 
second degree should represent a circle. 

Let the equation be written 


/(“, A 7) = 0, 

tlicn if (a, /3, 7) be tlie centre, the scmi-diainetcr in direction 
(\, /A, v) is given by the equation 

2, 

If the conic be a circle all diameters are equal, and therefore 
/(\, /JL, v) is constant. 13ut it will be sufficient to express 
that diameters in three different directions are equal, and for 
simplicity we will select the directions of the three lines of 
reference. 

For the direction BG we have in trilinear coordinates 
\ = 0, p—± sin G, j/ = + sin 

and symmetrical values for the directions of the other lines of 
reference. 

Hence we must have 

/(O, sin G, — sinjB) =/(— sin (7, 0, siiijl) =/(sin jB, — sin^, 0), 

or /(O, c, -h)=f{~c, 0, a)=f{b, -a, 0). 

Or, if the coordinates be triangular, the direction BC is 
given by 

. ^ 1 1 

^= 0 , = 

a a 

and symmetrical values may be written down for the other direc- 
tions, so that the conditions become 

/(O, 1, -1) /(-I, 0, 1 )_ /(1, -1, 0) 

f " 6* c'^ 


16—2 
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Obs. If the equation be written in the form 

nx 4- + 2vr^x 4- 2w = 0, 

the conditions that it should represent a circle become 

vc^ 4 - wV — 2uhc = wc^ 4 - — 2 e'en = uV 4 - — 2wah 

in triUnear coordinates, and in triangular coordinates they be- 
come 

?; 4 - — 2\i — 2w 

^ ^ . 

Or the conditions in trilinear coordinates will be given by 
any two of the equations 


V w 

“lu 

w u 

2n u V 

2w' 

^ 4- ^ — 

H- 

4 2 

c a 

“ “2 "t" 72 

ea a h 

ab 

a® 


F 




U ^ U V 

V) 

V tv 

u' 

w tv ti v' 

a* he ca 

ah 

V ' ca ab 

U 

c® ab he ca 

he cos A 


ca cos B 


ah cos C 


and in triangular coordinates by any two of the equations 

V 4- \r — 2u _ tv 4- ?/ — _ w 4- u — 2w 

- ~ - 

__ 4- u —V— to _v-\- V — w — u _ tv -\-w' — u — 

be cos A ca cos B ah cos C 

The student will not be surprised if by other methods he 
obtains these conditions under other forms. In a case where 
only one condition is arrived at the equation expressing that 
condition must be identically the same however it be obtained, 
but a system of two simultaneous equations can always be re- 
placed by any two of the equations formed by combining them. 

245. To find the condition that the general equation of the 
second degree 

wa® 4- u/S® 4- wf -f 2u^^ 4- 2v^x 4- 2wrx^ = 0 
may re'pre.^ent two straight lines. 
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Let the equation be written 

/(a, A 7) = 0, 

and suppose it represents two straight lines so that 

/(a, /3, 7) = {loL -f 7 w /3 + W 7 ) {la + m ^ + w 7), 

then {I'oL + m '/3 4- w 7) -}- V {la + + 717). 

dOL 

So = m {la 4 - Wy8 4- n 7 ) + (^a 4- w/8 4 - n 7 ) , 


and 


df 

dy 


= {la 4- 4- 7i'7) 4- n {la 4- m/S 4- ny). 


Hence (Art. 88) tlie equations 

da dy^^ 

represent three straight lines passing through the point of inter- 
section of the straight lines 

la 4- -\-ny = 0, 

and la 4- ni/3 4- ny = 0 ; 

that is, the three straight lines 

df , 

ua + to p -^vy = 0, 

df 

^ ^ "h vfi 'i’ u y = 0, 

df , 

^ = va + u/3-^wy = 0y 

are concurrent; and therefore (Art. 26), 

u, w, V I = 
w', V, u 
i Vy Uy w ! 

which will be the required condition. 
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246. To find the equation to the common chords of tioo conics 
whose equations are given. 

Let A 7 ) Uo^ -f F/3^ + Wf 

-f 2 Z7y37 + 2 F 7 a + 2 TF'«^ = 0 , 

and /(a, y3, 7 ) = H- + wf 

+ 2ti/3y 4 - 2vya, + = 0 , 

be the two conics. 

Any pair of common chords constitute a locus of the second 
order passing through points of intersection of the two conics, 
and must therefore be represented by an equation of tlie form 

/ 5 , 7) + A 7) = ^ 

where k must be so determined tliat tliis equation nicay satisfy 
tlic condition of representing two straight lines. 

That is, K must be determined by the equation (Art. 24r>) 

iJ W'-\-KW\ r+Kv' =0 ( 2 ), 

TF' -f Kiv, V + fcvy U' 4- Ku 
V' 4 - fcV ) U' 4 - fcuy TF 4 - KW 

a cul)ic equation giving three values of k for the three pairs of 
common chords (Art. 163). 

Obs. The equation (2) may be written 

Uy TF' F' 

TT^^', Vy TV 

V'y Uy W 

+ k[u{ FTF- W^) 4- 1? ( TFF - V^) + ( r/F- TF'^) 

4 - 2 w' ( V W ~ UV) + 2 r' ( IF' jr - F F) + 2w’ ( U F' - TFTF') } 

[U {vw — u^) 4 - V(wu — v^) 4“ TF {uv — 

+ 2U' {vw — uu) 4 - 2 F' [wv! — vv) + 2 TF' {u'v — vm)] 

4 - /C" Uy Wy V = 0. 

n/y r, u 
V, Uy W 
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247. Cor. 1. In the particular case when the first conic 
consists of the two coincident straight lines 

(loL + m^-{- = 0 , 

the equation for k reduces to 

v\ I — ti, iv\ V a : = 0 . 
io\ V, u\ m V, u 

v\ u\ Wj n v\ u ^ w 
ly m, 71 y 0 

Hence the taiigents tohose chord of contact is 
la + 4- ^7 = 0, 

have the equation 

Uy tdy Vy I f{a, / 3 , 7) -f u, 10, v' {la + + nyY- 0. 

w'y V, U, m IV y Vy tl 

Vy 10 y Wy n Vy 71 y 70 

ly m, n, 0 

Cor. 2. Since the asymptotes are the two tangents whose 
chord of contact is at infinity they will he represented hy the 
equation 

u, Wy Vy a /(a, /8, 7)+ ii, w, v (aa + i /3 + C7)- = 0, 

W y Vy ICy 6 Wy Vy IC 

Vy 71 Wy C Vy 70 y 70 

a, by c, 0 

if the coordinates are trilinear, and by the equation 

70, w'y Vy 1 /(a, /9, 7 ) + u, 70, V (a 4 - ^ + 7 )* = 0 , 

W , V, TjO, 1 70 y Vy U 

7 ) y 70 y Wy 1 V , 70 y 70 

1 , 1 , 1 , 0 

if the coordinates are triangtolar. 



248 


THU GKNERAr. EQUATION 


Coil. 3, If tl)e conic be a parabola the asymptotes lie alto- 
getlier at infinity : therefore in the equations of the last corollary 
we must have 


u, 

tv, 


a 

II 

p 

c 

u, 

w. 

/ 

1 

tv, 


ii. 

b 


w. 


/ 

u, 

1 



tv, 

c 



u. 

w. 

1 

a, 



0 


h 

1, 

h 

0 


according as tlui coordinates are trilinear or triangular. These 
will therefore be the respective forms of the condition that the 
ecpiation should represent a parabola. 

But we shall arrive at this result more directly in the 
next article. 


CoK. 4. 4'hc asymptotes will be at right angles to one 
another (Art. 49, Cor. 2) jirovidcd 

u-{- V w — cos A — 2v' cos B — 2w oos C == 0, 
when the coordinates arc trilinear. 

This is therefore the condition that the gimeral equation of 
the second degree should represent a rectangular hyperbola. 

When the coordinates are triangular this condition becomes 
ua^ 4- vh^ -I- io(? — ^uhe cos A — 2vca cos B — 2ioah cos (7=0, 
or a^{n 4- u' — v— w) ’\-lr[v + v — to — u') 

4- {w 4- vi — — t?') = 0. 


248. To find the condition that the general equation of the 
second degree 

uo? 4- 4- irf 4- 2ii/3y 2vyrx 4 2?f/ay8 = 0 

should represent a hyperbola^ parabola^ or ellipse, 

I. Suppose the coordinates arc trilinear. We shall find the 
coordinates of the points where the locus meets infinity by 
solving the given equation simultaneously with the equation 

aoc 4- ^/3 4- cy = 0. 
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Eliminating y we get 

c* (wa“ -f 2w'a^) - 2c (aa + Z>/3) (c a + ?//3) + (aa + h/3y = 0, 

or (wa^ + 2 ic^ — 2y'«c) -f (yc* + — 2u'dc) jS^ 

+ (?c'c“ -f toah — 2;'6 c — w W) 2of/3 = 0, 

a quadratic whose roots arc unequal, equal, or imaginary, accord- 
ing as 

> 

{tmib -h wc^ ~ vbc — uacY = {wci^ + ii(f — 2vac) (vc“ -f wb'^ — 2ubc)^ 
that is, according as 

?//, Vy a 

10 y Vy 21 y b 

v'y 2(! y 20 y C 

a, by Cy 0 

Hence the given equation represents a hyperbola, parabola, 
or ellipse, according as the determinant just written is positive, 
zero, or negative. 

II. Suppose the coordinates are triaiigular. The reason- 
ing will be the same as in the other case, with unity substi- 
tuted for a, by G severally. Hence the equation will represent 
a hyperbola, parabola, or ellipse, according as 

Ity IV y Vy 1 

lOy Vy 21 y 1 

V'y 21 y tVy 1 
1 , 1 , 1 , 0 

is positive, zero, or negative. 



249. We may arrange the proof of the last article in a 
different form as follows : 

Let 

X fi p 

be a straight line drawn from any point (a’, y) so as to meet 
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the conic at an infinite distance. Then since one of the inter- 
cepts on this line is infinite, we must have 

/ 1 ^) = 0. 

Therefore the conic will have one, two, or no directions in 
which one of the radii from a finite point is infinite, according 
as the equation 

/(X, /u., 1/) = 0 

gives real and equal, real and unequal, or unreal solutions. 

Eliminating v by means of the relation 

CP — 0 , [tnlinear 

we get 

X* {war + tic^ — 2vca) + fjr {vc^ + tc¥ — 2x(!hc) 

+ 2X/i {wah + WG^ — u*ac —vhc) = 0 (1). 

Hence the conic is a hyperbola, parabola, or ellipse, (Art. 
228) according as 

{wah + wc^ — u'ac — vbc) 

> 

= {wa? + — 2vca) {vc^ + wV — 2xihc), 

< 

that is, according as 


u, 

w\ 

V7 

a 

> 

= 0, 

w\ 



h 

< 

v\ 

u\ 

w, 

c 


a, 

h 


0 



as in the previous article. 

Obs. If the coordinates are triangular th« equation (1) takes 
the form 

X^ {w 2v) + (v -f — 2u') 

+ 2\fi {w-^-w ^v! ^ v) = 0 , 
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and the final condition becomes 


Uy 

id, 


1 

> 

= 0. 

w\ 

V, 

u\ 

1 

< 


n', 

w, 

1 


1, 

1, 

1, 

0 



Cor. lly reference to Art. 242, we see tliat if tiic conic is a 
parabola the centre is at infinity, and tlie diameters arc therefore 
parallel. Hence the followinc^ proposition arises. 

250. To find tli^ direction of the diameters of the parabola 
uoC + -P 2u^y + 2vy(X + 2io'a^ = 0. 

Let (\, fi, v) be the required direction. The equations con- 
necting X, ya, V may be expressed in a variety of forms derivable 
from one another in virtue of tlic relation among the coefficients 
expressing the condition tliat the conic is a parabola. 

But one of tlie most useful forms may be obtained as 
follows : 

One of the diameters is represented by the equation in tri- 
linear coordinates 

1 f]f^\ df_ 

a da h d^ ’ 

\ia -f ?e'/3 -f vy wa -f -f uy 
or j ^ , 

a b 

Now fjb, V are proportional to the coordinates of the point 
where the diameter meets tlie straight line at infinity. Hence 
we have 

n\ ‘P w fjL -P vv iu\ -P Vfjb + iiv 
a h ’ 

and a\ + 7?/jl + ck = 0, 

whence eliminating k, we get 

\ (uhc -p wV — vab — w'ac) = ^ {yea -p — idhc — tdah)^ 
and by symmetry ~ v {wab + — tica — vbc), 

which determine the ratios \ : fi : v required. 
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Obs. Ill triangular coordinates the result will become 
\ (u ■\-u - V - w) ==im{v-^v —m - u)-v [lo -f iv - u — v), 

251. Cor. 1. The equations to the diameter of the parabola, 
ti/j? -f- + 2?//97 + 2vyx + 2ic(x/3 = 0 , 

through the point {a, y') 

a — OL ^ — ^ 7 — y 

are. — ^ = = , 

K ^ V 

where X, /i., v are the reciprocals of 

uhc 4 - uc^ — V ah — wac, vea + — 70 be — u ah, 

wab 4 w'o^ — 71 ca — v'bc, 

if the coordinates are trilincar, and the reciprocals of 

4 R — l?' — 7v\ V-\- 7) 70 — ?/, 70 4 70 — It! — v\ 

if the coordinates arc triangular. 

Cor. 2. In the particular case of the parabola inscribed in 
the triangle of reference, and represented by the equation 

1 ^0? 4 4 7 ry^ — 2 m7iPy — 2 nlyot, — 2 lmoL^ = 0 , 


where 


I m 71 ^ 

-47-4 - = o, 

a b e 


\trilxnear 


or Z 4 4 R = 0, [triangular 

the equations to the diameter through (a , /?', y) reduce to 

oL — a __ ^ — 0' _ y—y 
I m R ’ 

a^ 1? ? 


or 


a — a' _ y S — _ 7 — 7' 

I m R * 


\t7'ilinear 

{triangular 


252. It will be observed that everything in these chapters 
applies equally whether the coordinates are trilinear or triangu- 
lar, except when a restriction is specially made. 
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Exercises on Chapter XVII. 

(147) When a conic breaks up into two right lines, the 
polar of any point wliatever passes througli the intersection of 
the right lines. 

(148) A point moves so that the sum of tlie srpiarcs of its 
distances from n given straight lines is constant. kSIicw that it 
will describe a conic section. 

(149) If all but one of the straight lines in the last exercise 
be parallel, this one will be a diameter of the conic, and the con- 
jugate diameter will be parallel to the otlicr straight lines. 

(150) If the straight lines in Exercise 148 consist of two 
groups of parallel straight lines they will be parallel to a pair of 
conjugate diameters in the conic. 

(151) If two conics have double contact, any tangent to the 
one is cut harmonically at its point of contact, the points where 
it meets the other, and where it meets the chord of contact. 

(152) A point moves along a fixed line ; find the locus of 
the intersection of its polars with regard to two fixed conics. 

(153) Given a self-conjugate triangle with regard to a 
conic; if one chord of intersection witli a fixed conic pass 
through a fixed point, the other will envelope a conic. 

(154) Shew that in order to form the equations of the lines 

joining to (a', / 8 ', 7 ) all the points of intersection of two curves, 
we have only to substitute Id + moL^ ly -t in both 

equations, and eliminate I : m from the resulting equations. 

(155) The polars of the two circular points at infinity with 
respect to the conic /(a, y8, 7 ) = 0 arc represented in trilinear 
coordinates by the equation 

df 
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(156) The locus of a point which moves so as to be always 
at a constant distance from its polar with respect to a conic is a 
curve of the fourth order, having four asymptotes parallel two 
and two to those of the conic, and cutting the conic in four 
points lying on the polars of the circular points at infinity. 

(157) A conic circumscribes the triangle ABC. Any conic 
is described having double contact with this, and such that the 
bisector of the angle C is the chord of contact. Prove that the 
straight line in wliich this latter conic cuts CB and GA meets 
AB in a fixed point. 


(158) Straight lines are drawn through a fixed point ; shew 
that the locus of the middle points of the portions of them inter- 
ce])ted between two fixed straight lines is a hyperbola whose 
asymptotes arc parallel to those fixed lines. 


(159) If a conic pass through the three points of reference, 
and if one of its chords of intersection with a conic given by the 
general equation be Xa + yayS + py = 0, the other will be 


u V w 

~a+ + - 7: 

X /a V 


0 . 


(160) A conic section touches the sides of a triangle ABC 
in the points a, c ; and the straight lines -/la, Bh^ Cc intersect 
tlic conic in a , 6', c ; shew that the lines -da, Bh, Cc ])ass 
res])ectively through the intersections of Be and Cb\ Ga and 
Ac, AV and Bd\ and the intersections of the lines a5 andaV/, 
he and Vc , ca and cd, lie respectively in AB, BG, GA, 

(161) If two triangles circumscribe a conic their angular 
|)oiiits lie in another conic. 

(162) If with a given point as centre an ellipse can be 
described so as to pass through the angular points of a triangle, 
then with the same point as centre another ellipse can be de- 
scribed so as to touch the sides of the triangle. 
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253. 'riiE determinant 

Uj tv, V 
tv, V, n 
I V, ti, tv 

is called tlic Discriminant of the function 

4 - + 2?//37 + + 2xdoi^, 

and will be conveniently denoted by the letter II. 

The minors of this determinant with respect to the terms 
u, V, w, u, V, tv will be represented by the letters U, V, W, 
U\ V\ W' respectively, so that 

U=vw — u^, V = wu — v‘\ W = tiv — td^, 

U' = vto' — mi, V' ~ tdti — vd , IV' = uv — wtd. 


254. If the function 

uci + + tvy^ + 2uj3y + 2vyo[, -f 2wa^ 

be denoted byy*(a, /3, y), it will be convenient and suggestive to 
use F (a, /3, y) to denote the function 

+ FyS* 4- W + 2 U'/3y 4- 2 V'yx + 2 


Thus by Art. 222 we have 

47/./(a, A7)=^(|’, 
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255. The determinant 

w, w, V, f 
w\ V, u\ g 
t)', w', w li 

/. 9. K 0 

(where /, g^ h are the coefficients of a, y8, 7 in the identical rela- 
tion /a 4-//i3 + ^7= 1, connecting the coordinates of any point) is 
called the bordered Discriminant of the function 

ilo? + 4- ?e7* 4- 4- 4- 2?e'a^, 

and will be denoted by the letter K. 

In triangular coordinates /, g, h are each unity, and wc 
have 

ir= w, vj\ v\ 1 
?/f, V, 1 

V y Uy IV y 1 

1 , 1 , 1 , 0 

or -K^F{ly 1, 1). 

In trilinear coordinates /, h become 

a b c 
2A' 2A’ 

and we get 

Uy w y V , a 

w y Vy Uy b 

V y Uy Wy C ! 

a, b, c, 0 \ 

-Ks^^Fia, h, c). 





or 
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256. The minors of the bordered discriminant with respect 
to the terms /, y, li will be denoted by B, (7, so that wo 
have in trilinear coordinates 


w\ V, 

w' 



u\ 

w 


Uy 


V 

v', u', 

w 


U, 

w, 

t 

V 


w\ 

V, 

u 

a, b, 

c 

, B = 

a. 

h. 

c 

. (7 = 

a, 

h. 

c 


and in triangular coordinates, 


A = 

Wy 

% 

tc 

, B = 

Vy 

Uy 

w 

, c= 

Uy 

Wy 

t 

V 


/ 

V, 

Uy 

w 


Uy 

Wy 

v' 




f 

u 


1, 

1, 

1 


h 

h 

1 


h 

1, 

1 


257. It should be observed that in trilinear coordinates 
has — 2 linear dimensions and A, B, C have each — 1, while 
is of zero dimensions. 

But in triangular coordinates all these functions are of zero 
dimensions, giving a great advantage to the triangular system. 

It will be seen that the expressions in triangular coordinates 
throughout this chapter will be mostly derivable from the ex- 
])ressions in trilinear coordinates by writing I for 2A or ^ for A. 
So, conversely, the expressions in trilinear coordinates may often 
be derived from the corresponding expressions in triangular coor- 
dinates by multiplying each term by such a power of 2 A as will 
produce homogeneity. 

258. The student can easily verify the following results, 
which it is convenient to collect here for future reference* 

I. For the conic whose equation is 
loL^ + m/3® + W7* = 0, 

we have 

H S3 Zmw, 

— (?nn + nZ + Zm), 
fjr a^mn + h^nl + cHm 
4A® 


[triangular 

[trilinear 

17 


W. 





258 


THE GENERAL EQUATION OF THE 


we 


II# For tlie conic whose equation is 
+ myoL + 11'^^ = 0, 

have 


and 


//= - Imn^ 

/v = ^ -i- 7/1^ 4“ “* — 2nl — 2hn), [triangular 


4- chi^ — 2hcmn — 2canl — 2ahhii 
K , 


III. For the conic whose equation is 
V/a + V m/3 4- V/i7 = 0, 


we have 


and 


i/= - AfmV, 

I /i = — Aliun (1 4- ni 4 n), 

iC = — (/ic 4* »Rca 4" nab). 


we have 


IV. For the conic whose equation is 

a* 4- 2k^y = 0, 

and •! „ a’P + ^hek 


K = 


4A''' 


[trilinear 


[friangulai' 

[trilinear 


[triangular 

[trilinear 


259. To express the equation of the straight line at infinity 
in termi of the derived functions 

^ it 

doL^ d)3 ’ dy 

when 

f{a, y9, y) s 4- \vf 4- 2u0y 4- 2vyoL 4- 


Let 


,df df df ^ 

's + ”sS + “Si"“ 


be the equation required. 
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The first member may be written 

{la 4- mw 4 nv) 2a 4 {Iw 4 niv 4 nu) 2y9 4 {Iv 4 'inu 4 nw) 27, 
which must be identical with. 


if tlie coordinates be trilinear, where Ic is some constant. 


We have, therefore, 


whence 


la 4 iiiio 4 nu' = ak^ 
ho 4 'tnv 4 nu = bk^ 
Iv 4 ni?/ 4 nw? = ck, 
I m n 2 A A; 


and therefore the equation to the straight line at infinity 
becomes 


7 ?'^+ -0 


which liolds equally whether the coordinates be trilinear or tri- 
angular. 


2G0. Cor. 1. The identical relation connecting the trili- 
near coordinates of any finite point becomes 

df (If ^ df H f j ^ . 

= 2//. 

So also in triangular coordinate?, 


251. Cor. 2. The result of the last Cor. may be written 
(by Art. 221, equation ii), 

df rk tt 

dA'^ ^ 


17-2 
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which being a relation among the coordinates of any point 
whatever must be identical with 

«a + JyS + oy = 2A, [trilinear 

or a + /3 + 7 = 1. [triangular 

Hence in trilinear coordinates, 

§£^_aJl df _IJI df_cT{ 

A ’ dB~ A ’ 'dG~ A ’ 

and in triangular coordinates, 

df _§£_ df 
dA~dB~dC~ 


262. Qivm 

to eatress Z, if, N explicitly in terms of I, m, n. 
Substituting tlieir values for 

^ df df 
da^ d$^ dy^ 

and equating coefficients of a, /3, 7, we obtain 

1=2 {uL •\-v/ M vN) 

771 = 2 {wL -f vM 4- uN) 
n =s 2 {vL 4- uM + wN) 

and solving for X, if, iV, we obtain 

L=~[Ul + W'm + Vn) ■ 

M=^{Wl+Vm + U'n) ■ 

N^-~{V'l+U'm+Wn) ^ 

the required results. 


( 1 ), 


( 2 ). 
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263. By reference to Art. 242 it will be seen that the 
coordinates of the centre of the conic wliose equation is 
/(a,A 7 )= 0 , are 

K 

whether the coordinates be trilinear or triangular. 

Hence in trilinear coordinates, (Art. 261) 

1 df ^ \ H 

CL dd h dfi c dy AA* 
and in triangular coordinates 

d^ dy K ‘ 

264. By Art. 245 the condition that the equation /(a, /9, 7) =0 
should represent two straight lines is 

7/=0. 

265. By Art. 247, Cor. 2 , the asymptotes of the conic 
represented by the general equation of the second degree 
/(a, ) 8 , 7 ) = 0 arc given by 

/(«> / 3 , 7 )+^= 0 . 


266. By Art. 247, Cor. 3, the condition that the equation 
/(a, ^9, 7 ) = 0 should represent a parabola is 

A"=0. 

By Art. 248 the equation will represent an ellipse or a 
hyperbola according as K is positive or negative. 

267. We found in Art. 247, Cor. 4, the condition that the 
equation / (a,/ 8 , 7 ) =0 should represent a rectangular hyperbola^ 

We shall write this condition 

A=0, 
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80 that E represents the function 

u + v + to — '‘2ft cos A — 2v cos B — 2w cos C 
if the coordinates arc trilinear, or 

[a 4- u — T — ?/?') -f (v 4 - — w' — 7 i) + c^(w 4 - — ?/ — ?’') 

if they arc triangular. 

2 f) 8 . If (7, 7) he the centre of the conic whose equation is 

f (a, /3, 7) = 0, then will 

/(«, M O') =">^- 

For by Art. 2G1, we have identically 

+(7-^ = 2// 

ch dy 

And hy Art. 203, 

A = — Kay 7? = — K^y (7 = — Ky» 

Hence 


and therefore (Art. 221, equation 3) 

/(«, /3, 7 ) =- 


Cor. It follows that 


f{A,By C)^-HK 


2(59. To find the equation to the diameter through a giren 
jioint. 

Let (a', yS', 7 ) be the given point ; then since the diameter 
joins this point to the centre of the conic its equation must 
.be (Art. 21 ) 

/3, 7 
7 ' • 

A, B, C 
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Cor. 1 . The equation in terms of will be 

(Art. 262) 


u, w, v 

A, B, C 

7' 


da. 


+ 


W\ V, U' 
A, B, C 
7' 




+ 


V',.u\ ir,^_ 


A, B, C 

a, /3', 7' 


i «'7 


= 0 . 


Cor. 2. The general equation to a diameter may be 
written 


Of, /3, 7 

A, B, G 

\ /A, V 


= 0 , 


or 



w, 

V 

\df^\W', V, 

U' 

dj \ 

y\ 

U', 

W\ 

1 

M. 

B, 

C J 

da \ A, B, 

G 

I ^ 1 

A, 

B, 

c 

i X, 

H-, 

V 

\ \, n, 

V 

1 i 

\ 

d', 

V I 


= 0 . 


270. The polar of any point on a diameter ts parallel to 
the tangent at the extremity of the diameter. 


For let p, V be proportional to the coordinates of a point 
on a diameter, then its polar is given by 


df df df ^ 

+ + 

and the equation to tlic diameter can be written 


• 0 ) 


j a, 7 I = 0. 

I fl, V \ 

\ A, B, 6 '-| 


Now let (a', /S', 7') be the coordinates of the extremity of the 
diameter, then we have 


j pi 1 

\A, B. 


t 

7 


= 0 . 


V 

C 
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which expresses that the straight line (1) is parallel to the 
straight line 

whicli is the tangent at (a, yS', 7'). 

Thus the proposition is established. 

271. To find the condition that the diameter 

a, /3, 7 =0 (1) 

A, B, C 

X, IX, V 

should be conjugate to the diameter 

a, jQ, 7 =0 (2). 

A, B, G 

IX, V 


Tlie first equation (1) may be written 


U, 

A, 

W', 

B, 

V 

c 

4- 

TP, 

A, 

V, 

B, 

ir 

c 

df^ 

r. 

A, 

U', 

B, 

W 

c 

\, 


V 

1 

1 


V, 


\, 


V 


and the second biseets chords parallel to the straight line 

+ W- 

If the diameters be conjugate these equations (3) and (4) 
must represent parallel straight lines ; hence we must have 

IT, IT, V F, r V\ U\ W =o. 

A, B, C , A, B, C, , A, B, C 

X, /i, V \ fly V X, fly V 

A, By C 


V 
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Or, if ly m, n denote the determinants 



B, G 

H, V 

) 

C, A 

V, \ 

> 

A, B 
X, fi 

and Vy m y n the determinants 




B, C 

t t 

fly V 

> 

C, A 

V, X' 


A, B 
X’, m' 


the condition takes the form 

UlU + Vmm -f Wnn 

+ U' (mn + m'71) + V' (nr + n 7 ) -f Wijm' + Im) = 0 . 

Cor. 1. From the symmetry of this result we infer that if 
one diameter be conjugate to a second, the second is also conju- 
gate to the first. 

Cor. 2. The equations 

Id + ml3 + W 7 = 0 , 

+ w 7 = 0, 

will represent a pair of conjugate diameters of the conic 

/K /3, 7) = 0. 

provided 

Al 4* Bm -f On = 0, 

Ar + Bm^+ Cn'^Oy 
Vmm -{-Wnn 

+ ir (mn + mn) + F' (nl' + w7) + W' (Im' + Tm) - 0. 

272 . To find the equation to the diameter parallel to the 
tangent at a given point. 

Let (a , 7 ) be the given point, (a, /8, 7) the centre, and 

(a, /8, 7) any point on the diameter whose equation is required. 
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The tangent at (/, /3', 7') is given by 

c\ 


and tlic two points (a, )9, 7), (a, yS, 7) arc equidistant from tliis 
tangent, therefore 

d0' dy' “ f/a' (//3' 

9 If 

= - (Arts. L>G1 and 263), 
wliiedi .can be rendered liomogcneous as in Art. 10. 


273. 


To estalllsh equations determining the foci of the conic 


A 7) = 0. 


[Def. The foci are a pair of points, equidistant on opposite 
sides of the centre, such that t!ic rectangle contained by tlie per- 
jicndiculars trorn them on any tangent is constant.] 

Let /9,, 7.), and (ot^, /3^,, 7,) be the foci, and let (a, /?', 7) 
be any point on the conic. 


The tangent at this point i.s 


df ^ df Jf 

d0'^'^ ay'~^' 


and the rectangle contained by the perpendiculars upon it from 
(«,. A. %). K. /3„ 7 ,) is, (Art. 4C) 

^ Z + fiy) + ^‘-dy) 


df df df 

tZV ’ d0 ’ (Z 7 ’ 

But by definition thi.s is equal to a constant area (Zc*, sup- 
pose), hence we obtain 
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+ (AVa + ^a7, + COS A ) 


^ d/ 

d/d' idy 


+ (7.0. + 7,a, + 2P cos i?) ^ 

+ (c(,/ 3 ^ + a.^B, + 2/,:' cos ( 7 ) = 0. 


Now tills is a relation between the coordinates of any point 
whatever on the conic, and mu.st tlierefore (accents suppressed) 
be tlie equation to the conic, and identical with the given equa- 
tion which may be written (Art. 222) 


rlf 




U{'l]+v + 


iB. 




dy 


+ ar"^'|: + arff+an-f|{.o. 

dp dy dy doL da dp 


Hence wc liave 

C'i'^2 - - />:’’ _ 7,7a - 

i't K 11^ 


/8,7 j + / 3 j 7| + 2// cos H _ 7,a,+ 7,7, + cos Ti 

_ _____ 


_ + Oj/S, + 2/c' cos C 

2 11 " 

five equations, wiiicli with the two relations 
aa, + i/3, + C7, = 2A| 

«a, + i/ 3 j + C7j = 2Aj 

determine the seven quantities 0,, / 3 ,, 7,, a^, 7^ and h. 

Each of the equal fractions in (1) is equal to 
(rw, + + 07,1 (fia, + i/ 3 , + C 7 s) 
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Hence the system of equations (1) may be written 

Kk^ =U+ Aa,a, = F+ = TF+ Ay, 7, 

_ 2F'4-A'( 7, ot,, + 7,a,) 
— 2 cos A — 2 cos B 


2 TF'+ A(a,^, + a,^,^ 

— 2 cos O' 


( 3 ). 


But instead of using all these equations which are somewhat 
complicated wc may combine some of them with the simj^lcr 
relations 


2A ^ „ 2/? , 2(7 

«, + “»=- ji;> = %+7a = - 7 ^ 


expressing tlie fact tliat the centre bisects the line joining 
the foci. (Art. 18. Cor.) 

Thus we have 

- Ka^oi^ = 2Aa^ + = 25/3j + 

- 1 % = 2 Oy, + A 7 ,* 
so that the equations (3) give 

Ka^ + - 27= - F= AV,^ + 2 (77, - TF 

which with the identical relation connecting the coordinates 
of any point will be sufficient to determine the coordinates 
7i)- 

There will generally be two imaginary solutions as well as 
the two real ones, indicating two imaginary points having the 
property enunciated of the two real ones. 

Com If the conic be a parabola, A'=0 and the equations 
reduce to 

- U= - F= 2C7, - W. 


Ona The equations in the form in which we have written 
them hold equally whether the coordinates be trilinear or 



SECOND DEGREE CONTINUED. 


269 


triangular. If we write K, A, B, C, at length, aa functions of 
U, V, W, &c. the equations will take the form 

a’ ( Ua^ + Vb^ + Wc‘ + 2 U'bc + 2V'ca + 2 W'ab) 

- 4Aa (J IF' + cF' + a£/) + 4A»6r 
= y9’ ( Ua^+ F6’+ W+ 2 U'bc + 2V'ca + 2 W'ab) 

-4A/3 (cfr+ aTF'+ hF) + 4A»F 
= y’(Ua^+ VU+ Fc“+ 2 U'bc+2 V'ca + 2 W'ab) 
-4Ay(aV'+bU'+cW)+4A‘W 

for trilinear coordinates, and for triangular coordinates the form 

a*(f^+ V+W+2U'+2V'+2W')-2(V'+W+U)a+ U 

a” 

_B‘{u+v+ w+2U+2r+2W)-2{W'+ u'+v)B + v 

6 * 

_ F+ TF+ 2t;'+2F'+ 2 TF') - 2 ( cr'+ F'+ TF) y + IF 


274. Definitions. A point on a conic at which the tangent 
is at right angles to the diameter is called a vertex, and the 
diameter through a vertex is called an axis. 


275. To find equations to determine the vertices of the conic 
whose equation is 

/(«> 7 ) = 0 . 

Let (a', /9', y') be the vertex ; then the tangent 


df a df df ^ 


is at right angles to the diameter 
«, A 7 

' f 

a, P> y 

A, B, C 


= 0 . 
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Hence if the coordinates be triliuear (Art. 49, Cor. 1 ). 


df a', 
A, 

/S', 

B, 

t 

7 

G 

^ dp 

a', 

A, 

P, 

B, 

f 

7 

G 

1, 

— cos ( 7 , 

— COS 

B 

—COS Cy 

1, 

— COS A 



t 

a. 

A, 

P, 

B, 

7' = 0 
G 


(1), 


- 

- COS i?. 

— COS A, 1 



or if they be triangular, 






df 

a, 

Ay 

p, 

B, 

y 

G 





ay — 1 

h cos - 

- c cos A 





a', 

A, 

p, 

B, 

f 

7 

G 

1 



— a cos C, hf ^ c cos A 


a', i =0 (1). 

h A, B, G 

— acosi?, --IcosAj c 

This equation, together with the i*elation 
/(«, / 3 ', 7 ) = 0 , 

will be sufficient to determine the ratios of the coordinates. 
And since each equation is of the second order there will be four 
solutions indicating vertices, 

276. To find the equation to the axes of the conic, 

• ( 

The equation ( 1 ) of the last article is a relation among the 
coordinates a , /9', 7 of any vertex of the conic. 
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Therefore if we suppress the accents it will represent a 
locus of the second order passing through the four vertices. 
But it is satisfied also at the point 

A B C ^ 

that is, at the centre. Hence it will represent a locus of the 
second order passing through the four vertices and the centre. 
But through tlu'sc live points there can be only one locus of the 
second order (Art. 1 17), and the two axes constitute such a locus, 
lleiicc the equation will represent the axes. 


277. The equation to the axes may be directly obtained 
in another form which is sometimes useful, by the following 
method, wliicli depends upon tlie property that a conic is sym- 
metrical with respect to an axis, and therefore the two tangents 
from any point on an axis are equal in length. 

Suppose the coordinates trilinear. 

Let \, fjLj I/, V, ya', p be the direction sines of the two tan- 
gents drawn from a point (a ^ yS', 7 ) to the conic. 


The length of the first tangent is given by the equation 
/ (a +'Kp, ^' + fip, y + vp) = 0 , 

and the roots of this equation must be equal, therefore 
df , df . df\' 


Similarly, 

'^'1 + I)’- v(“. 


But if (a', yS', 7 ') be any point on either axis of the conic the 
two tangents are equal, and therefore 

/(\, /*, v) =/(X', /i', v')..< (1), 

consequently 




/ON 
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Also by the identical relations which exist among the direc- 
tion sines of any straight line (Art. 70), 

(aX + J/i. + cvY = (aX' + b/x 4* cv)* (3) , 

2/jlv cos -4 = -f 2/jlv cos A (4) , 

4- X* 4- 2v\ cos jB = i/'“ + X'® 4- 2i/'X' cos B (5) , 

X* + /A® 4* 2X/4 cos (7= V* 4- /A * 4* 2XV cos (7, (6). 

Eliminating the six quantities 
X“ — X'“, — 1 /'*, /tti; — v\ — i/'X', X/^ — X'/Lt' 

from these six equations, and suppressing the accents on the 
coordinates, we obtain 



(df\ 


dfdf 

dfdl 

df df 

Kdh] ’ 


W’ 

d^drf^ 

drf da. ’ 

da c//3 


h\ 

c’, 

he, 

ca. 

ah 

w, 

V, 

to, 

u'. 

V, 

f 

w 

0, 

1, 

h 

coaA, 

0, 

0 

1. 

0, 

1, 

0, 

coaB, 

0 

1, 

1, 

0, 

0, 

0, 

cos G 


a relation of the second order between the coordinates of any 
point on either axis, and therefore the equation to the axes, the 
coordinates being trilinear. 

278 . Def. Two conics are said to be similar and similarly 
situated when the lengths of any two parallel diameters are to 
one another in a constant ratio. 

279 . The conics represented by the equations 

/(a. A 7) = 0, 

/(«» A 7 ) + + ” 7 ) (<*« + J/3 + oy) =■ 0, 


are similar and similarly situated,. 
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Let (a, y9', y), (a", jS", y") be the two centres, then (Art. 243) 
the squares on the semi-diameters in direction fi, v are 

A.'/) and /(«". A7")+2A(?«" + »»/3"+«7") 

/ V) ‘ /(^. I') ’ 

since aX + bfi + cv = 0. 

Hence these semi-diameters arc to one another in the ratio 

f f(<^’,_y) 

/3", y") + 2A (7a" + + ny ^') | ’ 

which is independent of ya, z/, and therefore constant for all 
directions. 

Hence if cr = 0 be the straight line at Infinity, the equations 

/(a, y) = 0, 

and /(a, y) + a {la -h + ny) = 0, 

represent similar and similarly situated conics. 

CoK. Two similar and similarly situated conics meet the 
line at infinity in the same points. Hence their asymjitotes are 
parallel 

280. Def. Two concentric conics arc said to be conjugate 
when the polars with respect to them of any point are parallel, 
and equidistant from the common centre. 

281. ///(a, /3, 7) = 0 f («» A 7) = 0 he the equations 
to a pair of conjugate conics ^ and if ZT, H' he their discriminants 
and K, K' their bordered discriminants, then tv ill 

§/(«, A 7) +§'/'(«. ^. 7 ) = -2. 

For let (a, 7) be the common centre, and (a , /S', y) any 

other point. 


18 



274 


THE GENERAL EQUATION OF THE 


The polars of this point are 


(If ^ (If df ^ 

(//S' (V 


nnd 


X- 

(I'd 


df 

d/3' 


® ir' + ^ J^j,+ 7 -=rT - 0. 


C = - 

dy 


Now if these be parallel and equidistant from the centre 
they will cut off equal and opposite intercepts from any straight 
line drawn from tlue centre. Such a straight line is repre- 
sented by 

X fL V 

and the intercepts are given by 

(* + V) ,'^ + (/^+W)(^^ + (7 + F/))^=0, 


dy 


and (a + \p) + (/? + ^ + vp) - 0. 

But by Art. 2G0 wc liave 

- df -df -df U ~df -df -df If 

^ K’ ^ di~ ic” 

in virtue of wliieli, the condition that the intercepts should be 
equal and opposite in sign becomes 

df df\ K'f^dr dr df\ ^ 

H V ^ ^ d/S' " df ) ~H' Vdd ^ (7/3' ^ ^7') “ 

which must be true for all values of X, /i, v subject to the 
relation 

aX + S/A + 01/ = 0, \trilinear 

or X q- /A + 1/ ~ 0. [triangular 


But this relation will be satisfied if X, /a, v be proportional to 
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lienee we obtain 


or (Art. 2G0) 2)/(«'> V) + («', /3', i) = - 2. 


But (a', /S', 7') IS any point wlialcver; lioncc, suppressing the 
accents, 

a 7) + 7^/' (a, a 7) = -2. 




282. CoPv. 1. If /(a, A 7 )=^ the equation to any 
conic, its conjugate is represented by the cfpiation 

oTI 

/(«» /3, 7) + (a 4- /3 4- 7)*= 0. [(ria^iffular 

Cor. 2. The squares on the scml-diametcrs of the two 
curves iii direction (\, /a, p) are 

2/f 

/(^> y M. '") ’ 

which are equal and of opposite sign, since 

Hence the diameters are in the ratio V— 1:1. 

Therefore a conic mid its conjugate are similar^ similarly 
situated^ and concentric conics whose linear dimensions are as 

V~1 : 1 . 

It follows that the conjugate of an ellipse is wholly imagi- 
nary. In tlie hyperbola, any central radius which meets the 
curve in real points meets the conjugate in imaginary points and 
vice versa* 


18-2 
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283. To find the maximum or minimum value offi(\y v) 


where /u., v are subject to the relations [Art. 71), 

X“a cos A + cos B + v^c cos (7 = a sin j5 sin C (1), 

and \a + fih + vc=^t) (2), 

the coordinates being trilhiear. 

Let (}> be any maximum or minimum value of / (X, /a, v). 
Equating to zero the differential of the given function, we have 



and from (1) and (2) 

XSX . a cos A + fjiB/jL . I cos B + uBv . c cos ( 7=0 (4) , 

aSX 4- bBfji -f cBv = 0 (5) . 


]\rultiplying (4) and (5) by undetermined eonstants 2k, 27/ 
and adding to (3), and equating the coefficients of the differen- 
tials to zero, we obtain 
df 


d\ 


+ 2k\a cos A + 2Jca = 0 


•(C), 


cos B + 2Jch = 0 (7) , 

“1” 2Jcvc cos (J "j- 27b c = 0 (C)* 


Multiplying these by X, fju, v respeetivcly and adding, we get 
in virtue of (1) and (2), and by Art. 221, 

(f) + ha sin J? sin (7 = 0 , or 7; = — ( 0 ). 

But the equations (6), (7), (8) may be written 
[u 4- ha cos A) X 4 w fi 4 vv 4 Ha = 0, 
ui\ + {v + Icb cos B) uv 4 Hb = 0, 
v'X 4 ufi -)r [w-\-kc cos B) V'\-lcc=‘ 0, 
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which equations, together with the relation 

+ i/4 4- ci/ = 0, 

give upon the elimination oi \ : fi : v : Ic\ 
ti + Tea cos a, xo\ v\ 

V + hh cos B u 

w , 70 -f kc cos 0, 

a, i, c, 

a quadratic to determine k. 

Tills quadratic may be written 

4A‘V\"— Eahck — = 0, 

which by the substitution of (0) gives us 

^ -^‘^= « W ’ 


= 0 , 


a quadratic equation, one of whose roots will he the maximum 
and the otlicr the minimum value ofy‘(\, /x, v). 


284. To find the maximum or minimum value of fi, v) 
where /4, v are subject to the relations 

'}^hc cos A + cos B + v^ah cos C = 1 (1), 

and X + /44-i/ = 0 (2), 

the coordinates being triangular. 

Let <f> be a maximum or minimum value ofy’(\, / 4 , u). 

Equating to zero the differential of the given function, we 
have 

(3), 

and from (1) and (2), 

X8X . be cos A -f /iS/Lc . ca cosB-h vhv . ai cos C= 0 ....(4), 

SX -f S/4 + Bv =0.,..(5). 
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Multiplying (4) and (5) by undetermined constants 2lcy 2k' y 
and adding to (3), and equating tlie cocflicients of the differentials 
to zero, we obtain 

4 2kXbc cos 4 2/j = 0 

dX 

(6), 

4 2kiica cos i? 4 2// = 0 

dfi 

(7), 

4 2kvab cos C' 4 27/ = 0 

dv 

(8). 

Multiplying these by X, v respectively 
get in virtue of (1) and (2), 

and adding, we 

(j) 4 k — 0.... 

(9)- 


So that the equations (C), (7), (8) may be written 
{u — (f)hc cos yl) X + w fx + vv 4- = 0, 

^^'X 4- (y — <f>ca cos B) /u. 4- wV 4 Jc = 0, 
t?'X 4 u'fjL 4 — ^etb cos C)v-\- Ic = 0, 

which equations, together with the relation 

X 4 A*' + P = 0, 
give upon the elimination oiX \ :v \ 

u — (f)hc cos A, w\ v\ 1 =0, 

V — 0ca cos By Uy 1 

V y %ly W — (fxlb cos Cy 1 

1 , 1 , 1 , 0 

a quadratic to determine <^. 

This quadratic may be written 

4Ay-2A^^ = /v; 

one of the roots of which will be the maximum, and the other 
the minimum value of/(X, fiy v). 



SECOND DEGREE CONTINUED. 


279 


285. To find the lengths of the axes of the conic whose equa- 
tion is 

f 7) = + ^^7* + 2u^y + 2vyOL + 2^^'a/9 = 0. 


Let (a, /3, 7) be the coordinates of the centre. Then the 
length of the semi-diameter in tlie direction (X, fi, v) is given by 

and this must be a maximum or minimum. 


Hence /(X, /i, v) must be a minimum or maximum, and 
must therefore have Oii(‘. of tlie values of (f> given by the qua- 
dratic of Art. 283 for trilincar coordinates, and Art. 284 for tri- 
angular coordinates. 


Therefore 


or 


2 ./*(«> 7) 

0- — ^ 


H 


(Art. 2G8), 


<}> = 


H 


Kr 


Now suppose the coordinates are 


trilinearj 


or 


so that 


^ «W 


triangular^ 


^ 2A 4A* • 


Then, substituting the value of <f> given above, 




ICp' + lAEHKp' - iA'JP, 
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41 quadratic equation, giving two values for p®, expressing tlic 
squares on the two semi-axes. 

Hence, if ^ and 33 denote tliese two semi-axes, we liave 



1 f,-, 

< (-A)« 

and 

( 

^ + ^ - igA^ A''' 

jrjj 


286 . Cor. Considering the quadratic in we observe that 
the two values of will be of opposite sign, and therefore one 
value of + p real and the other imaginary if A">0, — the condi- 
tion that the conic should be a hyperbola. 

The two values of will be of the same sign, and there-* 
fore both values of ± p real or both imaginary if iir<0, — the con- 
dition that the conic should be an ellipse. 

And further, the ellipse will be real when K and II arc of 
opposite sign, and imaginary when they arc of the same sign. 

Again, both the values of p^, and therefore both values of 
+ p will be infinite if ii — 0, — the condition that the conic should 
be a parabola. 

Similarly, if A= 0, the values of p^ are equal and of oppo- 
site sign, and the conic is a rectangular hyperbola, as we saw in 
Art. 247, Cor. 4. 

So, if II— 0, the two values of p^ arc zero, and the conic 
degenerates into two straight lines, as we proved in Art. 245. 

287 . To find the length of the latus rectum in a parabola 
represented by the equation 

4 - 4 - 4 - 4 - 2wa^ = 0 . 
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In the general case, we have by the preceding articles, 


gi*+ai}»=- 


aW 

IGA* 


and 


EH 




4^4 4 ^^^4 

^A) » AT’ • 


Thcl'cfore by division, 

/33A3_ ah%-‘E 

■’'1^7 (2Ay^//^' 


I gt^+a3'=-2A^i'', 

? a»a3J=(2A)J^.t 

<' 

;VJ3V‘^W" (0A)M/i* 


In the case of the parabola (when /r = 0), one of flic frac 
tions 


a 

w 


and 


33 


is the reciprocal of the scmi-latus rectum, and the other Is zero. 
Hence if % be the scmi-latus rectum of the parabola, we obtain 




- (2A)V/ 


il^= 


2A7/ 

E^ • 


2<S8. To find the area of an ellipse whose equation is given. 


Let 

uo^ + 4- 2^^'^7 4- 2y'7a 4- 2?e'ay8 = 0 

represent an ellipse whose semi-axes arc SI and 33. 
Then the area = 7r^33 


irahcll 

2TrAH 


[trilinear 

[triangular 


289. To find the equation to the greatest ellipse which can 
he inscribed in the triangle of reference. 

Using triangular coordinates, let the equation to the ellipse 

be _ 

V/a 4“ ni^ 4- V?i7 = 0, 
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The area 
therefore 


(area)’‘oc^^ 


But 


//= - 


K = — 4:lmn (Z + m + 7i ) . 


Therefore 


(arca)^ oc 


linn 

(Z + m + 7?)^ * 


But 7 ^ ^vill have either a maximum or minimum 

(Z 4- m + nf 

value (by symmetry) when l — ni = and minima values occur 
when 

Z = 0 or m = 0 or n = 0, 


leading to the inference that l = m = n produces a maximum. 
Hence the equation of tlic maximum ellipse will he 

Va + V/3 + ^7 = 0, 

or a** + + 7* — 2^87 — 27a — 2ay8 = 0. 


0ns. In trilinear coordinates the equation will be 

Vaa + ViyS 4 Vc7 = 0, 

or drcK + P/8^ + — 2hc0y — 2cayOL — 2aZ>a/3 = 0. 


Cor. Similar reasoning shews that the least ellipse circum- 
scribing the triangle of reference is represented in triangular 
coordinates by the equation 

/37 + 7a + a/3 = 0, 

and in trilinear coordinates by the equation 
a o c 


290. If //, ir be the discriminants, K, IC the bordered 
discriminants of the equations to two conics, and E=0j E' =0 
the conditions that the equations should represent rectangular 
hyperbolas: then 
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(I) If the conics he similar^ K, K' ivill he in the duplicate 
ratio of E, E\ and 

(II) If the conics he also similarly situated^ tve shall have 
K^K' and E~E\ and the linear dimensioyis of the two conics 
will he in the suhduplicate ratio of 11 : IF. 

Suppose the conics are similar, and that tlic linear dimen- 
sions of the first are to those of the second as 1 : x. 


Then since the sum of the squares on the axes must be in 
the duplicate ratio of the linear dimensions, therefore (Art. 285) 


HE ll'EI , 
-1C -■ = 


( 1 ). 


But the rectangle contained hy the axes must also be in the 
duplicate ratio of the linear dimensions, and tliercforc (Art. 285) 


IT 

A'* 


IF 

K’i 


= 1 : x* 


( 2 ). 


or 


Com 2 iaring (1) and (2), we obtain 

A” 

~ K'^ ’ 

K X K' ^ IF E'\ 


.(3). 


Next, suppose that the conics are not only similar but also 
similarly situated, then the squares on 2 )arallel diameters must 
be in the duplicate ratio of the linear dimensions ; therefore we 
have, (in virtue of Arts. 279, and 2G8), 


H I£ 

K • A" 


1 




(4). 


Hence comparing (2) and (4), we have 


E=K' (5), 

and therefore in virtue of (3), 

( 6 ), 
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and from (2), 

// : /r - 1 : x\ 

or \ \ x (7). 

Thus tlic propositions are proved. 

291. CoR. If n and //' be of opposite signs tlie ratio of 
tlic linear dimensions is an imaginary rjuantity, and therefore in 
whatever direction diameters can be drawn, terminated in real 
points in one of the conics, parallel diameters in the other conic 
will meet the conic in imaginary points, and vice versa. An 
instance is afforded in a pair of conjugate hyperbolas. 


292. We will conclude this chapter by observing that tlie 
equation to any two straight lines satisfies the condition of 
representing a conic section. 

If the two straight lines are imaginary but intersect in a real 
point, the equation may be regarded as representing an indefi- 
nitely small ellipse, and the two imaginary straight lines will be 
the ultimate form of the imaginary branches of the ellipse 
which have now coincided with the asymptotes. 

If the straight lines be real they may be regarded as the 
limiting case of the hyperbola, when the imaginary part con- 
necting the two real branches has become evanescent. 

We may state the result as follows : 

If the real j^art of a conic degenerates into a pointy the iina- 
ginary part will become two straight lines coincident with the 
asymptotes j and if the imaginary part becomes evanescent^ the 
real part will become two straight lines coincident with the 
asymptotes. 

These cases of conic sections will be evidently obtained by 
cutting a cone by a plane passing through the vertex, the first 
case occurring when the plane passes between the two sheets of 
the cone, the second when it intersects the sheets. 
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Exercises on Chapter XVIII, 


(163) Witli the notation of Art, 254, sliew that 


/ 


>lf <lf\ .rr 0 \ 

da’ dji’ 'y)' 


(164) If /(a, /3, 7 ) =0 be tlic equation to a conic in trili- 
ncar coordinates, the polars with respect to it of the points of 
reference will form a triangle whose area is 

1 aheir 

8 ‘ 


Verify tlie result in the particular case of tlic conic repre- 
sented by 


loc = 0. 


(IC5) If (a,, ^., 7 ,), (a„ 7 j), {a^, /3„ %) be any three 
points, their polars with respect to the conic y’(a, /3, 7 ) == 0 form 
a triangle whose area is 

c^rTP a,, /3„7 i 

7, 

% 


A, B, a 


A, B, V 


A, B, V 





7. 

«8> ^2’ % 


/3,, 7i 


» ^2 » 72 


(166) Each of a scries of parallel chords in a conic is 
divided so that tlic rectangle under the segments is constant. 
Shew that the points of section lie upon a similar, similarly 
situated and concentric conic. 


(167) Each of a series of parallel chords in a conic is 
divided so that the algebraical sum of the reciprocals of the seg- 
ments is constant. Shew that the points of section lie upon a 
similar and similarly situated conic which cuts the original 
conic at the extremities of the diameter bisecting the parallel 
chords. 

(168) A straight line is drawn from the focus of a conic 
to meet the tangent at a constant angle i find the locus of the 
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point of intersection, and shew that, in the case of the parabola, 
the locus will (ihoays touch it, but in the case of the other two 
curves it will only touch them (in one or two points) under cer- 
tain conditions. 

(IGO) If A\ B'y C\ K' be llie values of the functions 
A, //, C\ K (Arts. 255, 25G) for tlie equation 

/ (a, /3, 7) + 2 {cia + -f 07) [h + + n^) - 0, 

shew til at 

A — A — I {c^v 10 — 2hcu) — m [ahw — ac7i — lev + c^w) 

— • 71 {acv — ahu + 5V — hew'), 

with Biniilar expressions for B ~ B' and C — C , the coordinates 
being trilincar. Hence deduce K = K\ 


(170) With the notation of the last exercise, shew that 

I (A - A) + 771 {B^B') + 71 (a- C') 


where 




■/j b, c 

J j 

c, a 


a, h ' 


Vl n 1 

1 

n, 1 1 


1, 711 1 

'J 


lienee the rcault of tlio last excreisc may he written 


A-A': 


1 dF 

2 dl ’ 


B-B' = 


1 (IF 

2 dm ’ 


0- C' = 


1 (IF^ 

2 d,n 


(171) If ir be the diseriminant of tlie equation 
f (“) A 7) + 2 {la + W2/3 4- wy) {aa + Z</9 + cy) = 0, 

tlicn 

IT ' - //= Z (yl + A') + m {B+B!) + n{C-¥ G'). 


(172) If 0 be the angle between the asymptotes of the 
conic f{a, y) = 0, then 



sin^^ = sin A sin B sin (7, 

[trilinear 

or 


[triangular 
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293. To find the equation in trilinear coordinates to a circle 
whose radius and. centre are given. 

Let r 1)0 the given radius and a', /S', 7 tlie coordinates of the 
given centre. 

And let a denote the expression 
arx -f -f C7 

so that <7=0 is the equation to the straight line at infinity. 

Let (a, /S, 7) be any point on the circle : then since r is the 
distance between the points (a, / 8 , 7) and (a , /S', 7 ) we have 
(Art. 72), 

(a — oiy sin 2H -f (/S — /3')^ sin 25 + (7 — 7 )* sin 2 0 
= 2r® sin A sin B sin (7, 

an equation which may be written in tlie liomogeneous form 
0 ? sin 2 A + sin 25 4- sin 2 C 
— 2o- (aa' sin 2 A + /S/3' sin 25 -f 77' sin 2 C) 

4- <7^ (a® sin 2^ + /S'^ sin 25 + 7'* sin 2 (7— 2r*sin.d sin 5 sin C) =0, 

a relation among tlie coordinates of any point (a , /S', 7 ) on the 
circle and therefore the equation to the circle. 
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Obs. In triangular coordinates, if a denote a + + 7 the 

equation to the circle at a distance r from the centre (a, /S', 7') 
will become 

a* cot A + cot B + cot G 
— 2cr (aa' cot A + / 8 / 3 ' cot jB + 77' cot C) 

4- ^a“ cot A + / 3 '^ cot J 3 + 7 ^ cot C — 

294 . If we render tlic equation in trilinear coordinates, of 
the last article, homogeneous with respect to the coordinates 
(a', /S', 7) of the centre, it may be written 

(iS'^ + 7'^ + 2 / 3 ' y cos A — r* sin^ A) 

+ (7 ^ + a'* + 27 a' cos B — r' sin^ 7 ?) 

+ 7“ (a'^ 4- yS'^ 4- 2 a'/ 3 ' cos (7 — r" sin^ C) 

4- 2/S7 [(a sin 7 ? sin (7 — (/S' 4* a cos C) (7'+ a' cos jB)) 

4- 27a{(/S'^ — sin ( 7 sin J — (7+ /S' cos (a 4- /S' cos ( 7 )} 

4- 2a/3{(7'^--r^) sin ^ sin i/— (a' 4- 7 cos B) (/S' 4- 7'cosyl)} = 0. 

295 . lleferring to the equations of Art. 293 it will be 
observed that the radius r is only introduced in the coefficient of 
0-*. Hence it follows that 

If 0=0 he the e<iuation to any circle^ any concentric circle 
will have the equation 0 4- Iccr^ = 0, where Jc is some constant. 

296 . Again, referring to the same equation, the terms whicli 
are independent of <t are free from a\ /S', 7' and r, tliey will 
therefore be the same for all circles. Hence 

If 0 — 0 he the equation to any circle^ any other circle will he 
represented hy the equation O4-w<r = 0, where u = 0 is the equa^ 
lion to some straight line. 

This is equivalent to saying that any two circles have a com- 
mon chord at infinity, or meet the line at infinity in the same 
two points, a property which is exhibited more explicitly in 
the next article. 
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297 . Every circle passes throufjh the two imayinary points 
called the circular j^oints at infinity. (See tlic definition 
Art. 109.) 

For c-iny circle is represented (Art. 293) by the equation 

d? sin 2 J + sin 27? + 7^ sin 2 C 
— 2a (clt! sin 2 A + sin 2 Z? -f 77 sin 2 0) 

+ a^ (a^ sin 2A +/3"^ sin 2 /> + 7 “ sin 2(7 — 2r’* sin A sin B sin G) = 0. 

And substituting o- = 0, we find tlie points of intersection 
with the line at Infinity to be determined by 

sin 2 A + sin 27?+ sin 2 (7 = 0 ; 

and we sliewed in Art. 108 tliat tliis equation determined on the 
straiglit line at infinity the same two points as any equation of 
the system 

/3' + 7" + 2/3y cos A = 0, 

7"* + + 27a cos 7? = 0, 

+ 2a^ cos C = 0, 

the loci of wliicli intersect in tlic two circular })oints; which 
proves the pro])osilion. 

29(S. (iJonversely, every conic which passes through the two 
circular points is a circle. 

For if not, take any three points 7^, (?, It on tlie conic, and 
describe a circle about the triangle PQR : then the conic and 
tlie circle intersect in the points 1\ Q, It as well as in the two 
circular points, i.c. they intersect in five points, which is impos- 
sible since two loci of the second order can only intersect in four 
real or imaginary points (Art. 1(12). Hence no conic but a circle 
can pass through the two circular points. 

299. If 0 — 0, O' = 0 he the equations to two circles^ then 
ivill JeO + k' O' = 0 also represent a circle. 

For by Art. 1G8 the last equation represents a locus passing 
through all the points of intersection of the first two. But, 
by Art. 207, the loci of the first two equations intersect in the 

19 


w. 
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circular points, therefore the locus of the third passes through 
these two points, and therefore the locus is a circle (Art. 208). 

300, Since the straiglit line at infinity meets a circle in the 
two circular })oints, it cannot meet it in any other point. Hence 
tlie other two ])oints of intersection of any two circles arc not at 
infinity. They may bo real or imaginary, but must be finite, 

Def. Tlie straiglit line joining the two finite points of in- 
tersection of two circles is called the Radical axi^ of the two 
circles. 

301, Any two real circles, whether they intersect in real or 
imaginary ^yoints, liaxe a real radical axis. 

For let 0 = 0 be the e(piation to one of the circles. Then 
the other may be represented by the equation 

-f = 0, 

where w = 0 is the equation to a real straight line (Art. 290). 

But (Art. 105) ?^ = 0, or = 0 are a pair of common chords of 
the two circles, and wc know that the two points of intersection 
at infinity lie on the locus of cr = 0, therefore u = 0 joins the two 
finite points, or u = 0 is the radical axis. 

Hence any two circles have a real radical axis. 

Cor. We sec at once (from symmetry or otherwise) that 
the radical axis of two circles is at right angles to the straight 
line joining the centres. 

302, The three radical axes of three circles arc concurrent. 

For if the three circles be represented by the equations 

0 + U(T = 0 , 

0 4 - V(T = 0 , 

0 4- w<T = 0, 

their radical axes will have the equations 

v — w = 0, = w— u = 0, 

and therefore all pass through the point given by 


Uz=V=r w. 



CIRCLES. 


291 


303. If a system of circles have a common radical axis, 
the polar s with respect to them of any fixed point are concurrenU 

Let 0 = 0 be the equation to any circle of the system, and 
let w = 0 be the equation to the common radical axis. 

Then, by giving different values to k, every circle in the sys- 
tem will be represented by the equation 

0 -f- kucr = 0 (1). 


Now let (a , /3', 7') be the fixed point, and let (7, u\ and a' 
denote what 0, u, and a become when a', y arc substituted 
for a, 7. 

Then the polar of the point (a , yS', 7 ) with respect to the 
circle (1) will be represented by 

+ +Mo-) = o (2), 


and it will therefore pass througli the point given by 


dO' ^dO' dO' „ 


and na + xda ■ 

whatever be the value of k. 


-0. 


(3) 

(4) . 


llcnce the polars of the point (a , 7') with respect to all 

the conics arc concurrent. 


304. For convenience of reference we will now recapitulate 
the results arrived at in the foregoing chapters respecting some 
particular cases of circles (see Chapters xiv. xv. xvi.). 

I. The circle xoith respect to lohich the triangle of reference is 
self conjugate is represented (Art. 179) by the equation in trili- 
near coordinates 

sin 2 A + sin 2B 7* sin 2 (7 = 0, 
which is obviously a particular case of the equation of Art. 293. 

The centre of this circle is given by 

a cos A = y8 cos J? = 7 cos C, 
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and is the point of intersection of perpendiculars from the angu- 
lar points of the triangle of reference on the opposite sides. 

In triangular coordinates the same circle is represented by 
the equation 

0 ? cot ^ cot J? + 7 *^ cot C = 0, 
and its centre is given by 

a cot = /3 cot i? = 7 cot C. 

II. The circle 'passing tliroiicjli the three points of reference 
is given (Art. 195) by the expiation in trilinear coordinates 

«/37 4 - 0 , 

and its centre is given by the equations 

a ^ ^ 7 

Cos A cos B cos C * 

The same circle is represented in triangular coordinates by 
the equation 

4- h^yoi 4- c^afi = 0, 

and its centre is given by 

__a ^ 

siii2yl sin2J5 sin 2(7’ 


III. The circle inscribed in the triangle of reference is repre- 
sented (Art. 214) by the equation in trilinear coordinates 

A B j- G 

V a cos 4- V/3 cos — 4 - V7 cos — = 0, 


and its centre is given by 

a = /3 = y. 

In triangular coordinates the same circle is re4)rescntcd by 
the equation 


2 ' 


' B / 0 

+ 7C0t -=0, 


and the centre is given by 

a _^_7 

a b c ’ 



CIRCLES. 


293 


IV. The circles escribed to the triangle of reference (i. e. 
touching one side of the triangle and the other sides produced) 
are represented (Art. 214 ) by the equations 


/— A 
V— a cos - 
2 


+ Jli sin ^ + v/y sin 0, 


tja sin f + s/^ cos ^ -f V' 
2 


- + V7 sin — = 0, 
^ A 


A f^.B / — ' . G 

va sin ~ + v /3 sin-— + v— 78111 -7=0, 
2 2 2 


B 

2 


and their centres arc given respectively hy 

-a= 7, 

0(=_^=r y, 

a = ^ = - 7. 


The same circles arc represented in triangular coordinates hy 
the equations 


a cot /y //3 tan ^ + -y/y ta" = 0, 

j 2 / ■■ 2? / C' 

Y a tan g" + V “ ^ + Y tan- = 0, 

y/ a tan ^ + Y^^ hin ^ + sj - 7 cot ■^= 0, 


and their centres are given respectively hy 


a h c * 

a 6 c * 

a _ ^ _ 7 

a 6 c * 
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305. It should be observed that 
oi sin 2 A -f ^ sin 2i? + 7* sin 2 C 

+ 2 (y87 sin ^ + 7a sin B-\- sin G) 

= 2(a sin-d + y0 siniy + 7sin G) (a cos^ +/3cos5-f7 cos (7). 

Hence the straight line represented in trilinear coordinates 
by the equation 

a cos -d + )8 cos 5 + 7 cos (7=0, 

is the radical axis of the circle circumscribing the triangle of 
reference, and the circle with respect to which that triangle is 
self-conjugate. 


306. To find the equation to the circle which passes through 
the middle points of the sides of the triangle of reference. 

Let the equation be (Art 293) 
a® sin 2 A -f /S'** sin sin 2 G 

= {loL + + nf) (a sin A + /3 sin 7i + 7 sin G). 


Since the circle passes through the middle point of BG it 
must be satisfied by 


hence wc get 


a = 0, /3 sin = 7 sin (7, 


cot cot G = y: + 
sin B 


n 

sin G ’ 


or 


sin A = m sin G+n sin B, 


Similarly, since the circle bisects GA and ABy 
sin i?= n sin A + I sin G, 
sin G =l sin B -\-m sin A^ 
these equations give 

I = cos Ay m = cos By n = cos (7. 

Hence the required equation is 
a® sin 2 A + yS* sin 2B + 7® sin 2 G 

= (a cosA + ^ cos jB-h7 cos (7)(a sinA + /3 sin5-|- 7 sin (7)....(1), 
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or, in virtue of the identity of Art. 305, 
sin 2 A + sin 2JJ-h 7* sin 2 C 

= 2 (/S7 sin ^ + 7a sin i? + a/3 sin (7) (2), 

or again, by comparison of (1) and (2), 

2 (yS7 sin A 4- 7a sin 7? -f- a/3 sin C) 

= (a cos -d 4- yS cos i? + 7 cos 0)(asin^4 /3slni?47sin (7). ..(3). 

All these three forms of the equation are useful. Tlic second 
shews that the circle passes througli the points of intersection of 
the circumscri])cd circle, and the circle with respect to which 
the triangle of reference is self-conjugate : the first and third 
shew that its radical axis with respect to either of these circles 
is the straight line 

a cos^ 4- y3 cos i? -I- 7 cos (7=0, 

307, To find where the circle which hisects the sides of the 
triangle of reference meets those sides again. 

The equation to the circle is 

a* sin 2^1 4- sin 2B 4- f sin 2 (7 

— 2^7 sin A — 27a sin B — 2a/3 sin C = 0. 

Putting a = 0, we get 

y8* sin 2B + 7* sin 2 (7 — 2^87 sin A ==0, 
or 

/8* sin 7? cos J5 4- 7® sin (7 cos (7 — (sin B cos (7 4- sin C cos B) = 0, 

or (/3 sin 7? — 7 sin C) (/8 cos 7? — 7 cos B) = 0, 

shewing that the circle meets BG in the two points deter- 
mined by 

a = 0, /3 sin B = y sin (7, 
and a = 0, /3 cos 77= 7 cos (7, 

that is (Arts. 14, 15), in the middle point of BC, and in the foot 
of the perpendicular from A. And similarly for the other sides. 
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Hence the circle which hiaects the sides of the triangle of reference 
passes also through the feet of the perpendiculars from the oppo^ 
site angles. 

30<S. But tills circle has other significant properties with 
respect to the triangle. 

Thus, let A\ B\ C' (fig. 37) he th(‘ iniddlc points of the sides 
of the triangle /I and let AA", BB'\ CC" he the perpendi- 
culars from the opposite angles, and 0 their point of intersection. 
Bisect OA^ OB, OC in a, h, c respectively. 


Fig. 37. 



Then, since A", C" are the feet of the perpendiculars 
from the angular points on the sides of the triangle OBC, there- 
fore hy the last article the circle through A", B", G" will bisect 
the sides of the triangle OBC, and therefore will pass through 
b and c. Similarly it will pass through a. Hence the same 
circle which passes through A', B', G', A", B' , C" passes also 
through a, h, c. In consequence of all these nine points lying on 
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its circumference, this circle is called the circle 

of the triangle ABC. 


309. It is easily seen that the property last proved is only 
a particular case of the following more general theorem. 

Any straight line dranm from 0, the point of intersection of 
the j)erpendiculars of the triangle ABC to meet the. circM.inference 
of the circumscribed circle is bisected by the nine-points'' circle. 


310. Any circle may he represented (Art. 29G) by the 
equation 

’\-hy'X + ca/3 + (^a+ -f ^7) (acjt + b^ + cy) =0...(1). 
Hence if 

uoC + v/ 3 ^ 4- wf 4- 2u 4- 7a + 2?//ay8 =0 (2), 

be the equation to a circle, this equation must be identical 
with 

k (a^y 4- byOL 4- cc(/9) 4- ^ X 4- cy) = 0.,.(3), 


311. From the result stated in the last article we may 
readily deduce the conditions (already established by a ditferent 
method in Art. 244), that the general equation of the second 
degree should represent a circle. 

For, comparing the equations (2) and (3), and equating 
coeflScients, we get 

^ f 1 VC wh 

2^ — ka 4“ 7 ' 4 > 

0 c 


^ , , , v^a UG 

2y' = + — + — , 

c a 


^ , 1 vh va 

2w = kc+ 4- -r , 
a 0 


or 

— kale = vc^ 4 - wV — 2uhc = wa^ 4 - — 2vca = uV + V(^ — 2uah, 

the same conditions as we found in the article referred to. 
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312. The equation in trilinear coordinates to the circle 
inscribed in the triangle of reference may be written 

a* cos^ ^ Y 2 ~ J ^ 

Hence (Art. 310) it must take the form 

Ic (a/37 + 

+ Q cos" ^ ^ cos" Y ¥) 

where (by Art. 311), 

— ahek = cos" ^ 4* cos" ^ + 2Z>c cos^ ^ cos^ 

( 2^.7 .>(7V 

= \ g cos Y ^ Y ) 


s denoting as in trigonometry - (a + 5 4 c) ; therefore the equa- 
tion to the circle becomes 
ajSy -f hyd + ca^ 

= U i C03^ 2 + c 2 j («« + ^/3 + C7) 

= aJc (s - i)" + C 7 (s - c)'| {aoL + b/3 + cy). 

By a similar method we may shew that the equations to the 
escribed cirele opposite to A may be written 

a3y -h hya + ca/3 

ahe fa ^A 8 , y , ,C\ , 

= [a 2+ b 2 + c 2 j ’ 

or a3y 4 lya 4 cayS 

^ + J/S (s - c)” + C 7 (s - J)’! (aa + b^ + cy), 
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and by symmetry the other two escribed circles may be repre- 
sented by the equations 

a/37 + ^7^ ■+ 

= |aa {s — -f- -{■ cy {s — a)®| (aa + + cy), 

and a/37 + ^7^ + 

= ^^7. ■“ "h — «)’* + 075^1 (aa + Z //9 4 - 07). 

313 . Cor. The radical axes of the circumscribed circle 
and the several inseribed (or eseribed) cireles are rcpfesented in 
trilinear coordinates by the equations 

aa {s — ay + Z»y3 (5 — hy ^ cy{s — c)* = 0, 
aa/ 4 J/3 (5 — cy + 07 (^ — = 0, 

aa (.*? — cy 4- i/3/ + cy {s --ay = 0, 
aa {s — i)^ 4- i/3 {s — a)^ + 07 / = 0 , 

and therefore in triangular coordinates by the equations 
a{s-ay + ^ {s - ly + 7 (.9 - cy = 0 , 
a/ 4- )8 (.9 — cy 4- 7 (5 — i)^ = 0, 
a(s — cy 4 ^ /3/ 4 - 7 (5 ~ a)^ = 0 , 
a (5 — i)^ 4- ^ (5 — ay 4- 7 / = 0. 


314. The equation to the nine-points’ circle may be writ- 
ten (Art. 306) 

a/Sy + l>y0L + ca^ 

= i (a cos ^ 4 - iS cos i? 4- 7 cos C) {aa + i/9 4- cy), 

M 


and tlie equation to the inscribed circle is 
ajSy + Jya + ca/3 


s= ^ |aa (5 — o)“ — hy + C7 (s — c)*j- (aa + &)8 + 07), 
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therefore their radical axis is represented by 
f . 2is-ay\ , „ 2(«-5n, ( „ 2(s-0)’) 


= 0 , 


or 


or 


j-{c-a){a-b) + (a - h) {h - c) + {h - c) (c - a) =: o, 
aa hl3 cy 


b — c c — a a — b 


= 0 . 


(!)• 


Similarly tlie radical axes of tlie nine-points’ circle with 
eaeli of the several escribed circles will be seen to have the 
equations 


«« ^ b§_ _ cy _ ^ 
— 6‘ + a a + b 


( 2 ) 


aa 

6 + c ^ 


_M_ 4- .£Z_ 

c— a a+6 


= 0 


( 3 ), 


4 - _^- T _=:0 
t + c c-frt a — h 


315. It will be observed that the equation (1) of the last 
article satisfies the condition (Art. 210) of tangency to the in- 
scribed circle. 

Hence the radical axis of the nine-points’ circle and the 
inscribed circle is a tangent to the latter, and therefore the 
circles toucli one another, and tlie radical axis is the tangent at 
the point of contact. 

So the equations (2), (3), (4) of the last article will be seen 
to represent tangents to the escribed circles ; hence the nine- 
points’ circle touches these circles also. 

That is, the nine-points circle of any triangle touches all the 
four circles which touch tlie sides of the triangle^ or the sides pro^ 
duced. 
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316. It should be observed that the trilinear equation 
{acL + -f cyY = 0 

satisfies all the conditions of representing a circle. 

Its radius is infinite, and the equations to give the centre 
reduce to 

a^/3^7 
0 0 0 ’ 

shewing that the centre is indeterminate. 

It represents tlierc'fore the circle spoken of in Art. 38, 
being the limiting form of a circle drawn from any centre at a 
distance which is indefinitely increased. 

Every point at infinity lies iij)on the locus, which indeed is 
geometrically identical with the straight line at infinity as ex- 
plained in Art. 38, but analytically it must ratlicr be regarded 
as equivalent to two straiglit lines, both lying altogether at 
infinity. 

We shall have much more to say about this circle in the 
chapters on tangential coordinates and polar reciprocals. 


317. The equation 

{aa -p hjS -p 07) (Za -p 7n/3+ ny) = 0 (1), 

also satisfies the conditions of representing a circle. 

To explain this, consider any straight line 

Za + -P ?Z 7 = 0 (2), 


and suppose a circle is described from any centre 0 so as to 
touch this straight line. 

If the distance of tlie cciitn*. from the straight line be in- 
creased, the circumference in contact wuth the straight line 
becomes less curved and tends to coincide with the straight line ; 
and by increasing the radius indefinitely tlie circumference will 
coincide as nearly as we please with the straight line. Hence 
ultimately the part of the circle remaining in finite space coin- 
cides with the straiglit line, while there is still another part, at 
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an infinite distance, which since its curvature is indefinitely 
small will ultimately coincide with the straight line at infinity. 

Hence the equation (1) which we know represents the 
straight line (2) and the straiglit line at infinity, represents the 
ultimate form of an infinite circle : — which accounts for its satis- 
fying the circular criteria. 

318. Before we leave the subject of circles, we ought to 
observe as a particular case of Art. 292 that the equation to the 
straight lines joining any real point to the circular points at 
infinity satisfi(‘s all the conditions of representing a circle. 

To take the very simplest case in ordinary Cartesian coordi- 
nates, the equation a? + y = 0 may be said to represent two 
imaginary straight lines through the origin, or to represent an 
indefinitely small circle at the origin. 

So in trilinear coordinates the equation 
/3^ + 7^ + 2^7 cos A = 0, 

represents the two imaginary straight lines joining the point of 
reference A to the circular points at infinity, but it is also the 
equation to the indefinitely small circle round A, 

Perhaps this circumstance is best represented by the follow- 
ing statement : 

WJmi the radius of a circle is {ndefimteJy decreased the real 
jyart of the circle degenerates into a and the imaginary 

h ranches into two straight lines joining that point to the two cir- 
cular points at infinity. 


319. To find the equation to an indefinitely small circle at 
the point (a', /3', 7'). 


The equations to the straight lines joining this point to the 
circular points are by Arts. 21 and 110, 


— 1, cos C ± 1 sin (7, 

A 


cos 5 + V — i sin i? 


= 0 , 


a 


7 

7 
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or if A, C denote respectively the determinants 


A 7 . 

1 7» a . 

a, /9 

/9', 7 ' 

\ 7> “ 

a', 


— A + B cos C + C cos B ± J —I [B sin G — C sin B) = 0, 
and therefore tlic two straiglit lines are given by 

(A — B cos 0— C cos 7>)^ (2? sin C — C sin By = 0, 

or [A, B, CY=0, 

But by the last article these two imaginary straight lines 
coincide with the indefinitely small circle at (a, /3\ 7'), therefore 
that circle is given by the equation 


1^7!, 

% a 

«, /3 ) 

1 7 ' 1 

7'> a' 1 

J 


320. Cor. 1. A circle such that {a, /3\ y) is the pole of 
the straight line 

I {a 4- a') + m {/3 + /3') 4- n (7 + 7 ) = 0, 
is represented by the equation 


f A 7 ) 

7. « j 

«, ^ r 

1 ^', 7 ' 

f f 

7 , a 



+ h {la 4- '/WyS 4- ny) {aa + h/3 4- cy) = 0. 


321. Cor. 2. A particular case of considerable importance 
is that of the indefinitely small circle at the intersection of the 
perpendiculars of the triangle of reference. 

This point is given by the equations 

a cos -4 = /3 cos .B = 7 cos (7, 
and the equation to the circle reduces to 

{aacosA, SyScosi?, 07 cos (7)^ = 0, 

or in triangular coordinates 

{a cos A, yS cos By 7 cos Cy = 0. 
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322. Cor. 3. The equation to any circle may be written 
{aoL cos A, hj3 cos B, cy cos '(7]®= {Iol + m^-{- ny) (aa + 5/3 + cy) 
in trilincar coordinates, or 

{a cos -4, /3 cos B, y cos (Za + + ny) (a 4-/3 + 7) 

in triangular coordinates, where 

Z (a 4- a') 4- (/3 4- /3') 4- w (7 + 7 ) = ^ 

represents the polar of the point of interseetion of tlie perpendi- 
culars from the angular points of the triangle of reference on tlic 
opposite sides. 


Exercises on Chapter XIX. 

(173) Tlie equation in triangular coordinates to the circle 
whose centre is at the point of reference A and whose radius is 
r may be written 

4- 7) (a 4- /3 4- 7)^ 

or {a^^y 4- Z/7a 4- — (a 4- 4- 7) (c^/3 4- 5‘V) + 7)* =0. 

(174) Tlie circles described on the sides of the triangle of 
reference as diameters are represented in trilincar coordinates 
by the equations 

^y — a(acos^l — /3cos 7? — 7 cos (7), 
ya^ /3{/3 cos B — y cos O— a cos A)^ 
a/3 = y{ycos C— a cos A — /3cos B). 

Deduce Euclid^ ill. 31. 

(175) The polar of the centre of one circle with respect to 
another circle is parallel to the radical axis of the two circles. 

(176) The distance of a point from its polar with respect 
to a circle is double of its distance from the radical axis of that 
circle and an indefinitely small circle described about the point 
as centre. 
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(177) A circle is described through the centres ot three 
other circles: shew that the radical axes of the new circle with 
each of the others will be concurrent provided 

r/ sin 20J + sin 20^ + sin 20g = 4A, 

where r.^ are the radii of the original circles, and 6^^ 6^^ 6^ 

the angles which each pair of centres subtend at the remaining 
centre, and A the area of the triangle formed by the centres. 

(178) The equation of the circle wliicli passes through the 
three centres of the escribed circles of the triangle of reference is 

aa® -f 4- C7® -f (a + 5 + c) (ySy -f- 7a + CX/S) = 0. 

(179) The equations to the three circles which pass through 
the centre of the circle inscribed in the triangle of reference and 
through the centres of two of the escribed circles are 

+ C 7 ^ — ao? 4 - (/> + c — a) — 7 a — a/3) = 0 , 

4 - aa^ ~ J/3^ 4- (e 4- a — h) (7a — a/3 — ^y) = 0, 
aa^ 4- ~ 07® 4- (a + i — c) (a/3 — /Sy-- ya) = 0, 

the coordinates being trilinear. 

(180) Circles are drawn through the angular points of a 
triangle, through the centres of the three escribed circles, and 
through the centres of the inscribed and each two of the escribed 
circles; shew that the radical axes of these circles will meet the 
sides of the triangle at the points where they are cut by the 
straight lines bisecting the angles. 

(181) Find the equations of the circles whose diameters are 
(i) the perpendiculars drawn from the angles of a triangle to the 
opposite sides, (ii) the lines bisecting the angles and terminated 
by the opposite sides, and (iii) the lines joining the angles with 
the middle points of the opposite sides. 

(182) Find the locus of a point sucli that, if parallels be 
drawn through it to the three sides of a triangle, the sum of the 
rectangles under the three pairs of intercepts on each line respec- 

w. 20 
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tlvely, between the point and the two sides which it meets, shall 
be equal to a given rectangle. 

(183) From a point in the plane of a given triangle draw 
perpendiculars to its sides, and find the locus of this point, when 
the area of the triangle formed by joining the feet of the perpen- 
diculars is constant. 

(184) The four tangents to the nine-points’ circle of any 
triangle at tlie points where it touches tlie inscribed and escribed 
circles, all touch the maximum ellipse which can be inscribed in 
the triangle. 


(185) If 7 ) =0 be the trilinear equation to a circle, 

the equation 

Ulf df 
Va’ J/3’ dy) 

will represent an indefinitely small concentrie circle. 

(18G) If /(ot, /3, 7 ) = 0 be the trilinear equation to a circle 
at distance r from the centre (a, yS', y), then will 

K~ U V 

_ /^V ~b cos A ^yd cos B dff 4 - r® cos O 

u'~ K' lir • 



CHAPTEE XX. 


QUADRILINEAR COORDINATES. 


323. In investigating theorems which involve four straight 
lines symmetrically, it is often advantageous to take them all as 
lines of reference using a system of four coordinates. 

In the ])rescnt chapter we shall exhibit and exemplify the 
use of such four coordinates. 

324. Let a', /3', 7 be trilinear coordinates of a point 0, and 
let S' be its distance from the straight line whose equation is 

loL 4- riijS 4- 7^7 = 0 ; 

then (Art. 4G), 

lo! 4- 4- = {h 

or loL 4- + 7iy 4- rB' = 0 (1). 

Also, if a, h, c, d be the sides of the quadrilateral formed by 
the three lines of reference and the otlicr line, wc have 

aoL 4- 4-C7' 4- dB' = twice tlic area of the quadrilateral, 

= S, (suppose) (2). 

Thus if a\ /3\ 7 , S' be tlie perpendiculars from any point on 
the four sides of a quadrilateral, they are connected by the 
relations 

loL 4- 4- ny 4- tB' ~ 0, 

ao! 4- 4- cy 4- dB' = S, 

where I, m, n, r, a, h, e, S are constant functions of the sides 
and angles of the quadrilateral. 


20—2 
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325. The perpendiculars a, /?, 7 , S' might be used as the 
quadrilinear coordinates of the point 0: but it will generally 
be found preferable to use certain multiples of these perpen- 
diculars instead of the perpendiculars themselves to express the 
position of the point. In the few cases when it is advantageous 
to use the perpendiculars we shall expressly call them jperpm- 
dicular coordinates. In all other cases when we speak of 
quadrilinear coordinates, the system set forth in the next 
article must be understood to be referred to. 


32G. Let Id— a, — = then a, /3, 7, 8 

being constant multiples of the perpendiculars, a\ /3', 7 , B' may 
be used as coordinates to express the ])Osition of the point 0 
with respect to the lines of reference. (Sec Art. 105.) We shall 
call a, 7, S tlie quadrilinear coordinates of the point 0. 


Also, referring to the notation of Art. 321, let 





then the equations (1) and (2) of that article become 


^ + 7 ^ (^)> 

Aa-hJ^/3 + C 7 + /> 8 = 1 ( 2 ), 


two equations which will always connect the quadrilinear co- 
ordinates of any point. 


327. ddic equation (J) of the last article plays a very 
important part in tlic inaiiipulation of equations in quadrilinear 
coordinates. It will be well to consider at once one or two 
cases of its application. 

I. It enables us, at any time, to reduce our quadrilinear 
equations to trllincar, by eliminating one of the variables 
(8 suj)pose) by the substitution 

S = - (a 4-/3 + 7 ). 

And since this transformation cannot affect the degree of an 
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equation, it follows that, as in trilinear coordinates, an equa- 
tion of the first degree represents a straiglit line, of the second 
a conic section, &c. 

II. It gives us the power of eliminating, from any equation, 
terms of any particular argument tliat we may wish to bo free 
from. For instance, we may without loss of generality eliminate 
from the general equation of the second degree, the terms whose 
arguments arc a®, /3^, 7^, by substituting 

a® = — (a/3 -f a 7 + a8), 

7 ’’ = - ( 7 S + 7« + 7iS)> 

S^ = -(Sa + S/3 + S7). 

llencc tlicve is no objection to our assuming the general 
equation of the second degree of the form 

X /37 + VaS 4- ya7a + /ijSS + + vyB = 0, 

or we may omit some of tliesc terms and retain some of tlic 
others. 

III. It must be observed that tlie same locus can be repre- 
sented by an indefinite number of different equations, formed 
from one another by substitutions of tlic equation (1). Jlence wc 
arc not at liberty to infer that because two different equations 

la 4- m/3 4- ny 4- rS = 0, 
and Ta + m'/S 4- ny + rS = 0, 

(suppose) represent the same straight line, the coefficients of like 
terms in the two are proportional ; wc may infer no more than 
that the two equations, togetlier with 

a4-/34'7 + S = 0, 

form a system of only two independent equations. 

Thus too, the equation to the straight line at infinity iii not 
restricted to the form 

Aa 4 - B/3 4 - Cy-h BS = 0, 
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but, more generally, tliat straight line is represented by any 
equation of the form 

+ a+ (/3+/^)/3 + ((7+/f) 7+ (i? + /c) 8 = 0, 

K being any constant. 

328. We shall assume the following construction through^ 
out the present chapter. 


Eig. 38. 

B 



Let AA\ BB\ CC' be the three diagonals of the complete 
quadrilateral formed by the lines of reference, and let A'BG^ 
AB ABC\ A'B C' be the lines respectively denoted by 

a—Oj /3 = 0, 7 = 0, S = 0. 

Or, in other words, let ABC be the triangle formed by the 
lines 

a = 0, /3 = 0, 7 = 0, 

and let A\ B, be the points where these lines are re- 
spectively cut by the fourth line (8 = 0). 

Also let BB^ CC intersect in a, CC\ A A' in b, and 
AA', BB' in c, so that abc is the triangle formed by the diago- 
nals of the parallelogram. 
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329. To interpret the constants Ay Gy D in equation (2) 
of Article 326, it is not necessary to trace the course by which 
they were introduced, Tlie following interpretation is deduced 


immediately from the equations and is sufficient. 

In virtue of the relation 

ot + ^ + 7 + 8 = 0 (1) 

the equation 

A^ -f* B^ “h Oy 4* jD8 = 1 (2) 

may be written 

(^-i>)a+(i?-i))/3+((7~D)7-l (3). 


But a, /S, 7 are multiples of the trilinear coordinates of the 
point 0\ hence tlie equation (3) expresses implicitly an identical 
relation amongst the trilinear coordinates of tlic point, and tliere- 
fore must be equivalent to the other forms in wliicli tlie identical 
relation can be written (Art. 84), therefore the three terms 

{A-D)o., {C-D)^, 

must represent respectively the ratios of the triangles OB Gy 
OCAy OAB to the whole triangle ABC, 

So by eliminating a wc should prove that 

{B^A)^y (G^A)yy (D^A)Sy 

represent the ratios of the triangles OAB', OAC\ OB' O' to 
the whole triangle AB' C\ 

Similarly, 

{A^B)ay {G^B)yy {D^B)By 

represent the ratios of the triangles OA'B, OBC', OC'A' to the 
whole triangle O'BG', 

And (A--C)a, {B^C)/3y {D^C)By 

represent the ratios of the triangles OA' C, OB'C, OAB' to the 
whole triangle AB' C, 

The student will observe that these results hold while 
a, 7 , 8 are the quadrilinear coordinates of any point whatever. 
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330. It will be easily seen that the coordinates of the six 
angular points of reference arc as follows : 

of^ « = = 

Oi B = 7 = a==0; 

of C r^ — — h— > a = /3 = 0 ; 

o( A' = - y = JjZTo ' a=S = 0; 

ofJ5' = /3 = 8 = 0; 

of (7' « = -/®=:fZ 7 r 7 = S = 0. 


Cor. The coordinates of the middle points of the diagonal 
AA' will be (by Art. 18), 

““2(A-jO)’ '^~2{B-C)^ 2{A-D)' 


so the middle point of BB is given by 

_ -1 1 _ 1 

““2(C7-A)’ ^ 2{B-B)’ '^~2{a-A)’ 

and the middle point of CO' is given hy 



''2{C-JJ) * 


331. We proceed to intei-pret some of the simplest equa- 
tions connecting quadrilinear coordinates. 

In virtue of equation (1) of Art. 32G, the equations 
/3 + 7 = 0 and a + 6 = 0 (1) 

must he identically equivalent, and therefore represent the same 
straight line. But from their form, the first represents a straight 
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line through A, and the second represents a straight line through 
A'. Hence either equation must represent the diagonal AA', 


Similarly either of the equations 

7 + a = 0 and /3-hS — O (2) 

represents the diagonal BB', and either of the equations 

a + ^ = 0 and 7 + 8 = 0 (3) 

represents the diagonal CO\ 


Again, the locus of the equation j3 — y = 0 must pass through 
the intersection of BB', GO' as well as through the point A, 


Hence — 7 = 0 represents Aa. 

So 7— a = 0 Bbf 

a — ^ = 0 Cc, 

a~8 = 0 A'a, 

y9-8 = 0 B^b, 

and 7 — 8 = 0 C c. 


332. The equations in the last article immediately lead us 
to some of the most important harmonic properties of a quadri- 
lateral. 

Thus from the form of the equations we observe (Art. 129) 
that the lines AA' and Aa divide the angle at A harmonically. 
So also the pencils 

(B.AB'Cb}, [G.BG'Ac] 
as well as the pencils 

(A'.GAB'aj, [B.ABG% {C'.BCA'c} 
arc harmonic. 

333. From the form of the equations in Art. 331, we 
observe that the straight lines 

Aa, B'h, G'c 
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are concurrent. So 


A'a, 

m, 

C'c, 

A'a, 

B'h, 

Cc, 

Aa, 

Bb, 

Co, 


are concurrent systems. 

Let a (Fig. 39) be the point of intersection of the first set, 
/Q, y, B those of the other sets respectively, 

Fig. 39. 



then the points a, yS, y, S are given respectively by the systems 
of equations 

/3 = y= S, 
ryz=S=a, 

S = cc=^, 
a =/3 = y. 


334. To find the condition that three points whose quadrilinear 
coordinates are given should be collinear. 

Let (a', /S', y'. S'), (a", /3", y", S"), (a'", y ", S'"), be the 
three points. 
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Suppose they lie upon a straight line whose equation free 
from S is 

Za + m/3 + W 7 = 0 . 

Then h' +m^ +ny = 0 , 


therefore 


l<x" + »i/9" + wy" = 0 , 
h’"+tn^"+ny'"=0, 


0, 7 

0 ', 7" 

a'", 0", i" 


= 0 


(!)• 


So if we had written the equation to the straiglit line free 
from 7 we should have found the condition in the form 


a', 0, S' 
a", /3", S" 
a'", /3'", S'" 


= 0 . 


which is obviously identical with ( 1 ), since 


«' +0 +7' =0, 

a" +^" + 7 " + S"= 0 , 
a'" + yS'"+ 7 '"+S'" = 0 . 


Thus it will he convenient to write the condition in the form 


a', 0, 7 ', S' 

ft If 

a , p , 7,6 

Q'tr ^ ft/ c^f/f 

a , fi ^ y , 6 


= 0, 


the unequal determinant denoting tliat we may take any three of 
the four columns to form a determinant equal to zero. 


335. The middle points of the three diagonals of a quadri- 
lateral are collinear^ 

Taking the sides of the quadrilateral as lines of reference 
and using the coordinates of the middle points obtained in 
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Art. 330, the condition that the points should he collinear will 


be (by the last article) 




1 1 

1 

- 1 


A^B^ 

B-G' 

1 1 


1 

1 

- 1 


A^C^ 

B-1)’ 

A-C 


1 

-1 

1 


A-B' 

’ 

d-B 

or 

B-C, 

A-D, 

B-A 


D-B, 

C-A, 

B-B 


C-D, 

B-C, 

A-B 


which is seen to be an identity by the addition of its rows. 

&C. Q.E.D. 

336. It may be shewn, as in trilinear coordinates, that the 
polar of the point {a, /3\ 7 , S') with respect to a eonic whose 
equation is 

/(a, /3, 7 . S)= 0 , 

is represented by the equation 



Obs. If (a , yS', 7 ', 8 ') lie upon the conic this equation will 
represent the tangent tliereat. 

337. Eeferring to Art. 159 we observe that the general 
equation in quadrilinear coordinates to a conic passing through 
the four points J?, (7, C\ is 

-f /ta8 = 0. 

So the general equation to a conic through C', -4, A\ is 
ya + = 0, 

and to a conic through A, A\ jB, B' 

0/3 + kyS =s 0. 
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338. As an example we may prove the well known 
tlieorem : 

If a system of comes pass tJirovgh four fixed points^ the polar s 
with respect to them of any fixed point are concurrenL 

Take tlie four fixed points as the angular points B, C, S', C' 
of the quadrilateral of reference. 

Then the equation to any conic in the system may be 
written 

+ kaB = 0 . 

Let (a', yS', 7 ', S') be the fixed point, then the polar is given 
by the equation 

7 + Ic {aS + ol'B) = 0, 


and tlicrefore it passes always tlirougli the point determined by 

a fixed point since a', /3', 7 ', 3' are constant. 


Hence if a system of conics pass througli four fixed points 
the polars with respect to them of any fixed point are con- 
current. 


Cor. Let two of the four points be the circular points at 
infinity, then the theorem reduces to the following, which we 
proved otherwise in Art. 303. 

If a system of circles have a common radical axis the polars 
with respect to them of any fixed point are concurrent. 


339. To find the equations to the tangents at B, (7, B\ C' to 
the conic whose equation is 

^y + IcoiB = 0 . 

The coordinates of B are (Art. 329) 
a=7=0, ^ = = 
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Hence, applying Art. 336 the equation to the tangent at B 
will he 


7 — = 0 . 


So the tangent at B' will be given by 

Similarly, the tangents at (7, C will be given by 
^--lcoL-0, 

<y — = 0. 


340. Cor. From the form of the equations to the tangents 
we observe, that in any conic passing through By (7, B\ C\ 

the tangents at B and C] . 

jy meet on Aa\ 

li’ ... c\ 

^ - n 

A gi’eat number of well known properties follow from these 
results. We will enunciate two of them. 


I, ^ quadrilateral [BOB' O') he inscrihed in a coniCy 
and another quadrilateral {l3ayS>) he described touching the conic 
in the angular points of the former onCy the four interior diagonals 
of the two quadrilaterals meet in one point (a) and the two exterior 
diagonals coincide {AA'), 

II, If a quadrilateral he inscrihed in a conic, the points of 
intersection of opposite sides and the points of intersection of the 
tangents at opposite angles are collinear. (Camb. Math. Tripos, 
1847.) 


341. The following proposition exemplifies the use of per- 
pendicular quadrilinear coordinates (Art. 325), 

To shew that the circles circumscribing the triangles AB C\ 
ABG'y A'B Oy ABO pass all through one point. 
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In perpendicular coordinates, all the distances being positive 
towards the interior of the quadrilateral BCB*G' (fig. 39), the 
equations to the four circles will be (Art. 195) 

a 7 o 
,A,Tyn\ sin-B' . sin^' sin (7 

(AB'O, + 0, 

a P y 


And these equations will be satisfied by the same values of 
a, 7 , By provided 

0, sin C', sini?', — sin^ =0 (l), 

sin G\ 0, — sin A\ sin B 
m\B\ sin -4', 0, sin (7 

sin Ay sin By sin G, 0 


But if a, 5, c, d denote the sides BG, GB\ G'By B'G' 
respectively of the closed figure BGB'G\ we obtain by project- 
ing the sides upon lines at right angles to each of them in order 

— J sin (7 + c sin jB + (7 sin A = 0, 

— a sin (7 + c sin .4 + c? sin B’ = 0, 

— a sin J? + 6 sin -4 + c? sin G' = 0, 
asin-4'-5 8in-B'+c sin (7' = 0, 

whence eliminating a : b : c : d, 

0, sin Gy sin By sin A' =0 
sin (7, 0, sin 4, sinj5' 

sin By — sin 4, 0, sin (7' 

— sin 4', sin By sin (7', 0 


( 2 ). 
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The equations (1) and (2) are the same, each of the determi- 
nants being equal to 

(sin A sin A^ — sin B sin B' + sin C sin Cy. 

Hence the condition (1) is satisfied, and therefore the four 
circles meet in a point. 

342. To find the anharmonic ratio of the range in which 
the lines of reference are cut by a given line. 

Let loL + + ^27 + rS = 0 

be the given line, and let it meet a = 0, yS = 0, 7 = 0, 8 = 0 in 

i, M, jsr, It. 

Then the equations to BL^ BM, BN, Bit will be 
a = 0, (Z — r) a + (ri — r) 7 = 0, 

7 = 0, (Z — w) a + 7 = 0. 

Hence {L3INE} = . 

343. To find the anharmonic ratio of the pencil formed 
hy joining any given point 0 to the four points of reference 

B, C, B, C\ 

Let (a', 7', 8’) be the given point 0. Then the four 

straight lines arc represented by 

(OB), ’-“.0, 

(OB), |-| = 0, 

( 00 ), 

(on, *-^. 0 . 
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Now let u = ^ ^ and v = . 

y a P 0 

Then the equations to the four straight lines become 
w = 0, v = 0,* yu-'S^v — Oy ffu~-OLV = 0. 

Hence {O.BCB'C'] = ~. 

P7 


344. Cor. If 0 lie upon the conic 


so that 
then we have 


^y 4 - tcaS = 0 , 

/3'y + /COL 8' = 0 , 

{O.BCB'C'} = -^^, 


or, the anharvnomc ratio of the pencil formed hy joining any 
point on a conic to four fixed points on the same is constant. 

And conversely, if the anharmonic ratio of the iiendl formed 
hy joining a variable point to four fixed points is constant y the locus 
of the variable point is a conic passing through the four fixed 
points. 


Exercises on Chapter XX. 

(187) The four coordinates of a point cannot be all positive 
in the ordinary system of quadrilinear coordinates. But in per- 
pendicular coordinates the four coordinates of a point may be of 
the same sign. 

(188) The general equation to a conic inscribed in the qua- 
drilateral of reference may be written 

(p, — vY (^y + aS) +(y — Xf {ya + /3S) + (X — p)* (a/3 -h 7 S) = 0. 
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(189) Tlie equation 

+ X'a3 + fjLyoi -f + va/S + vyB = 0 
will represent a parabola, provided 


0, 

1 , 

h 

h 

1, 

0 

1, 

0 , 

X, 



A 

I, 

X, 

0, 

V, 


B 

1, 

M'y 

V, 

0, 

X', 

0 

1, 

"> 


X', 

0, 

D 

0, 

A 

B, 

C', 


0 


(190) Tlie equation 

/3y + jcoiB — 0 

will represent a parabola, provided 

{B - cy + K {{A - By + {c -jjy-^ {A -cy-h{B-- By} 

^(A-^By=0. 

(191) Through any four points on a parabola another para- 
bola can be drawn unless the four points lie on two parallel 
straight lines. 

(192) The general equation of a conic circumscribing the 
triangle formed by the three diagonals of tlie quadrilateral of 
reference may be written 

X [^y — aS) + ya ( 7 a ~ y83) + v (ay 8 — yB) = 0 . 

(193) The equation to the parabola inscribed in the quadri- 
lateral of reference is 

{B - cy (A - By {^y + aS) + ((7 - Ay [B - By {ya 4 - /3B) 

4 - (^ - By {G-By («y9 + 7 S) = 0 . 

(191) Tlie conic passing through the four points of reference 
J5, (7, B'y O' and througli the fifth point (a , /3', 7 ', B'), is repre- 
sented by the equation 

- n 

iS'y' a'B' ~ ’ 

and its tangent at the point {a, /S', y, S') is represented by 
a y B „ 
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(195) If two conics circumscribing CAG'A', and ABA'B', 
intersect in a point 0, tlic tangents at 0 divide the angle be- 
tween OAy OA' harmonically. 

(196) If the point of intersection of a pair of common 
chords of two conics be joined to the points of contact of a 
common tangent, the pencil thus formed is harmonic. 

(197) If four common tangents be drawn to a pair of conics 
which intersect in real points, and if the four points of contact 
witli one of the conics be joined in all possible ways hy straiglit 
lines, the three points of intersection of tlicse straight lines 
coincide witli the points of intersection of the six common chords 
of the two conics. 


21-2 



CHAPTER XXL 


CERTAIN CONICS RELATED TO A QUADRILATERAL. 


345. We shall use the term tetragrarn to describe the figure 
contained by four straight lines indefinitely produced, and not 
regarded in any particular order. 

We shall use the word quadrilateral when we speak of the 
four-sided figure contained by four straight lines taken in a par- 
ticular order. 

Thus a tetragrarn has three diagonals, but a quadrilateral 
has two proper diagonals and an exterior diagonal. 

Thus any four straight lines a, ^8, 7, S forming a tetragrarn, 
form three quadrilaterals ^according to the order in which we 
take the sides, viz. : 

(1) 7c<^S, with a opposite to 3, 

(2) 0/37S, with y3 opposite to 8, 

(3) /S7a8, with 7 opposite to 8. 

One of these quadrilaterals will generally be proper^ another 
8 ectanty and the third re-entrant 

Thus, retaining the construction of the last chapter (Fig. 39, 
page 314) the four straight lines ABC, B CA, C'AB, ABC 
form one tetragrarn, but they form three quadrilaterals, viz. ; 

(1) proper, 

(2) ACACA, sectant, 

(.3) BOB CB, re-entrant. 
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346. Definitions. Amongst the conics passing through 
the four points 5, (7, B\ C' there is one which touches at 
B, C, B\ C the four straight lines Bh, Cc, Bb, C'c: this is 
called the critical circumscribed conic of the quadrilateral 
B, C, B\ O'. 

So the critical circumscribed conic of the quadrilateral 
CAO'A' touches the four straight lines Cc, Aa, C'c, A'a, and 
tlie critical circumscribed conic of the quadrilateral ABA'B' 
touches the four straight lines Aa, Bh, A'a, Bb> 

Amongst the conics inscribed in the quadrilateral BCB C' 
there is one whose points of contact lie on the two chords Aa, 
A'a: this is called the critical inscribed conic of the quadri- 
lateral BCB' a. 

So the critical inscribed conic of the quadrilateral CA C'A' 
has Bb, Bb' as chords of contact, and the critical inscribed conic 
of the quadrilateral ABA! B has Cc, Cc as chords of contact. 

Obs. The critical circumscribed conic of a square is the 
circumscribed circle, and the critical inscribed conic is the in- 
scribed circle. 

347. It follows from the definitions that the critical cir- 
cumscribed conic of any quadrilateral is the critical inscribed 
conic of the quadrilateral formed by the tangents at the angular 
points. 

And (similarly) the critical inscribed conic of any quadri- 
lateral is the critical circumscribed conic of the quadrilateral 
formed by joining its points of contact. 

348. To slieio the existence of a critical circumscribed conic 
with respect to any quadrilateral. 

Let BCB C' be the quadrilateral, and let 
yS7 + KOih = 0 

be any circumscribed conic. Then the tangents at the angular 
points are given by 

ry — /ca = 0, ^ — KOL — 0, 7 — /c8 = 0, — /c8 = 0, 
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(Art. 339). Therefore in the particular case when /c = l, the 
equations to these tangents are 

7-a = 0, ^-a = 0, 7-8 = 0, ^-8=0, 

which (Art. 331) represent the lines 

Bh, (7c, Bl, C'c. 


Therefore the conic 

/37 + a8 = 0 

represents the critical circiim scribed conic of the quadrilateral : 
and therefore there is such a conic witli respect to any quadri- 
lateral. 

CoK. 1, The three equations 

/S7 H- a8 = 0, 

7a + y 38 = 0, 

a/3 + 7 ^ = 

represent the critical circuniscidbed conics of tlic three quadri- 
laterals i?(7J5'C', CAC'A\ ABAB. 

349. Cor. 2. Since (Art. 346) the critical inscribed conic of 
any quadrilateral is the critical circumscribed conic of the qua- 
drilateral formed by joining the points of contact assigned in the 
definition, it follows that there always exists a critical inscribed 
conic with respect to any quadrilateral. 

350. To find the equation to the critical inscribed conic of 
the quadrilateral BOB C . 

Since = 0, 7 = 0 represent tangents, and a — 8 = 0 their 
chord of contact (Def.), the equation to the conic must be (Art. 
161) of tlie foim 


or 


(a - 8 )“ = a:/S 7, 

(a + 8)'“* = Ac^7 -f 4a8 


( 1 ). 
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Similarly, since a = 0 , 3 = 0 represent tangents, and 

y 8--7 = 0 theil- chords of contact (Def.), the equation to the 
conic must be of the form 

+ 7 / = 4^7 + kolS ( 2 ), 

But a + / 34 ..y 4 .a=: 0 , 

and therefore (a + = ()8 + 7 )^ 

Hence the equations ( 1 ) and ( 2 ) will be identical if k — k—A, 


or the equation 

(a 4- = 4 (0y 4- a8) (3), 

^>1' (^ + 7)'=4(^7 4-a8) (4), 


represents a conic fulfilling all the conditions required by the 
definition. 

Hence, either of these equations, or any otlier equation 
obtained by combining them with the equation 

a4-y9 + 7 + S = 0, 

will represent the critical inscribed conic of the quadrilateral 

BCBC'. 

351. Cor. Comparing the equation (3) or (4) with the equa- 
tion to the critical circumscribed conic (vVrt. 348) 

ySry 4- a8 = 0, 

we observe that the critical inscribed and circumscribed conics 
with respect to the same quadrilateral have double contact with 
one another^ the chord of contact beinq the diagonal joining the 
intersections of opposite sides of the quadrilateral. 

We shall however see immediately (Art. 353) tliat the points 
of contact are imaginary whenever tlic quadrilateral is real. 

352. One form of the equation to the critical inscribed 
conic of the quadrilateral BCU G\ obtained from equations (3) 
and ( 4 ) of the last article by addition and transposition, is 

a“ 4- yS'** 4- 7^ 4- = 6 {fiy + ah) (1). 
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So the critical inscribed conics of the quadrilaterals CA G'A 


and ABAB are 

a* + + 7® + S® = 6 (7a + iSS) (2), 

and a® + + 7 * + = 6 (ayS + 78 ) (3). 

But the critical inscribed conics of the same quadrilaterals 
are given by the equations 

y97 + a8 = 0 (4), 

7a + /3S=0 (5), 

ayS + 7S = 0 (6), 

hence the equation 

a^ + ^^-f-7 (7), 


represents a conic passing through the points of intersection of 
the critical inscribed and circumscribed conics of each quadri- 
lateral. 

But the critical inscribed and circumscribed conics of each 
quadrilateral have double contact. Hence the conic represented 
by equation (7) has double contact with all those six conics in 
the six points where the three inscribed touch the corresponding 
circumscribed conics. 


353. The conic represented by the equation 

is nceessarily imaginary when the quadrilateral is real, since 
each term is essentially positive. 

Hence the six points of contact of the Inscribed and circum- 
scribed critical conics (which may be conveniently termed the 
critical points of the tetragram) are imaginary, since they lie 
upon the imaginary conic 
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354. To find where the conic whose equation is 
cuts the lines of reference. 

To find where tlie eonic cuts the line ABC' we have to put 


S = 0, 

therefore ^ + 7‘’ = 0 (1), 

but when 8 = 0, a + /3 + 7 = 0 (2). 

Hence, eliminating 


/3H2^7 + 7*^ = 0. 

Hence the two points divide B'C ^ so that the anliarmonic 
ratio of the section is unity (Art. 123). 

But if we eliminate yS between (1) and (2), we find that the 
two points are given by 

7® -j- 27® * 4 " ot* = 0, 

and therefore they divide C'A so that the anharmonic ratio of 
the section is unity. 

Similarly, by eliminating 7 we may shew that the same two 
points divide AH so that the anharmonic ratio of the section is 
unity. 

Under these circumstances the points are said to form with 
A ^ B\ C' an cqui-anharmonic system. 

And, similarly, each of the other sides of the tetragram can 
be shewn to be cut by the conic in two points forming with the 
three vertices in the same side an equi-an harmonic system. 


355. The conic 

is thus seen to cut each of the diagonals of the tetragram in the 
two critical points on that diagonal, and to cut each of the three 
sides in two points which form with the three vertices in that 
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side an equi-anharmonic system. On account of these properties 
the conic has been named by Professor Cremona (who seems to 
liave been the first to discover and investigate it) the fourteen- 
points' conic of the teti’agram. 

356. It is easily seen that the straight lines 
Aa, Fb, G'c, Act, Bb, Cc, 

are the polars of the points A, B, C, A, B', O', with respect to 
the fourteen-points’ conic. 

It follows that 

AA, BB', CO' 
are the polars of the points 

(i, b, c, 

and the lines of reference 

A'BG, AB'G, ABO', A'BG', 
are the polars of the points 

a, /3, 7 , S. 

It follows that the tangents from the seven points a, b, e, 
a, yS, 7 , 8 touch the conic in the fourteen points from which it 
derives its name. 


357. If the equations to finer straicjlit lines in any system of 
coordinates he 


±u ±v ±w = 0 


( 1 ), 


the fourteen-points' conic of the tetragram which they form toill 
he represented by 

0 ( 2 ). 

For if we write 


a = — u + v + w^ 
^ = u — V + w 

7 = u-\- V — w 

8 — U — V — 


( 3 ), 


we have 


ot + ^ + 7-i-S = 0, 



RELATED TO A QUADRILATERAL. 


831 


and therefore the equations (3) will be the relations by which to 
transform to quadriliiiear coordinates, having the four given lines 
as lines of reference. 

But in quadriliiiear coordinates the fourteen-points’ conic is 
given by 

therefore by (3) it will be represented in the original coordi- 
nates by 

u-\- V + ivY -f- — V + wY + {u V — wY + (w + V d- t€>Y = 0, 

or 71 ^ — 0. Q. E. J). 


Exercises on Chapter XXl. 

(198) The critical circumscribed conics with respect to the 
quadrilaterals CA C'A\ ABA' B' have double eontact at A 
and A', 

(199) The chords of contact Aa, AA of the critical in- 
scribed conic of the quadrilateral BOB' C' are common chords 
of the other two critical inscribed conics of the same tetragrarn. 

(200) Shew that the conics 

a"" = /3‘" = ya, y- = a/?, 

have three points common to them all, two of which also lie on 
the fourteen-points’ conic of the tetragrarn of reference. 
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TANGENTIAL COORDINATES. THE STRAIGHT LINE AND POINT. 


358. Let us agree to determine a straight line by its perpen- 
dicular distances p, q, r from the three points of reference, just 
as liithertp we have determined a point by its perpendicular dis- 
tances from the three lines of reference. 

We may with propriety speak of these quantities q, r as the 
coordinates of the line. Thus we shall use the symbol {p, q^ r) 
to denote the line whose coordinates are p, q, r, or wliich lies at 
perpendicular distances p, q, r from the points of reference. 

Such coordinates are called tangential coordinates. 


359. When we commenced with the coordinates of a point, 
a straight line was determined by passing through two points ; 
so now, when we commence with the coordinates of a straight 
line, a point will be determined as lying on two straight 
lines. 

Again, as we formerly defined the equation of a line as an 
equation satisfied by the coordinates of all points on the line, 
so now we shall define the equation to a point as an equation 
satisfied by the coordinates of all straight lines passing through 
the point. 
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Fig. 40. 



360. Wc have seen (Cliap. v.) that if/?, q, r be the perpen- 
dicular distances of a straight line from the points of reference, 
and a, jS, y the perpendicular distances of a point 0 in the line 
from the lines of reference, then will 

apa + Iq^ + cry = 0. 

Further, if the straight line be determined by the quantities 
p, q, r being given, this equation constitutes a relation among 
the coordinates of any point upon the line, and is therefore the 
equation to the line. 

But if instead of p, q, r being known quantities entering 
into the coefficients of the equation which connects the variables 
a, /3, 7 , tliese latter be known (as being the coordinates of a 
fixed point 0), then the same equation 

aap + h^q + cyr = 0 

will constitute a relation among p, q, r which will hold for any 
straight line passing through the point 0, and will therefore be 
the equation to the point 0 according to the definition of the last 
article. 
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That is, any 'point whose trilinear coordinates are a, y 8 , 7 is 
represented in tangential coordinates hy the equation 

a'xp + h^q + c^r — 0 , 

the triangle of reference heing the same for hoth systems. 

Cor. It follows that in tangential coordinates every point 
has an ecpiation of the first degree, and every equation of tlie 
first degree represents a point. 

361. Of course the distances q^ r will he regarded as of 
the same algebraical sign when they are all on the same side of 
tlie line on whicli tlicy are let fall, and any two will be of oppo- 
site sign wlien tliey are on opposite sides of the line. 

But it is never necessary to determine which side of the line 
shall be the positive side and which the negative, nor to give 
any one of the coordinates by itself any absolute sign, sinee all 
our equations in tangential coordinates arc either homogeneous, 
or if their terms be of different orders they are at least all of 
even orders or all of odd, so that a change in the absolute signs 
of p^ q^ r would have no effect. This is a direct consequence 
of the circumstance tliat the coordinates q^ r of any line are 
identically connected by a relation of the second order, 

- 9 ) {P ^ - ^*) {<l'-p) + = 4A^ 

(Art. 74) and not like the coordinates of a point by a simple 
equation. 

362. To find the equation in trilinear coordinates to the 
straight line whose tangential coordinates are p^ q^ r. 

Since p^ 5 ', r arc tlie perpendicular distances of the straight 
line from the points of reference, therefore by Chap. V., the 
equation to the straight line is 

apT, -f hq^ -f- cr7 = 0. 

Cor. The equation to the same straight line in triangular 
coordinates is 


pa 4- 4- r7 = 0. 
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e3G3. To find the irilinear coordinates of the point of inter ~ 
section of two straight lines whose tangential coordinates are 
given. 

Let the given coordinates of the two lines be <7^, rj, 
(A’ !72» suppose (a, / 3 , 7) the trilinear coordinates of 

their point of intersection. 

Then since (a, / 3 , 7) is a point on a straight line whose per- 
pendieular distances from the points of reference arc 
therefore (Chap, v.) 

ap^a + hq^^ 4 - CTp/ = 0 . 


Similarly, ap^a -f hq^fi -f cr,r^ = 0. 
Therefore we have 


a% 




cy 



»’i> Ih 


!Zi 1 







equations which determine the ratios of the coordinates required. 


Cor. In virtue of Art. 3G0 it follows that the tangential 
equation to the same point is 


Vv 


= 0 , 


a result which we presently establish (Art. 366 ) without reference 
to the trilinear system. 


364. To find the coordinates of the straight line joining two 
points whose equations are given. 

Let Ip + '^nq 4- nr — 0, 

and lip + mq 4- nr = 0, 

be the equations to the two points. 
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Then the coordinates of the straight line joining them must 
satisfy both equations (Art. 359), and therefore their ratios are 
given by 


E ^ g ^ L 


m, n 


w, 1 


/, m 

t / 

m , n 


n', V 


m 


To find tlie absolute values of these coordinates we shall 
have to substitute their ratios in the relation which we found 
in Chap. VI. (Arts. 73, 74) connecting the perpendiculars upon 
any straight line. That relation, as we there shewed, can be 
written in any of the various forms, 

ay + Sy + — ibeqr cos A — 2carp cos B 

— 2dbpq cos G = 4A®, 

{p — q) {p — r) — r) {q —p) + (r — p) (r — q) 4A®, 

{q — ry cot -4 + (r -pf cot B + {p — (ff cot C = 2A, 
or with the notation of Art. 46, it may be written 
{op, hqj cry = 4A^, 

the form in which we shall generally quote it. 

365. It appears from the foregoing article that by solving 
together tlie equations of any two points we may determine the 
coordinates of the straight line joining them. 

Hence any two equations of the first degree taken simul- 
taneously will determine a straight line, viz. the straight line 
joining the two points which the equations represent separately. 
Therefore two equations may be spoken of as the equations of a 
straight line. For example, the straight line {p\ j , r) may be 
said to be given by the equations 



TIip STRAIGHT LINE AND POINT. 


337 


366. To find the equation of the point of intersection of two 
straight lines whose coordinates are given, 

111 other words, to find the relation among the perpendiculars 
p^ q, r from the points of reference upon any straight line pass- 
ing through the point of intersection of the given straight lines. 

Let ^ 2 ) given straight lines, and 

suppose 

Ij) + mq + wr = 0 (l), 

the equation of their point of intersection 0. 

Then this equation expresses a relation satisfied hy the coor- 
dinates of any straight line passing through 0 , 

But (p^, q^^ rj passes through 0, therefore 


^Pi + ^nqj^ + nr^ = 0 (2), 

Similarly, {p^, q,^^ r^) passes througli (?, and therefore 

+ = 0 ( 3 ). 


Hence eliminating I : m : n from the equations ( 1 ), ( 2 ), (3), 
we get 

p, q, r =0, 

a relation among the coordinates p^ q, r, and therefore the equa- 
tion of the point 0, 

Cor. 1 . The equation just obtained will not be affected if 
^1 ^2 multiplied by any constant ratio. Hence 

if the coordinates of one straiglit line be only proportional to 
three given quantities p^, q^^ rj, and those of another straight 
line proportional to jij,, < 7 ^, the equation of their point of in- 
tersection is still 

p, q, r = 0 . 

Fiy 9iy ^ 

i^2> ?2> 

w. 22 
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367. To find the equation of the point where a given straight 
line meets the line at infinity. 

Let q^, rj be the given straight line, then 

+ >Ii + K r^ + h) 

will be a parallel straight line (fig. 41), and these will therefore 
intersect in the point required. 


Fig. 41. 



Hence by the last artiele the equation required is 


P, f 

P.. S'.. »•. 

Pi + h, Qi + h, rj+Zt 



or 


Pi ?, r 


= 0 , 


Pti r. 

Jiff 


or 


= 0 . 


P, ?, r 

Pi> Qti »*i 

1 , 1 , 1 
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368. Cor. The last equation is satisfied p = q — r^ for 
then the first and third rows of the determinant become identical. 

Hence all points at infinity lie upon the straight line given 
by p = 

Hence p=i 

are the equations of the straight line at infinity. 

369. To find the coordinates of a straight line passing 
through a given point and parallel to a given straight line. 

Let Ip-^' mq-\‘nr = 0 (1) 

be the equation to the given point, and let rj be the 

given straight line. 

The coordinates of any straight line parallel to r^ 

may be written (fig. 41) p^ + h, + h^ r^ + lu 

If this straiglit line pass through the point (1) we must 


have 

lp^ + 7nq, +• nr, + (^ + m + u) h = 0, 

therefore 

4 nr, _ 

1 -\r m n ^ 

therefore 

^ l-\- m + n 

^ -;>,) + »»(»•. -<7.) 

l+m+n ’ 


which arc therefore the coordinates required. 


370. To find the distance of the point whose equation is 

Ip -\-mq-^nr = 0 (1) 

from the straight line whose coordinates are {p\ q\ r). 

22—2 
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Let h be the distance, then the line parallel to (y, q, r) 
through the given point will have the coordinates 

{2>'±h, q’ ±h, r' + h). 

These must satisfy the equation (1), therefore 

+ mq -k- nr + (Z -f- m + n) li = 0, 

, , Ip mq nr 

or h=.± ^ j- ' — . 

Z + + n 


371. To find the equation to a ‘point wlilrli divides in a 
given ratio the straight line joining two given points. 

Let 1 : h he tlie given ratio, and 

Ip -f niq = 0, and I p + niq + n'r = 0, 
the equations to the given points. 

Suppose /), q, r the coordinates of any straiglit line through 
tlie required point. Then the perpendicular distances of the 
given points from this line are in the given ratio. 

Therefore hy the last article, 

-f mq + ^ __ V p 4- mq -f nr ^ ^ ^ 

^ V 'in -{-71 * ‘ ^ 

the two expressions for the distance having opposite signs, since 
the two points are on opposite sides of the straight line. 

Therefore 

7 Ip 4- mq -t nr , I'p 4- niq 4- nr ^ 

”/ 1 7' I ~ ' I ' — 

L -^-ni 71 Z 4- 771 4- 71 

a relation among the coordinates of any straight line through the 
required point, and therefore the equation to the required point. 

Cor. The middle point between the points 

Ip 4- 7nq 4- wr = 0, and Vp 4- m'q 4- wV = 0, 
is given by the equation 

Ip 4- 7nq 4- nr Up 4- 7nq 4- nr ^ 
l + m + 7i I' + 7n -i-ii * 
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372. The principles of abridged notation explained in 
Chapter viii. for trilinear coordinates are equally applicable to 
tangential coordinates. 

As we there used w = 0, = 0, = 0 to represent equations 

to straight lines expressed in their most general form, so now we 
sliall use the same expressions to denote the most general forms 
of the equation to the point in tangential coordinates. 

373. Jf = 0, = 0 he equations to two points in tanjentia 

coordinates^ then 

u -{■ KV — 0, 

{loliere k is an arhitrary constant) will represent a point lying on 
the straight line joining the ttvo points. 

For if^_>, r be the coordinates of this point tliey satisfy the 
equations u — 0 and r? = 0 ; that is, their substitution makes ic 
and V severally vanish, therefore it must make u-\-kv vanish; 
that is, < 7 , r satisfy tlie C(puition 

U -f KV = 0, 

and therefore this equation represents a point on the line 
{p, 1, r). Q.E.D, 

374. Tf the line joining the points u — 0 and u = 0 Je divided 
hy the q^oints w + Acy = 0, a7id ii + kv — 0, the anharni07iic ratio 
of the section is k : k\ 

Let A, 7^ be the two points represented by ?^ = 0 and u = 0, 
and P, Q the two points represented by + /cy = 0 and w + /c y = 0. 

Let (//, (j\ r) be the coordinates of any straight line what- 
ever, and let u\ v be what u, v become when p\ r are 

written for p, q, r, and let m, n be what u, v become when 

unity is written for each of these letters^, q, r. 

Then the perpendicular distances of the points A, P, P, Q 
from the straight line (/;, q, ?') are respectively 

V U -f KV 71 + K d 

in ’ n ’ in + ku ’ in + k'h ’ 
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and therefore the distances AP, AQ, BP, BQ are proportional 
(by similar triangles) to the differences 

u v! + KV u n + KV* V u -4- kv ^ __ xi + kv* 

m m + KU^ Tit TYi'^-tcn^ n m + Kn^ n m-\-icn^ 

therefore 

( u u + K.v\ (v u -h icv\ 

m m -f- Kyi } '\n m + icn J 

^ AQ . BP /XI XI + /t'v \ /v 11 4- ico\ 

\7n in 4- te n J \n in + ku/ 

_ K {mi — mv) {mv — nu) 

K {nu — xnv) {ynv — nu ) ’ 


or 


= -^, . Q.E.D. 


375. Po find the anharmomc ratio of the range of the four 
pomts xvhose equations are 

-u + = 0, w + Xv = 0, u + pv = 0, u vv = 0, 

The proof of Article 125 (p. 137) applies verbatim. Thus we 
find that the anharmonic ratio required is 

(5 (/^-^) 

{fc - r) - X) ' 

37G. It follows, as in Art. 123, that the line joining the 
points u = 0, V = 0, is divided by the two points 

If 4 - 27nuv 4 - nf = 0 ; 
so that the anharmonic ratio is 

{m — /nY 

in 
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Exercises on Chapter XXII. 


(201) The coordinates of the line of reference BG are 

2A 

0 . 0 , — . 


are 


(202) The coordinates of the perpendicular from A on BG 
0, ±5 cos (7, + c cos B . . 


(203) The coordinates of the straight line through A paral- 
lel to BG are 

2A 2A 


(204) The straight line joining A to the middle point of 
BG is given by 

p = 0, q + r — 0. 

(205) The equation q-\-r = 0 represents the middle point 
of the side BG oi the triangle of reference. 

(206) The equation q tan B + r tan (7 = 0 represents the 
foot of the perpendicular from the point of reference A upon BG. 

(207) The equation 7nq + nr = 0 represents a point F in the 
line BG such that BP : PG ^n\m. 

(208) The equation my — nr = 0 represents a point P in the 
line BG produced, such that PB ; PG = 7i ; m. 

(209) The equation q~-r = 0 represents the point of inter- 
section (at infinity) of straight lines parallel to BG. 

(210) The equation y?-f-y4*r = 0 represents the point of 
intersection of the straight lines which join the angular points of 
the triangle of reference to the middle points of the opposite 
sides. 
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(211) The equation 

p tan A-\-q tan B+r tan (7=0 

represents the point of intersection of the perpendiculars from 
the angular points on the opposite sides of the triangle of 
reference. 

(212) The equations 

+ p sin A±q sin B ±r sin C—0 

represent the centres of the inscribed and escribed circles of tlic 
triangle of reference. 

(213) The equation 

sin 2 A + q sin 2Z?+ r sin 2 (7= 0 

represents the centre of the circle passing through the points of 
reference. 

(214) The equation 

{q 4- r) sin 2 A + (r + p) sin 2B + (p-i- q) sin 2 (7= 0 

represents the centre of the nine-points’ circle of the triangle of 
reference. 

(215) Apply tangential coordinates to shew that the middle 
points of the three diagonals of a comjdete quadrilateral are 
collinear. 
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TANGENTIAL COORDINATES. CONIC SECTIONS. 


377. Definition. The equation to a curve in tangential 
coordinates is a relation among the coordinates of any straight 
line which touches the curve. 

The equation to a curve is therefore satisfied by the coor- 
dinates of any tangent to the curve ; and any straight line wliose 
coordinates satisfy the equation is a tangent to the curve. 

378. We have already seen that the identical relation con- 
necting the coordinates of any straight line may be written in 
any of tlic forms 

(7 ” ^ + (p ~ *lf cot G = 2 A, 

(P ” 2) {P — — r) {q —p) + (r —p) (r — q) = 4A*, 

or [apfy hqy crY = 4A^ 

It should be noticed, that if 

0 = [ap, Iq, crY, 


then 



d^_ 

dp 

= 2a (ap 

— hq cos C • 

- cr cos B), 




ill 

2b (pq - 

- cr cos A — 

ap cos (7), 




Hi 

2c (cr — 

ap cos B — 

■ hq cos A)y 

and 

iW 

dO 

d0_ 

0. 




d<l 

dr ~ 
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379. To find the equation to the circle whose centre is at the 
point 

lp + mq + nr = 0, 

and whose radius is p. 

Let p, q, T be the coordinates of any tangent to the circle. 
Then since p is the distance of the tangent from the centre, we 
have (Art. 370) 

and rendering this homogeneous by the relation 
[ap^ hq^ crY = 4A''*, 


we get 


{ap, Iq, crj'* = 


4 /Ip + 7nq + nr\^ 

p^ \ I 7n n } ^ 


a relation among the coordinates of any tangent and therefore the 
equation to the circle. 


380. The general equation to a circle is therefore 
{aj>, hq, crY={\p + fiq-\-vr)\ 

and its radius is 

2A 

^ "h /-t' 4" ^ 

and the equation to its centre is 

A/; 4" = 0. 

For comparing the equation just written down with the form 
which we investigated, we have 

^ . . 2A 7;?+ + wr 

+ + — S -- - , ; 

p l-i-m + n 

therefore 

Xp _ I pp __ m vp _ n 

2A ~ f+m^n^ 2A"’7 + m4-w’ ^ ~ 7 + w + w ’ 

and by addition, 


(\ + p-\-v)p ^ 2 A 

2A 


or p=: 


\ + Z' 
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381. A particular case of the equation to a circle occurs 
when \ = /X, = i; = 0, or when p = co . 

In this case the equation takes the form 
{op, hq, cr}“ = 0, 

or a" {p-q) (p - r) + - r) (g ~p) + c“ (r - p) (r - = 0. . . (1), 

which is evidently satisfied when p^q^^r, shewing that any 
straight line lying altogether at infinity is a tangent 

But since the coordinates p, q^ r of any Jinite straight line 
satisfy the relation 

(p - y) (p - r) + (<7 - r) {q - p) -f (r -p) (r - j') = 4A^ 

wlilch is inconsistent with (1), we see tliat no finite straight line 
is a tangent to the circle. 

The circle is in fiict that described in Article 38, and would 
be represented in trilincar coordinates by the equation 

(a2 -f J/3 + cy)^ = 0. 

The centre is given by Op+Oq-hOr — 0, and is Indeter- 
minate ; the radius p is infinite. 

We shall speak of this circle briefly as the great circle, 

382. Some writers speak of the equation 

{q-‘r){q-p) + c\r -7^) (r - ?) = 0, 

as representing only the two circular points at infinity: and some 
correct results are deduced from giving it this interpretation. 

The discrepancy is precisely analogous to that which attaclies 
to the interpretation of the trilinear equation 

yS* + 7® + 2/87 cos A = 0, 
or to the Cartesian equation 

It has already been pointed out (Art. 318) that either of 
these equations represents two imaginary straight lines intersect- 
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ing in a real point, but is also the limiting form of the equa- 
tion to an evanescent circle at that real point. We explained 
that a complete description of the locus of such an equation of 
the second order must recognise the fact that when the real part 
of a conic section degenerates into a point, the imaginaiy 
branches become two straight lines tlirough the point ; and the 
equation to any two imaginary straight lines intersecting in a 
real point — so soon as it is regarded as representing a locus 
of the second order at all — must be regarded as represemting the 
ultimate conic evanescent at the real point and having the two 
straight lines as imaginary branches. 

In the present case we liave to deal with the ultimate conic 
at the opposite limit. Instead of the diameters becoming inde- 
linitely small they have become ind(‘finitcly great : but as before 
the cTsymptotes are imaginary, and in tlic limit tlic imaginary 
branches of the curve coincide witli them. And just as in the 
former case, the equation to the conic could in a partial view be 
regarded as only representing the imaginary asymptotes, so 
in this case the tangential equation to tlie conic may be regarded 
as representing only the two circular points at infinity, which are 
at the same time the points of contact of the asymptotes and 
their . polars with respect to the curve. 

We must again refer to the chapter on reciprocal polars, 
where this point is more fully discussed. 

383. To find the equitation to the conic section whose foci are 
at the points 

Ip + mq + nr = 0, 

Tqj + mq + nr = 0, 

and whose conjugate or minor axis is 2p, 

Let {p, q, r) be any tangent to the conic ; then since />* is 
equal to the rectangle under the focal perpendiculars on any tan- 
gent, we have 

2 Ip-^ m,q 4- wr Ip-\- mq -f nr 
^ Z + m -f n * Z' -f 7n' -h n' ’ 
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and, rendering tills homogeneous by the relation 


we get 

[ap, 


[ap, Iq, cr)"=4A®, 

1,1 4- mg + nr) [T p + mg 4- nr) 

{1 + m + n) [I' + m + n) ^ 


a relation among the coordinates of any tangent, and therefore 
the equation to the conic. 


384. Tlie general equation to a conic may therefore be 
written 

np^ + Vff + icr^ + 2agr -\- 2v rp + "Iwpg == 0 , 

and the foci are given by the equation 

?/// + V(f + ivr^ + 2ugr + 2v rp + + k [(ip^ hp rrj" = 0, 

where k is to be so determined that the left-hand member of 
this equation may be resolvable into two factors. 


385. Obs. Tlie equation to give k is 


+ 7 vvr, 10 — kah cos ( 7 , v — kca cos 7? 
w — kah cos 0, v + kh\ u — khc cos A 
V — kca cos 77, xi — Icbc cos yl, + k(^ 


= 0 . 


The coetheient of 7/ in this cubic vanislies, and the equation 
reduces to a quadratic giving two values for k, indicating two 
pairs of foci. One will be a real pair, tlie other an imaginary 
])air. 

Or, viewing the equation for k in a more general aspect, it 
has three roots, one of which is infinite. There will therefore be 
three pairs of foci, the two pairs just spoken of and another pair 
represented by the equation 

{ap, Ig, cr}' = 0, 

to which we must in this case give its partial interpretation, as 
representing the two circular points. 
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Hence every conic may be said to have six foci, two coin- 
ciding with the circular points, two real ones whose geometrical 
properties are known, and two other imaginary ones. 

When we speak of the four foci of a conic, it will be under- 
stood that wc neglect the two circular points which arise from 
the Interpretation of the evanescent term in the cubic for Ic, 

386. To find the coordinates of the tangents draxon from a 
given point to a given conic ^ we have only to solve simultaneously 
the equations to the point and the conic and wc shall get two 
solutions for the ratios of the coordinates of the tangents required, 

387. To find the condition that a given point may lie upon 
a conic ^ we must construct the equation for the coordinates of 
the two tangents from the point, and express the condition that 
the quadratic thus constructed may have equal roots. 

388. The imaginary tangents drawn to a circle from its 
centre touch all concentric circles and the great circle at infinity. 

For let \p + fig^-vr — O (1) 

be the centre : then by giving different values to 7 j, the equa- 
tion 

[apy hgy cr\^ ■\-h(fip-\- p(i-\-vry-0 (2) 

will represent any circle in the concentric series, and the coordi- 
nates of the tangents from the centre are obtained by solving 
simultaneously equations (1) and (2). Hence they arc given by 

(X^ + /i2' + w)’' = 0| 

and {ap, bq, cr}“ = oJ ’ 

which arc independent of Ic, shewing that the same imaginary 
tangents touch all the concentric circles. 

But the equation 

{ap, hq, crp = 0 

represents the great circle, and therefore the equations (3) deter- 
mine the coordinates of the tangents from the given centre to the 
great circle. Hence this circle has imaginary tangents in com- 
mon with any concentric series. 
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389. Cob. The four common tangents to the great circle 
and any other coincide two and two, for they coincide with the 
two tangents to the latter circle from its centre. 

390. The common tangents to the great circle and any conic 
intersect, two and two, in the foci of the conic. 

Let {ap, h(i, erf = {Xp -{■ fiq-\-vr) (\p + pg -f vr ) . . ..(1) 
be the equation to any conic. 

The common tangents to this conic and the great circle will 
be obtained by solving together the equation (1) and the equa- 
tion 

{ap, Iq, crf=0 ....(2). 

These tangents are therefore four in number. 

From the equations (t) and (2) we obtain 

{\p + fJLq + vr) {X'p + fiq + vr) = 0. 

Hence the four tangents pass through one or other of tlic 
points represented by this equation, i. e. through one or other of 
the foci of the conic. 

Therefore, &c. Q. E. D. 

391. Cor. 1. We may adopt the following definition of 
the foci of a conic. 

The four common tangents to any conic and the great circle 
at infinity intersect in six points which are called the foci of 
the conic. 

Two of these six foci are the circular points, as wc saw in 
Art. 385. Hence every real or imaginary tangent to the great 
circle passes through one or other of the circular points. 

392. Cor. 2. The common tangents to two confocal conics 
pass two and two through the foci and touch the great circle at 
infinity. 
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393. To find the equation to the centre of the conic whoi: 
tangential equation is 

f{p, q, r)=0. 

Let {p\ q\ r) be the coordinates of any diameter, and su(] 
pose {p 4- h, q + A, r + A) a parallel tangent. Then, sine 
(qi hy q A, r + h) is a tangent these coordinates must satisf 
the equation to the curve, therefore 

f{p' Jrh, q +h, / + 7i) =0, 
an equation to determine 1l 


We may write it 


/(/, q\ r) + h + ^) + Ay (1, 1, 1) - 0 ; 


and since the two values of li must be equal and of opposit 
sign we have ' 


dp d([ dr 


= 0 . 


But (j/, r) is any diameter: therefore every diamete 
passes through the point whose equation is 

dp ^ dq ' dr ’ 

therefore this is the equation to the centre which was required. 


394. Cor. 1. If the equation to the conic be written 


[ap), Iq, crY -f h {!}} + mq + nr) (Ifi -f mq + tir) — 0, 
the equation to the centre becomes 


ip + mq + nr I'p + mq + 7ir __ 

1 + m + n t + n * 

a result which we might have inferred d priori from the pro 
perty that the centre bisects the line joining the foci. 
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395. Cor. 2. If we write the equation to the conic in the 
general form 

up" + v(f -f- wr^ + 2uqr + 2vrp -f 2wpq = 0, 
the equation to the centre takes the form 
Ti}} ~\-vq-\- tor = 0, 

where w = w + v -f w ^ w; = it? + w' 4- v . 

396. Cor. 3. If /(p, <2, r) = 0 represent a circle this equa- 
tion must (Art. 380) be identical with 

[aii^ hq^ crY - k {up 4- Ivy 4- Hry = 0. 

Hence wc must have (see Prolegomenon,) 


1 

t’. 

w, 

1 i 

=0, 

1 —0 

u , 


w^, 

w 4- V 4- m j 


i 

h\ 

c", 

0 



which, therefore, express the conditions that the general equa- 
tion of the second degree should represent a circle. 

397. To find the coordinates of the diameter parallel to a 
given straight line. 

Let {p\ (fiy r) be the given straight line, and suppose 
(j/4-/i, q-\‘hy r4-/0, 

the parallel diameter. Then these coordinates must satisfy the 
equation to the centre, therefore 

u {p -\-h) + 'v {q h) + w (r 4- h) = 0, 

^ ^ up' 4- vq 4- wr ^ 

U'\-V + W ’ 

hence the required coordinates arc 

v{p — q) -\'w{p—r) w{q —r)-k’u{q —p) u{r -- p)’\-v(r -q) 
u-\-v-^w ’ ' 54-V4-S 


w. 
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398, To find the condition that the equation 

f ipy T ~ 2uqr + 2v'?p + 2w2yq = 0, 

should rejyresent a parahola. 

The necessary and sufficient condition is that the line at 
infinity should be a tangent. 

Therefore p = q = r must satisfy the equation. 

Therefore /(I, 1, 1) = 0, 

or u V + w + 2u' + 2v 4- 2id = 0, 

or 4- V 4- ^ = 0, 

the required condition. 

399. Cor. If the equation to the conic be written 

{ap, Iq, erf 4- + pq + vr) (X + pq + v r) = 0, 

the condition becomes 

(\ + 4* (X^ 4“ 4- v) = 0, 

shewing that a conic is a parabola if cither focus lie at infinity. 


400. To interpret the equation 

df ^ 



with respect to the conic f{p^ q, r) =0. 

I. Suppose that the straight line {p!. </, r) is a tangent to 
the conic. 

Then f{p\ q\ r) = 0, 

or, as we may write it, 

^ dp' ^ dq dr' ’ 

which shews that the equation (1) represents some point on the 
tangent (p, g[, r'). 
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Now let {p\ q\ r") be the other tangent from this point. 
Then since it passes through the point (1), wc have 

, ndf „ df 

, <1f , df , df ^ 

P dp"^'J d^^^ dr"^^' 

which shews tliat {p' , q , f) passes tlirough the point given by 

<^f df df 

P dp" dq"'^''' dr" 


But since (/>", q", r") is a tangent, we. have 
f{p", q, r")=0, 

whicli shews that (^/', (f y r') also passes through tlic point (2). 

Hence the point (2) is the point of intersection of the tan- 
gents ( jf, q, t) and [p” y //", r') ; that is, it coincides with the 
point (1), therefore the equations (1) and (2) are identical. 

Therefore, 

df df df^ 

dp dq __ dr 

df ~ 'W~ W' 

dp" dq' dr' 

of which a solution (and since they arc simple equations, the 
only solution) is evidently 

" •> A." > 

p q r 

or the tangents [p, f, f), {p", q', r") coincide. Hence the 
given equation represents the point of contact of the tangent 
(/, r). 


23—2 
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But II. suppose {p\ r) be not a tangent, then let 
iPiy 5^2 j ^2) tangents at the points where 

q\ r) meets the conic. 


Then by the Case I. their points of contact are given by the 
equations 

d£ ^ 

dp^ ^ dq^ ' * dr^ 


df ^ 


df df 

V i “ + ^ J + ^ 
dl\ ^dq.^ 


df 

di\ 


0 . 


And since these points both lie upon [p\ q\ ?*'), we have 



, (If . df , df , 
p f — I" 2 — I" j — ~ ^ 

dPi dq^ dl\ 

and 

,df <df,df_ 

^ dq^'^^ dr,~ ’ 

or 

df df df ^ 

and 

df . df , df - 
dp'^^^d(f^^*df~^’ 


which shew that q^, r^), {p^^ q^, pass through the 
point given by 

df df df ^ 

that is, the equation 


P 


df df df 


= 0 


represents the point of intersection of tangents at the extremities 
of the chord (p', q^ r). 


Therefore always — 


The pole of the straight line {p\ q\ f) is represented hy the 
equation 


if 


df df 
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401. Cor. 1. If the equation to the conic be written 
U'f -f- v(f 4- + ^uqr + ’Ivrp + ^wpq^ = 0, 

the pole of the line (;/, q ^ r) is given by 

p {^fp + w'q + vr) + q (vq + ur + ivp) + r [wr + vp -f uq) = 0. 


402. Cor. 2. With respect to the great circle the pole of 
the straight line (p', r') is 

ap iap — hq cos G — cr cos B) + hq {bq — cr cos A — ap cos C) 

+ cr (cr — ap cos B — Iq cos A) = 0, 
which is satisfied ifp = q = i\ 

Ilcnce the pole of any straight line with respect to the great 
circle is at infinity. 


403. Cor. 3. The equation of the last corollary becomes 
indeterminate if p —q r\ 

Hence the pole of the straight line at infinity loith respect 
to the great circle is indeterminate^ as we shewed otherwise in 
Art. 381. 

It also follows from Cor. 2, in virtue of Art. 234, that the 
polar of any finite point loith respect to the great circle is the 
straight line at infinity. 


404. To find the coordinates of a diameter of a conic con^ 
jugate to a given diameter. 

Let /(p, q^ r) = 0 be the given conic, and (p', q, r) the 
given diameter. 

Let (p'-f/o ? +/o r^h) and [p -h^ ? r'-A) be 
the parallel tangents. 
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Then their points of contact (or poles) arc given by the 
equations 


,df ,df ,df 


dr 




, , df , df , df , (df df df\ 

and p + + 


The conjugate diameter joins tliese two points : hence its 
coordinates will be olitained by solving together these two equa- 
tions, Hence the coordinates are given by 


and 


or by 


,df^ , df ^ ,df 


dr 


‘V+V.'iL 

dp dq dr 


= 0 



df 

dp 

" T —7 

q - ?• 


dq dr 

r - p p - <1 


( 1 ), 


c^). 


Tlie equations ( 2 ), with the identical relation (Art. 364 ), 
determine tlic coordinates p, (/, v required. 


Cor. The first of the equations (1) shews that the con- 
jugate diameter passes through the pole (at infinity) of the 
original diameter. Hence W(*. might express the definition of 
conjugate diameters tlius : 

Two diameters of a conic are said to he conjugate ivhen each 
passes through the pole of the other. 


405. If the equation to the conic be written in the form 

up“ 4- vf + wr’^ + 2 uqr 4- 2vrp 4- ’^wpq — 0, 

the equations to determine the diameter conjugate to a diameter 
(y, q\ r) become 

u p 4 - vr 4 - wq __ vq 4 - idq) 4 - ur __ tor -Viiq 4 - vp 
q-r ~ 
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or 


P 


q -i 






r 

w\ V 


g — r\ v\ u 


g — r, u, w 

t 


f t f ! 


t r t 

V, u 


r — p , u ^ w 


r —p y w, V 

ll ^ w 


p-g, w, V 


p-q\ V, u 


Cou. If tlic equation f{p,q,r)=0 represent a parabola, 
{p> ^ diameter, provided 

I t f f ft 

g ^ r __r — p p g 
u V w 


40G. To find the asymptotes of the conic 
f{l>. <h r) = 0. 

Let [p\ g^ r) be an asymptote. 

Then, siiujo [p\ f r) is a tangent whose point of contact is 
at infinity, these coordinates must satisfy tlic equation to the 
conic, and the coordinates of infinity must satisfy the equation 
to tlie pole of this tangent. 


ITence 


/(/>', <1, r) = 0 , 


and 


dp dg dr 


The first of tliese is a quadratic, and the second is a simple 
equation ; the coordinates of the two asymptotes will therefore 
be obtained by solving them togctlicr. 


Cor. It appears therefore that the coordinates of the asymp- 
totes of a conic are obtained by solving together the equation to 
the conic and tlie equation to its centre. Hence (Art. .386) the 
asymptotes arc the tangents to the curve from its centre. 


407. To shew that the cguation 

Igr + mrp + ngjg ~ 0 

represents a conic inscribed in the triangle of reference. 
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The equation is satisfied if = 0, r = 0 are satisfied. 

But these equations represent the side BC. Hence 7? (7 is a 
tangent to the conic. So the other sides are tangents. 

Therefore &c. Q. E. D. 

408. To shew that the triangle of reference is self-conjugate 
with resjpect to the conic 

Ip^ + mf + nr’^ = 0 . 

By Art. 400, the equation to the pole of the line {j)\ r) is 
Ipp -h mqf -f nrr = 0. 

II ence, putting q = 0, r = 0, the pole of the side BG oi the 
triangle of reference is given by 

;? = 0 , 

tliat is, it is the point A. 

Hence each side of the triangle of reference is the polar of 
the opposite angular point. 

Therefore &c. q. e. d. 

409. To find the general equation to a conic circumscribing 
the triangle of reference. 

Let u'jf + V(f + wr^ + 2uqr -f ^vrp + 2tdpq == 0 

be the equation of a conic passing through the points of re- 
ference. 

The tangents from p = 0 are given by 
vf -f wr^ 4- 2uqr = 0, 
and these must be coincident ; 
therefore ?/ = 4 V vw^ 

so V' z=: 4 V wu^ 

and w = uv. 



CONIC SECTIONS. 


361 


Hence writing f*, for ii, v, w, the equation becomes 

+ 7Vr^ ± 2mnqr + 2nlrp f 2hnpq = 0, 

and, as in Art. 205, the doubtful signs must be taken either all 
negative or only one negative, or else tlie equation would 
degenerate into two simple equations. 

Ilencc tlie general equation of a conic circumscribing tlie 
triangle of reference may be written 

'slip 7nq + = 0. 


410. If a9=0 he the equation to a contc^ and w = 0, v = 0 
the equations to two points ^ it is required to interpi'et the equation 

S + KUV = 0, 

where k is an arbitrary constant. 

Let {p^ <7, r) be one of the tangents from the point w = 0 to 
the conic S = 0. 

Tlien (7?, q^ r) satisfy botli the equations 
S=Q and u = 0, 

and therefore (7?, q, r) satisfy the equation 

S + KUV = 0. 


Hence either tangent from ?/ = 0 to ^9 = 0 is a tangent to 
the conic 


S + KUV — 0. 


Similarly, either tangent from v = 0to/9=0 is a tangent to 
the same conic. 

Hence the equation represents a conic section, so related to 
the given conic that two of the common tangents intersect in 
(u = 0), and the other two in (v = 0). 
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411. To interpret the equation 

UV + KWX = 0 , 

where = 0 , = 0, w = 0y x = 0 

are the equations to points. 

Suppose {py qy 7') the straight line joining the points 
u — O, w = 0, 

then these eoordinates satisfy both tlic equations 
u = Oy w — 0, 

and therefore satisfy the equation 

UV + K7VX = 0. 

But this equation being of the second order represents a 
conic section. Hence it represents a conic section touching the 
straight line joining the points 

zi = 0 , to = 0 . 

Similarly, the conic touches the line joining 

ti = 0 , X 0 , 

and the line joining 

V = 0 , w ~ 0 , 

and the line ioinins; 

V=0y x=0. 

Hence it represents a conic inscribed in the quadrilateral 
Avhose angular points are 

u = {), w = 0, v = 0, x==0 

in order. 

412. To interpret the equation 

UV 4 - KW^ — 0 . 

As in the last case, this is a conic touching the lines joining 
the points (u = 0, w = 0) and (u = 0, w^O). 
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Moreover, the tangents from = 0 to the curve, are given by 
w = 0 1 

J ’ 

and therefore are coincident. Hence {u = 0) lies on the curve. 
Similarly, (v — 0) lies on the curve. 

Hence the equation represents a conic section passing 
through the points m = 0, v = 0, and whose tangeifts at those 
points intersect in 2 v = 0. 

413. To interpret the equation 

Ivio 4 mwu 4 nuv = 0, 

where u = 0, v = 0, w = 0 ai'e the equations of three points. 

Being of the sec.'ond order the equation represents some conic. 
The equation is satisfied wlien t? = 0 and lo — 0, 

Hence tlic straight line joining = 0 and ?e = 0 is a tangent 
to the conic. 

Similarly, the straight line joining = 0 and u = 0, and the 
straight line joining u = 0, v = 0, are tangents. 

Hence the equation represents a conic inscribed in the tri- 
angle whose angular points are = 0, v = 0, w = 0. 


414. 

equation 


By com])arison with Art. 408, it will be seen that the 

tu^ 4 mv^ 4 nw^ = 0 , 


represents a conic, with respect to which the triangle formed by 
joining the points 

u = 0, V = 0, w = 0, 

is self-conjugate. 


So it may be shewn as in Art. 409, that the equation 
J/u-h J niv 4 

represents a conic circumscribing the same triangle. 
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415. It will be necessary for the student to distinguish 
between a curve of the order and a curve of the class. 
The following definitions are usually given. 

Def. 1. A curve is said to be of the order when any 
straight line meets it in n real or imaginary points. 

Uef. 2. A curve is said to be of the class when from 
any point there can be drawn to it 7z real or imaginary tan- 
gents. 

A curve of the order will therefore be represented by an 
equation of the degree in trilincar or triangular coordinates, 
and a curve of the class will be represented by an equation of 
the degree in tangential coordinates. 

We have shewn that every conic section is both of the second 
order (Art. 145) and of the second class (Art. 230). 


Exercises on Chapter XXIII. 

(217) The equation 

tan A-h tan B-hr^ tan (7=0, 

represents the circle with respect to which the triangle of refer- 
ence is self-conjugate. 

(218) The circle circumscribing the triangle of reference 
has the equation 

V^^sin^-h sinB+Vr sin (7=0. 

(219) The circles escribed to the triangle of reference are 
given by the equations 

— s^r -j- (s — c) rp + (s — h)pq = 0, 

{s — c) — srp -h {s — a) pq = 0, 

{s — l)qr+{s-- a) rp — spq = 0 . 
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(220) The circle inscribed in the triangle of reference is 
given by 

{s — a) -f {s —b) rp+ ( 5 — c) pq = 0. 

(221) The equation to the nine-points’ circle of the triangle 
of reference is 

{apf bq, or]®= [ap cos bq cos (0 — A) +cr cos (A — i?)}^ 

or a \lq-\-r -\-j) + c ^p + ^ = 0. 

(222) The general equation to a conic bisecting the sides of 
the triangle of reference is 

[m — nYp^ + [n — ly q^’\- {I — my + 2 {l^qr + m^rp + ^i^q^q) 

= 2 {nm -^911+ Irn) {qr -h rqj 

(223) The conic which touches the sides of the triangle of 
reference at their middle points has tlic equation 

qr + rp -{-pq = 0. 

(224) The point fp^- gq^- hr = 0, lies on the conic 

Ip^ 4- m(f + nr* = 0, 

r n" h^ ^ 

provided ■ , + — + -- = 0. 

^ L m 71 


(225) The point fp gq hr = 0, lies on the conic 

^Iqr 4- mrp 4 - 7ipq = 0 , 
provided VZ/* + V my 4- V nh = 0. 

(226) The point fp gq-^hr — 0, lies on the conic 

^/^p + V mq 4- V/ir = 0, 

I m n 

provided / ^ A “ 
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(227) The six straight lines joining the non-eorresponding 
vertices of two co-polar triangles touch one conic. 

(228) The points given by the ecpiation 

Z ( 2 ^ + r) 4- (Vwi + V ny i) = 0, 

lie upon the conic Iqr + mrp + n^pq = 0, and the ])olc of the chord 
joining them is given by the equation 

Z — r) 4 {})i — li) p — 0. 

229) Sliew that the conic 

+ V mq 4- V nr = 0, 

is inscribed in the triangle whose angular points are 

mq 4- — ^ = 0, nr -{-Ij) — mq = 0, ^>4- mq — nr = 0. 

(230) If conics arc inscribed in a quadrilateral the poles of 
any fixed straight line lie on another straight line. 

(231) Shew that the conic 

4- — 0, 

is inscribed in the quadrilateral whose angular points in order 
are 

w + v 4- R? = 0, 

— u V to — 0^ 
u — v-\-w — 0j 
u-\- V — to ~ 0. 

(232) The conic 

w* ti? ^ 

1 q_ ~ 0 

m--n n — l l—m 
circumscribes the same quadrilateral. 
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(233) The equation 

(Z® — mn) {p^ — qr) + {m^ — 7il) {(f — rp) 4- {n^ ~ Im) {r^ — p<l) = 0, 
represents a parabola, passing through the points 

mp + 7iq 4 = 0 and 7ip 4 Iq 4 mr = 0, 

and touching the straight lines joining these points to the point 
Ip 4 'niq + nr — 0. 


(234) The points of contact of tangents from the point 
Ip mq-^-nr = ^ to the* conic /(p, q^ r) = 0, are given by the 
equation 


u, 

w\ 


1 

f{p, a, »•) + 

7ly 

w, 

V 

{Ip 4 mq 4 ni'Y = 0. 


% 

u. 

711 


to\ 


71 



u\ 


71 



ll, 

70 


17 

711^ 

71, 

0 







(235) Two conics have double contact and the common 
tangents intersect in 0, If P be any point on the exterior conic 
the tangent at P and the tangents from P to the interior conic 
form with the straight line OP, a harmonic pencil. 
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416. If wc refer to the proof of Pascal’s Theorem in 
Art. 200, and to that of Brianchon’s Theorem in Art. 218, 
we shall observe that by interpreting the coordinates as tan- 
gential instead of trilinear in the proof of either theorem, we 
should obtain a proof of the other. 

And so in many other cases, the same equations being 
written down and the same eliminations or other processes 
being performed, we shall arrive by the selfsame work at two 
different theorems, differing by tlie interpretation which we 
give to the coordinates and to the equations into which tliey 
enter. 

This is the strict analytical method of applying the prin- 
ciple of duality, the principle by wliich every theorem concern- 
ing the configuration of points has another theorem correspond- 
ing to it concerning the configuration of straiglit lines. And 
in working with equations cither in trilinear or tangential 
coordinates, we ouglit always to be on the watcli for proper- 
ties which may be suggested by supposing our coordinates to 
belong to the opposite system. 

But when we use geometrical methods, and arrive at pro- 
perties of points or lines without the aid of equations, we have 
not generally any symbols capable of a double interpretation 
by which we may take advantage of the principle of duality. 
In this case, therefore, since we cannot obtain a double result 
by a double interpretation of symbolical expressions, it is useful 
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to consider by what means we can transform a single result so 
as to arrive at the corresponding theorem. 

The method by which we can most directly effect this trans- 
formation is called the method of Polar Peci'procals. As a 
geom(‘.trical method it does not strictly enter into the scope of 
the present work, and tliereforc wc shall not greatly enlarge 
upon its application. We shall, however, explain the funda- 
mental principles upon which these transformations are made, 
both because we shall thereby obtain an opportunity of exhibit- 
ing the significance of many of the equations in tangential 
coordinates, and because the nomenclature which the method 
introduces is often employed in the statement of propositions of 
importance in the analytical methods. 

417. As an example of the double interpretation of results to 
which we have just referred, we will arrange in parallel columns 
two important propositions connected together by the principle 
of duality, and give their common method of proof, using 
trilinear coordinates for the one proposition and tangential for the 
otlier. To shew the identity of the work, wc will use the same 
letters y, to represent triangular coordinates in the first 
column and tangential coordinates In the second. 

If two triamjJes he inscribed ! If two triangles circumscribe 
in one conic^ their sides tvill one conic, their angular points 
touch one conic, ( will lie on one conic. 


Take one of the triangles as triangle of reference, and let 

(^l> y ^1)7 Ul’i ^2)7 (*^3 7 ^3’ '^3) 

angular points j sides 

of the other. And let the conic have the eejuation 


trilinear^ 


I m n 
- + + = 0 , 
y z 


then the e(^uations to the 

sides 

w. 


[tangentied 

angular points 

24 
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of the second triangle will be 


lx 

my nz 
+ - + - = 0 , 


y^iV^ V 8 

lx 

my nz 
q- _ _ q _ Oj 



lx 

my nz 

q- ‘ q — 0 , 


2/12/2 ^1^2 


Now tlic equation 

s/ fxy s/ vz 0 

represents any conic 

inscribed in \ circumscribing 

the first triangle (the triangle of reference) and it will also 

be inscribed in | circumscribe 

the second triangle provided /x, v be determined so as to 
satisfy the equations 


/ m n ’ 

q. ^ 0 

I m n ’ 

I m n 

which are consistent equations provided 


1 

1 

1 

a*,’ 

Vx' 


1 

1 

1 


y% 

'^2 

1 

1 

1 


7A’ 

2. 
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And this is seen to be identically satisfied, since by hypo- 
thesis 

i. + ”‘ + Zi = o, l + i + 

yi ^2 Vl ^2 ^3 Vz ^3 

Therefore, &e. q.e.d. 

418. Let the ])oints Pj, P^, Pg be the poles of the 

straight lines respectively, with respect to a 

conic O, 

If the points P^, P^ all lie upon one straight line, 

we know that the straight lines p^y p.^y will all pass 

through one point. But if otherwise, tlie points I\y Pg, 


42 . 



in order may be regarded as the angular points of a polygon, 

and the straight lines in order may be regarded 

as the sides of another polygon. 

Tliis second ])olygon is called the reciprocal of the first 
polygon with respect to the conic 0, 


24—2 
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419. If until respect to a conic, the reciprocal of the polygon 
G he the polygon g ; the reciprocal of the g^ohjgon g will he the 
polygon G. 

For let Pj, Pg be any two adjacent angular points of the 
polygon G, and p^, p., their polars : tlicn since g is the recipro- 
cal of G, p^, p^ are sides of the polygon g. 

Let the sides p^, p^ intersect in Q, and let the polar of 
Q be q, then since p^, intersect in Q, tlicir poles P^, P^ lie on 
q the polar of Q. 

Hence Q is an angular point of the second polygon, and its 
polar q is a side of the first polygon. 

Therefore the polars of all the angular ])oints of the second 
polygon arc sides of the lirst. Therefore the reci])rocal of the 
second polygon is the first polygon. 

Therefon', &c. Q. K. D. 

420. If tlic number of angular points 1\, P^, Pg of the 

first polygon be indefinitely increased, so that the polygon 
becomes ultimately a curve, the number of sides of the second 
polygon will likewise increase indefinitely, so that it will also 
become ultimately a curve. And if wc regard any of the points 
P^, Pj on tlie first curve, the corresponding straight lines 

are tangents to the second curve. 

So if n points on either curve lie uj)on a straight line, then 
will n tangents to the other curve pass through a point. 

Consequ(*ntly if one curve he of the nf'* order and class, 
the other will he of the n^’* order and nP‘ class, 

421. It follows from Art. 419 that if any curvilinear or 
other locus F be the reciprocal of another locus f with respect 
to a conic 0, the locus f will also be the reciprocal of the locus 
F. The two loci arc said to correspond to each other with 
respect to the conic 0, 

It is convenient to si’cak of the centre of the conic 0 as the 
centre of reeiqyrocation. 
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422, The following theorems follow immediatelj from the 
principles wc liave laid down. 


(i)- 

A point corresponds to 

The point of intersection of 
two straight lines. 

(iii) . 

Collinear points. 

(iv) . 

A polygon of n sides. 

(v) . 

The iingiihir points of ji 
polygon. 


(i). 

a straight line. 

The straight line joining 
the corresponding points. 

(iii) . 

Concurrent straight lines. 

(iv) . 

A polygon of n sides. 

(v) * 

The sides of tlie correspond- 
ing polygon. 


(vi) * ^ 

A curve of the order \ 
and class. > 

(vii) . 

A point on a curve. \ 

(viii). 

The point of contact of a ) 
tangent. \ 

(ix) . _ I 

A chord joining two points, j 

(x) - 

The chord of contact of two \ 
tangents. i 

(xi) . 

A curve inscribed in a poly- | 
gon. 

(xii) . 

A point of intersection of | 
two curves. ] 


(vi) . 

A curve of the class and 

order. 

(vii) . 

A tangent to the corre- 
sponding curve. 

(viii). 

The tangent at the cor- 
responding point. 

(ix) ; 

The point of intersection of 
the corresponding tangents. 

(x) . 

The point of intersection of 
tangents at the corresponding 
points. 

(xl). 

A curve circumscribing the 
corresponding polygon. 

(xii). 

A common tangent to two 
curves. 
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(xiii). corresponds to (xiii). 


Two curves which touch 
one anotlicr. 

i. e. Which have a common 
point and the same tangent 
thereat. 

(xiv) . 

Two curves having double 
contact. 

(xv) . 

Tlie cliord of contact. 

(xvi) . 

A double ])oint on a curve*. 

i.c. A point at which there 
arc two tangents. 

(xvii). 

A point of oscmlation*. 

(xviii). 

A point Q in which the 
tangent at P cuts the curve. 

(xix), 

A point of inflexion*. 

Obtained from the last case 
by making Q coincide with P, 


Two curves which touch 
one another. 

i. e. Which liave a common 
tangent and the same point of 
contact. 

(xiv) . 

Two curves having double 
i contact. 

(xv) . 

The point of intersection of 
the common tangents. 

(xvi) . 

A double tangent* to the 
corresponding curve. 

i.c. A tangent having two 
( points of contact. 

I _ (xvii). 

I' A point of osculation. 

! (xviii). 

; A tangent <i drawn from the 
^ point of contact of a tangent p. 
(xix). 

The tangent at a point of 
( inflexion. 

\ ( Obtained from the last case by 


? making q coincide with p. 

(xx) . ^ I (xx). 

A curve having r points of | A curve having r points of 
inflexion. { inflexion. 

(xxi) . (xxi). 

The straiglit line at infinity. | The centre of reciprocation. 

(xxii), ( (xxii). 

A point at infinity. ^ A straiglit line tlirougli the 

I centre of reciprocation. 


Sec tlie Definitions infrd Chapr XXVI. 
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(xxiii). corresponds to (xxiii). 


An asymptote, 
i.o. A tangent at infinity. 

(xxiv). 

Parallel straight lines. 


The point of contact of a 
tangent from the centre of re- 
ciprocation. 

(xxiv). 

Points collinear with the 
centre of reciprocation. 


423. The foregoing properties ap])ly to all curves whatso- 
ever : we proceed now to state some which apply to conic 
sections in particular. 

Since a conic section is of the second order and of the 
second class (Art. 415), it follows immediately from (vi) tliat 
(xxvi). (xxvi). 

A conic section corresponds to a conic section. 

(xxvii). I (xxvii). 


The ])ole of a straiglit line j 
with respect to any conic. \ 
This follows from (x). < 

(xxviii). \ 

The centre of a conic. ^ 
This follows from tlui precod- ■ 
ing by supposing the line to be > 
at infinity. Hoe (xxi). \ 

(xxix). I 

Parallel tangents. \ 

See (xxiv). I 

(xxx). 

Concentric conics. > 

j 

(xxxi). ^ I 

A pair of conjugate diame- 
tors in a conic. > 

i. e. Two lines each of which 
is the })olar of the point where ;; 
the other meets infinity. i 


'’riu' polar of tlie correspond- 
ing point witli respect to the 
correspon ding conic. 

(xxviii). 

Tlie chord of contact of tan- 
gents from the centre of reci- 
procation to the corresponding 
conic. 

(xxix). 

Tlie extremities of a chord 
through the centre of recipro- 
cation. 

(xxx). 

Conics with respect to wliich 
tlie polars of the centre of reci- 
procation coincide. 

(xxxi).^ 

Two points which with the 
centre of reciprocation form a 
self-conjugate triangle with re- 
spect to the corresponding 
conic. 
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(xxxii). corresponds to (xxxii). 


The points where a conic ^ 
meets the straight line at in- I 
finity. I 

(xxxiii). I 

A hyperbola. ? 

i. e. A conic meeting the I 
straight line at infinity in real ^ 
points. ^ 

(xxxiv). I 

An ellipse. i 

i. e. A conic meeting the j 
straight line at infinity in iina- t 
gin ary points. > 

(xxxv). i 

A parabola. i 

i. e. A conic meeting the \ 
straight line at infinity in coin- > 
cident points. \ 


The tangents to the cor- 
responding conic from the cen- 
tre of reciprocation. 

(xxxiii). 

A conic having its convex- 
ity towards the centre of reci- 
procation. 

i. e. Having real tangents from 
that point. 

(xxxiv). 

A conic having its con- 
cavity towards the centre of 
reciprocation. 

i. e. Having imaginary tan- 
gents from that ])oint. 

(xxxv). 

A conic passing through the 
centre of reciprocation. 

i. 0. Having coincident tan- 
gents from that point. 


424 , Given the equation of a curve in triangular coordi- 
nates^ it is required to find the equation to its jiolar reciprocal 
with reference to the conic 

lof + + nf =0 (1). 

Let /(a, /S, 7) = 0 

be the equation to the given curve : let (a', /S', 7') be any point 
upon it so that 

/(a, 7')=0 (2), 

and let p, q, r be the tangential coordinates of the straight line 
corresponding to (a' /S', 7). 

Then the equation to this straight line in triangular coordi- 
nates is 


poL -h q^+ ry — 0. 
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But since it is the polar of (a', /3', 7 ') with respect to ( 1 ), its 
equation may be written 

Za'a ^ + ^7 7 = 0, 


therefore 


loL _ myS' _ 7vy' 
p q r ' 


and substituting in ( 2 ), we get 


/(f £• 3=»’ 

a relation amongst p, q, r, and therefore the tangential equation 
of tlie curve reciprocal to the given one. 


Cor. 1 .. The conic of reciprocation being its own reciprocal 
is represented in tangential coordinates by the equation 

222 

I m n 

The centre of reciprocation is given in triangular coordinates 
by the equations 

?a = = 7 ^ 7 , 

and in tangential coordinates by the equation 

£ + s: + "=o. 

I m n 

Cor. 2 . The reciprocal of the curve whose tangential equa- 
tion is 

f{p, q,r)=0 

is represented in triangular coordinates by the equation 
/(Za, W7) = 0. 


Cor. 3. With respect to the conic 
a* + ya'+7“=0, 

the equations 

/(a, 7) = 0. and f{p, i?, r) = 0 

represent corresponding curves. 
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But it must be borne in mind that if the lines of refer- 
ence arc real, the conic of reciprocation is here imaginary. 
The centre of reciprocation is however the real point 

a = ^ = 7 , or ^ -f r = 0, 

viz. the centre of gravity of the triangle. 


425. We are now in a ])osition to illustrate the ap])arent 
discrepancy alluded to in Art. 382 as to the interpretation of tlic 
equation in tangential coordinates 

[o.p, hq, of = 0. 

We have seen (Art. Ill) tliat the circular points at infinity 
are given in triliiiear coordinates by the equations 

^ ^ 7 ^^ 

— 1 cos C + J— 1 sin C cos B ± J— 1 sin B * 


Their polars with res])cct to tlie conic 

/(«, 7) == 0 

are therefore represented by the equations 

(- f + % ® + 1 ® 


or 


df df d£ 
do. ^ djS ’ ^7 


= 0. 


So in triangular coordinates tlic polars of the circular points 
at infinity with respect to tlie conic 

/ («> 7) = 0, 

arc given by the equation 
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Consider the particular case of the conic whose equation is 

4 - wf = 0 , {t^^rianguloT 

and whose centre is given (Art. 178 ) by the equation 

7 a = m /3 = /zy. 

The pohirs with respect to it of the circular points are repre- 
sented by the equation 

{ 7 aa, = 0. 

But since the circular points are imaginary points at infinity, 
their polars must be imaginary and pass through the centre of 
the conic. 

Hence the equation 

{ 7 aa, m 7 >yS, 72^7}^ =0 

represents two imaginary straiglit lines intersecting in tlie real 
point 

7 a = = 727. 

But it follows from Art. 292 that the same equation may be 
more completely viewed as r(‘preseiitiiig an evanescent conic 
section, whose real branch has deg(merated into the point 

7 a = 722/3 = 727, 

and whose imaginary branches have become two imaginary 
straight lines. 

Now suppose we reciprocate the locus of this equation 
{ 7 aa, 72277 / 3 , 22c’7}^=0 
with respect to the conic 

7a^ 4- 722y8® 4- 227^ = 0. 

If wc interpret the locus as two imaginary straight lines (the 
polars of the circular points) it will reciprocate into two imagi- 
nary ])oints (the circular points themselves). On the other 
hand, if wc regard the locus as a conic (evanescent at tlu*. 
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centre of reciprocation) it will reciprocate into a conic (the great 
circle at intinitj). 

Now by Art. 424, the equation to the reciprocal is 
[aj7, bq, cr}^ = 0. 

Hence the ambiguity in the interpretation of this equation is 
accounted for, and is seen to be the direct result of the ambi- 
guity ill the interpretation of any equation to an evanescent 
conic, which may always be regarded as equally representing 
two imaginary straight lines. 

426. We can now continue our table as follows : 

(xxxvl). (xxxvi). 

Infinity corresponds to the centre of reciprocation. 

(xxxvii). < 

Tlie great circle at infinity. ? 

;■ 

<' 
s 

(xxxviii). $ 

The circular points at in- j 

Unity. i 

I 

(xxxix). 

The foci of a conic. | 


427. If a pencil of straight lines he reciprocated into a 
range of points^ the anharmonic ratio of the range is the same as 
that of the pencil. 

Take the lines of reference so that the conic of reciprocation 
may have the equation 


(xxxvii). 

An evanescent conic at the 
centre of reciprocation, 
(xxxviii). 

The polars of tlie circular 
points at infinity with respect 
to the evanescent conic, 
(xxxix). 

4^he chords joining the four 
points in which the correspond- 
ing conic is cut by the lines 
corresponding to the circular 
points. 
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And let w = 0 , u-\-kv—Qj v = 0 , u-^kv = 0 , be the equa- 
tions to the straiglit lines forming the pencil, then the anhar- 

monic ratio is “ . (Ar-t, 124). 

But the same equations with p, </, r written for a, 7 will 
represent in tangential coordinates tin*, range of four points, 
(Art. 424, Cor. 3), 

Therefore (Art. 374) the anharmonic ratio of the range is 
, the same as that of the pencil. Q. E. d. 

428. CoK. 1 . If four straight lines a, c, d (not neces- 
sarily coiicurrent) be cut by another straight line p in four 
points forming a range whose anharmonic ratio is the ])oints 
corresponding to a, c, d being joined to the point correspond- 
ing to p will form a pencil whose range is also k : and con- 
versely. 

For by Art. 422 (ii), the points in the range correspond to the 
lines in the pencil. 

Note. If a, e, rZ, p represent straight lines, it is often 
convenient to use the symbol [p.ahcd] to denote the anhar- 
monic ratio of the points in which the straight lines a, r, d 
intersect the straiglit linep. 

429. Cor. 2 . If p, a, h, c, d be the tangents to a conic at 

tlic points P, C, 1) respectively, then will 

[p.ahcd}==[l\ABCD}, 

430. TJ 7 //^ respect to a circle, any circle rerq^i'ocates into a 
conic, having a focus at the centre of reciprocation. 

Take a triangle self-conjngate with respect to the circle of 
reciprocation as triangle of reference. 

Then in triangular coordinates the circle of reciprocation has 
the equation (Art. 173), 

a* cot A + yS® cot P + 7 * cot (7 = 0 ( 1 ), 
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and any otlier circle may be represented by the equation (Art. 
322), 

{acos^, /ScosjB, 7C0S ( 7 }^ = (Za + myS 4*^7) (a -i-yS +7)...(2). 

Now by Art. 424 the reciprocal of the circle (2) with respect 
to the circle (1) is represented in tangential coordinates by the 
equation 

[j) sin A , q sin 7 ?, r sin CY 

~ Qp tan A + mq tan A 4 nr tan A) ['p tan A q tan B r tan (7), 
or [ap, bq^ cr]“ 

2 

== - .^^^(/^)tanA4^^2tan7i4^i^*tan Z7)(/) tanA 4 < 7 tan 774^* tan G). 

But (Art. 383) this represents a conic whose foci are given by 

Ip tan A 4 mq tan B 4 nr tan (7=0, 

and p tan A q tan B 4 r tan (7=0; 

the latter of which is the equation to the centre of recipro- 
cation. 

Hence the reciprocal of a circle witli respect to a circle is a 
conic, having a focus at the centre of reciprocation. 

Cor. Conversely, any conic recijirocatcd witli res])ect to a 
circle having a focus as centre, corresponds to a circle. 


431. We can tabulate our results as follows: 

Keciprocal Loci with respect to a Circle. 

(xl). ^ ; (xl). 

A hyperbola having the ? A circle having the centre 
centre of reciprocation as fo- \ of reciprocation without it. 
cus. J See (xxxiii). 
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(xli). I 

An ellipse having the centre \ 
of rccij)rocation as focus. I 

(xlii). ^ I 

A parabola having the cen- I 
trc of r(‘ci procation as focus. < 

(xliii). I 

The directrix of the conic. \ 
(xliv). \ 

The great circle at infinity. \ 

< 

< 

(xiv). ^ ^ I 

The circular points at in- < 
finity. 

(xlvi). 

The foci of a conic. 

See Art. 391. 


(xlvii). 

The focus of reciprocation. 


(xli). 

A circle having the centre 
of reciprocation within it. 

(Sec xxxiv). 

(xlii). 

A circle ])assing through the 
centre of recijirocation. 

See (xxxA’). 

(xliii). 

The centre of the circle, 
(xliv). 

The evanescent circle at the 
centre of reciprocation. 

The straiglit lines joining 
the centre of reciprocation to 
the circular points. 

The chords Joining the four 
points in which tlie correspond- 
ing conic is cut by radii from 
the centre of reci})rocatioii to 
the circular points. 

(xlvii). 

\ The straight line at infinity. 


432. Observing that the polar of a point F with respect 
to a circle whose centre is (9, is the common chord of that 
circle, and the circle on OP as diameter, and is therefore at 
right angles to OP, it follows that the angle wliich two points 
subtend at the centre is equal to tlie angle between their polars. 

Hence, when we reciprocate with respect to a circle, the 
angle between tim straight lines is equal to the angle which the 
corresqwndlng points subtend at the centre of reciprocation. 


433. Moreover the distances of a point and its polar from 
the centre of the circle contain a rectangle equal to the square 
on the radius. 
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Hence, when we reciprocate with respect to a circle, the 
distances of different points from the centre of reciprocation are 
inversely proportional to the distances of the corresponding lines. 


434. By the aid of tliis pro))erty it is easy to calculate the 
magnitude of the conic corresponding to any circle with respect 
to another circle. 


For let h be the radius of the circle of reciprocation, r the 
radius of the circle to be reciprocated, and h the distance be- 
tween their centres. And suppose a and h tlic semi-axes of 
the conic, and e its excentricity. 

By symmetry, the line joining the centres of the circles 
must be the axis of the conic, and the perpendiculars on the 
tangents at the vertices lie along this line. 

Wc have, therefore, 


whence, 


F/ _h 


435. It thus appears that tlic excentricity of the reciprocal 
conic is independent of the radius of tlie circle of reciprocation. 
The magnitude of this circle therefore only affects tli(‘. magni- 
tude, not the form of tlic resulting figure. Thus it hap])ens 
in many cases that the magnitude of the circle of reciprocation 
does not affect a proposition, and it is therefore often con- 
venient to speak briefly of reciprocation with respect to a j^oint 0, 
when we mean reciprocation with rcs})ect to a circle drawn at an 
undefined distance from the centre 0. 

We will now give some examples of the manner in wliicli 
the method of polar reciprocals is applied in the solution of 
problems. 


436. Four fixed tangents are drawn to a conic: to prove that 
the anharmonic ratio of the points in which they are cut hy any 
variable tangent is constant. 
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Let «, i, c, d denote four fixed tangents to a conic, and let 
p and q be any other tangents. Reciprocate the figure with 
respect to focus : then the tangents a, h, c, d correspond to four 
fixed points B, G, D on a circle, and.j), q to any other points 
P, Q on tlie same circle. 

Now, by ICucl. Tii. 21, the chords joining Aj P, C, D sub- 
tend tlic same angles at P as at Q. 

Hence, {P. AROD] ^ \Q . ABGD] ; 

tlievcfore ])y Art, 428, 

[ji . ahed] = [(] . abed]^ Q. E. I). 

437. Four fxed points arc taken on a conic: to qyrove that 
the anharmonic ratio of the pencil joining them to any variable 
poiyit on the same conic is constant. 

Let A^ P, f7, D denote four fixed points on a conic, and let 
P, Q be any otlier points. Reciprocate the figure with respect 
to any point; then tlic points A, P, 0, P, P, Q correspond to 
tangents a, e, p, q to another conic, and therefore by the 
last proposition 

[p . abed] — [q * abed], 

Ilcnce by Art. 128, 

(P. ABGD] =={Q. ABGD]. q. e. d. 

438. A 71 ellipse is iiiscydhed in a quadrilateral: to prove 
that any tioo opposite sides subtend supplementary angles at 
either focus. 

Reciprocate the whole figure with respect to a circle having 
the focus as centre. Then, by Art. 430, the conic corresponds 
to a circle, and the circumscribed quadrilateral to an inscribed 
quadrilateral. By Eucl. in. 22, any two opposite angles of this 
quadrilateral arc equal to two riglit angles. Hence, by Art. 
432, any two opposite sides of the corresponding quadrilateral 
subtend at the centre of reciprocation angles which arc together 
equal to two right angles. Ilencc tlie proposition is proved, 
w. 25 
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439. The following ‘‘corresponding theorems” will suffice 
to shew how the princi})al properties of conic sections may be 
deduced from the simplest properties of the circle by the method 
of polar reciprocals : 


Two tangents to a circle are 
equally inclined to their chord of 
contact. 

Two tangents to a circle arc 
equally inclined to the diameter 
through their point of inter- 
section. 

Parallel tangents to a circle 
touch it at the extremities of a 
diameter. 

A chord which subtends a 
right angle at a fixed point on a 
circle passes tlirough the centre. 

In any circle the sum of the 
perpendiculars from a fixed point 
on a pair of parallel tangents is 
constant. 

If chords of a circle be drawn 
through. a fixed point, the rect- 
angle contained by the segments 
is constant. 


\ Two tangents to a conic mea- 

< sured from their point of inter- 
section subtend equal angles at 
a focus. 

The segments of any chord of 
a conic, measured from the direc- 

< trix subtend equal angles at a 
I focus. 

e Tangents at the extremities 

^ of a focal chord intersect in the 
} directrix. 

i Tangents to a parabola at right 
\ angles to one another intersect on 
i the directrix, 

< In any conic the sum of the 

< reciprocals of the segments of any 
I focal chord is constant. 

^ Tlic rectangle contained by 

J the perpendiculars from tlie focus 
I of a conic on a pair of parallel 
\ tangents is constant. 


440. The following corresponding theorems illustrate the 
nature of the great circle at infinity; 


All real points on an evanes- 
cent conic coincide. 


All real tangents to an evan- 
escent conic meet in a point. 


I All real tangents to the great 
i circle coincide with the straight 
\ line at infinity. 


All real points on the great 
j circle lie on tho straight line at 
< infinity. 
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All imaginary tangents to the 
great circle pass through one of 
two imaginary points (viz. the 
circular points). 

441. The following will be also seen to be reciprocal 
theorems ; 

Pascal’s Theorem. If a hex- j Brianciion’s Theorem. If a 
agon 1)0 inscribed in a conic the j hexagon circumscribe a conic the 
points of intersection of o 2 )posite ^ .straight lines joining o 2 )posite ver- 
sidcs are collinear. | tices arc concurrent. 

If a quadrilateral circumscribe j If a quadrilateral be inscribed 
a conic, the intei*sections of its i in a conic, the intersections of its 
opposite sides and of its diago- ^ opj)Osite sides and of its diagonals 
nals will be the vertices of a self- \ will bo the vertices of a sclf-con- 
conjugate triangle. | triangle. 

If two triangles be jiolar reci- J If two triangles be polar reci- 
procals with respect to any conic, ' procals with rcsj^ect to any conic, 
the intersections of the corresj)ond' \ the straight lines which join their 
ing sides lie on a straight line. J corves j)on ding vertices meet in a 

' point. 


All imaginary points on an ^ 
evanescent conic lie on one of two < 
imaginary straight lines. \ 


Exercises on Cjiapter XXIV. 

(236) If a conic touch the sides BO, CA, AB of a triangle 
in the points vl', 7/, C\ then at cither focus BG, C'A, AB sub- 
tend equal angles: so also do (VI, AB\ BG\ and so do AB^ 
BC,CA\ 

(237) If two tangents to a parabola meet tlic directrix in 
Z, Z', and if S he tlic focus, llic angle ZSZ' or its supplement is 
double of the angle between the tangents. 

(238) In the [dane of the figure 38 (page 310) any point 0 
is taken, and tlirougli ^1, A\ a straight lines AF, A'F'y ap are 
drawn so as to make the 2 )cncil.s 

[A.BPCO], {A\BFCO], {a.hpcO] 
harmonic. Shew that these three straiglit lines are concurrent. 

25—2 
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(239) If two conics have a common focus and directrix, the 
tangent and focal radius at any point on the exterior conic divide 
harmonically the tangents from that point to the interior conic. 

(240) With a given point as focus four conics can be 
drawn so as to pass through three given points, and another 
conic can be described having the same focus and touching the 
first four conics. 

(241) S is the common focus of two conics, and S^, are 

the poles with respect to eitlier of the directrices of the other. 
Shew tliat are collinear, 

(242) Four conics arc described eacli touching the three 
sides of one of the four triangles ABC\ BGD^ CAD, ABD, and 
all having a common focus S : shew that they all have a common 
tangent. 

(243) The reciprocal of a parabola with regard to a point 
on the directrix is an equilateral hyperbola. 

(244) Tlie intersection of perpendiculars of a triangle cir- 
cumscribing a parabola is a point on the directrix. 

(245) The intersection of perpendiculars of a triangle in- 
scribed in an equilateral hyjjerbola lies on the curve. 

(246) The tangents from any point to two confocal conics 
are equally inclined to each other. 

(247) Tlic locus of the pole of a fixed line with regard to a 
series of confocal conics is a straight line. 

(248) On a fixed tangent to a conic are taken a fixed point 
A and two moveable points P, Q, such that AP, A Q subtend 
equal angles at a fixed point 0, From P, Q arc drawn two 
other tangents to the conic, prove that the locus of their point of 
intersection is a straight line. 

(249) Chords are drawn to a conic, subtending a right 
angle at a fixed point; prove that they all touch a conic, of 
which that point is a focus. 
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(250) Prove that two ellipses which have a common focus 
cannot intersect in more than two points. 

(251) OA, OB are common tangents to two conics which 
have a common focus and A SB is a focal chord. Shew that 
if the second tangents from A and B to one conic meet in O, 
and those to the other conic meet in then ( 7 , D, S are colli- 
near. 

(252) If two conics circumscribe a quadrilateral and have 
double contact with another conic, the tangents at the extremi- 
ties of the chords of contact intersect in two points which 
divide harmonically one of the diagonals of the quadrilateral. 

(258) Tliree conic sections have a common tangent, and 
each touches two sides of tlic triangle ABC at the extremities 
of the third side ; shew that if the sides of this triangle meet 
the common tangent in A ^ B! ^ C\ each of the points of contact 
of that tangent will form with A\ B , C' a harmonic range. 

(254) A triangle ABC is inscribed in a conic, and the tan- 
gents at the angular points A^ B, C are produced to meet the 
opposite sides in -P, R, From these points other tangents 
are drawn to touch the conic in A\ B\ G\ Shew that if the 
tangents at A, 7?, C form a triangle ahe, and the tangents at 
A\ B, C form a triangle dh'c, then A, a, d are collinear, so 
are B, b, h\ and so are Cy c, c. 
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CONICS DETERMINED BY ASSKJNED CONDITIONS. 


442. We slicwcd in Art 147 tliat a conic can generally be 
found to satisfy five simple conditions, each condition giving 
rise to an equation connecting the coefficients in the general 
equation to a conic. It will, however, be obscrv(‘d that if any 
of these equations arc of the second or a higher order, we shall 
have two or more solutions indicating two or more conics satis- 
fying the given conditions. 

Again, in Art. 201 we gave an example of a double con- 
dition, when we sliewed that if the centre of a conic be assigned 
this is equivalent to two simple conditions being given; and 
it will presently be seen that conditions may occur equivalent 
to three or four or five simple conditions. 

In order therefore that we may in all cases be able to judge 
of the sufficiency of any assigned conditions to determine a conic, 
it will be desirable 

(1^) To determine what conditions shall be regarded as simple 
conditions, classifying them according to the nature of the 
relations to which they give rise, among the coefficients of the 
general equation. 

(2®) To consider how many conics can be drawn to fulfil 
five simple conditions when the classes of those conditions are 
assigned, and 
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(3°) To analyse more complicated conditions, and to deter- 
mine to liow many simple conditions they are equivalent, assign- 
ing the class of those simple conditions. 

443. We shall only find it necessary to make two classes 
of simple conditions, which we shall distinguisli as point-condi’^ 
tions and lme-condttio7is. Wc shall find that all other conditions 
of common occurrence may be regarded eitlicr as particular cases 
of these two, or as made up of repetitions of tlicm. 

444. Dee. We sliall call two points conj agate with re- 
spect to a conic when eacli lies on tlie polar of tlie other, and we 
shall call two straiglit lines conjugate wlien each passes through 
the pole of the otlier. 


445. Let 

/(^j /3, 7 ) = U(x -f vff-' q- + 2 w'/37 + = 0 

be the equation in triliiuiar coordinates to a conic section, and let 
(®o A)7i)> (^25 ^5%) points in the same plane. 

The equation 


+ W7,7j + m'(/3.7, + ^, 7 .) + t?'( 7 ,aj + 7 ,a,) 

+ w'(aj^, + a 5 ^,) = 0 , 

may be written in either of the forms 

df ^ df ^ df ^ 

“■£.+^■$.+''■37.''’’ 

df ^ df df ^ 

" “•4+^- si: 


and expresses the condition (Art. 232) that each of the points 
(«i, /3i, 7i), (a2’/^2’7!i) polar of the other with respect 

to the conic, or that the two points are conjugate with respect to 
the conic. 


It will be observed that when the two points (a^, 7^), 

(a^, ^83, 7J are given, the condition that they should be conjugate 
furnishes us with a simple equation, connecting the six co- 
efficients in the general equation to a conic. Five such con- 
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ditions will therefore suffice to determine the five ratios of the 
coefficients in the equation, and therefore to determine the 
conic. 

446. Let l^oi + 4- n{i - 0, 

and — 0, 

be two straight lines. Then the equation 

n, w\ 

w\ 'L\ It ^ //q 
v\ u\ 20, 21^ 

'/q, 0 

will express tlie condition (Art. 233) tliat each passes tlirough 
the pole of the otlier, or that the two straight lines arc conjugate 
with respect to tlie conic. 

It will be seen that tins equation is a quadratic in u, v, w, 
u, V, 20 , Hence when two straight lines arc given, the con- 
dition that they should be conjugate fuvnislies us witli a quad- 
ratic equation connecting the six coefficients in the general 
equation to the conic. Therefore if a condition such as this 
be substituted for one of the conditions in the case last con- 
sidered, there will be an ambiguity in the determination of the 
coefficients of the trilincar equation unless it liappen that the 
quadratic have equal roots. 

447. Let 

f{p> (p •+ + ^o Ti^ 4- ^20 PI = 0, 

be the equation to a conic section in tangential coordinates, and 
let (pj, rj, (pg, q^, be any two straiglit lines in the same 
plane. 

The equation 

“PiP . + ^ + 'IP') + (^1 Ps + ’•■j’l) 

+ «»' = 0 , 

may be written in cither of the forms 
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or 



df ^ 

v-n- + 

dl\ 




< 1 . 


dq^ ‘ dr^ 

UlqJ 


= 0 , 
= 0 , 


and expresses tlie condition (Art. 232) tliat each of tlie straight 
lines (pj, passes through tlie pole of the other 

with respeet to tlie conie, or that the two straight lines arc eon- 
jugate with respect to the conic. 


It will he observed that when the two straight lines q^^ 

(i^ 2 J ^’ 2 ) given, the condition that they should be con- 

jugate furnishes us with a simple equation connecting the six 
coefficients in the general equation to a conic. Five such con- 
ditions will therefore suffice to determine the five ratios of the six 
coefficients in the equation, and therefore to determine the conic. 


•1 1 8. Let p + m/i q- np* — 0, 

and l^p + mji + nx = 0, 

be two points. Then the equation 


Uy W , 



Wy Vy 

21 y 


Vy il, 

2V, 




0 


will express the condition (Art. 233) that each lies on the polar 
of the other, or that the two points arc conjugate with respect 
to the conic. 


It will be seen that this equation is a quadratic in u, v, Wy 
21 y Vy id. Hence when two points are given, the condition that 
they should be conjugate furnishes us with a quadratic equation 
connecting the six coefficients in the general equation to a conic. 
Therefore if a condition such as this be substituted for one of the 
conditions in the case last considered, there will be an ambiguity 
in the determination of the coefficients of the tangential equation 
unless it happen that the quadratic have equal roots. 
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449. Def. The condition tliat a conic be such that with 
respect to it two given points arc conjugate, is called a point- 
condition. 

The condition that a conic be such that with respect to it 
two given straight lines arc conjugate, is called a line-con-^ 
dition. 

450. To fulfd five point-conditions there can he drawn one 
and only one conic. 

For, using trilincar coordinates, each of the five conditions 
will furnish us with a simple erjuation (Art. 115 ) connecting the 
coefficients of the general erpuitlon to a conic. These five equa- 
tions will determine the five ratios of the coefficients without 
ambiguity, and therefore will determine one and only one conic 
fulfilling the given conditions, 

451. To fulfil four p^oint-conditions and one line-condition 
there cannot he drawn more than two coriics. 

For, using trilincar coordinates, each of the four ])oint- 
conditions will furnish us with a simple equation (Art. 445 ) 
connecting the coefficients of tlio general equation. And the 
line-condition will furnish us with a fifth equation, a quadratic 
(Art. 446 ), connecting the same coefficients. These five equa- 
tions will determine the five ratios of the coefficients, but since 
one is a quadratic there will in general be two solutions, indi- 
cating two conics fulfilling the given conditions. 

452. To fulfil three point-conditions and two line-conditions 
there cannot he drawn more than four con ics. 

For, using trilinear coordinates, each of the three point-con- 
ditions will furnish us with a simjde equation (Art. 445 ) con- 
necting the coefficients of the general equation and the two line- 
conditions will furnish us with two more equations, quadratics 
(Art. 446 ), connecting the same coefficients. These five equa- 
tions will determine the five ratios of the coefficients, but since 
two are quadratics there will in general be four solutions, indi- 
cating four conics fulfilling the given conditions. 
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453. To fulfil three line-coiidltioiis and tivo point-conditions 
there cannot he drawn more than four conics. 

For, using* tangential coordinates, each of the three line- 
conditions will furnisli us with a simple equation (Art. 447) 
connecting the coetheients of the general equation, and tlic two 
point-conditions will furnish us with two more equations, 
quadratics (Art. 418), connecting the same coefficients. These 
five equations will determine the five ratios of the coefficients, 
but since two are quadratics tlicre will in general be four 
solutions, indicating four conics fiiUilling the given conditions. 

454. To fulfil four line-conditions and one point-condition 
there cannot he drawn more than two conics. 

For, using tangential coordinates, each of the four line-con- 
ditions will furnish us with a simjile equation (Art. 447) con- 
necting the coefficients of the general equation. And the point- 
condition will furnish us with a fifth equation, a quadratic (Art, 
448), connecting the same coefficients. These five equations will 
determine the five ratios of the coefficients, but since one is 
a quadratic there will in general be two solutions, indicating two 
conics fulfilling the given conditions. 

455. To fulfil five line-conditions there can he drawn one and 
only one conic. 

For, using tangential coordinates, each of the five con- 
ditions will furnish us with a simple equation (Art. 447) con- 
necting the coefficients of the general equation to a conic. 
These five equations will determine the five ratios of the coeffi- 
cients without ambiguity, and therefore will determine one and 
only one conic fulfilling the given conditions. 

456. It remains that we should analyse the conditions most 
usually assigned, and determine to liow many point- or line- 
conditions they may severally be equivalent. We shall then be 
able to apply the five preceding articles to determine how many 
conics (at most) can be drawn in cases where such conditions 
are given. 
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I. Owen a point on a conic. 

Since a point on a conic lies on its own polar it is conjugate 
to itself. This therefore is equivalent to one point’-condition. 

II. Gioen a tangent to a conic. 

Since a tangent to a conic passes through its own pole it is 
conjugate to itself. This tliereiorc is equivalent to oiie line-con- 
dition, 

III. Given a diameter. 

Any diameter passes through the centre, which is the pole of 
the straight line at infinity. Hence a diameter and the straight 
line at infinity are conjugate lines. This tliercfore is equivalent 
to one line-condition. 

IV. Let a given point he the pole of a given straight line 
with respect to a> conic. 

Let P be the given point and Qll the given straight line. 
Then the polar of P passes through (f which is one point-con- 
dition ; and the polar of P passes through li, which is another. 
Hence the data arc equivalent to two point-conditions. 

Or we may reason thus : tlie pole of Qlt lies on FQ, which 
is one line-condition, and the pole of QB lies on PP, which is 
another. Hence the data are equivalent to two line-conditions. 

Therefore the pole of a given straight line being given may 
be regarded as equivalent to two point-conditions or two line-con-- 
ditions. 


V. Given a point on a conic and the tangent thereat. 

This is a particular instance of the last case, the given pole 
lying on the given polar. It is therefore equivalent to two 
point-conditions or two line-conditions. 

VI. Given an asymptote. 

This is an instance of the last case, the given point being at 
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infinity. It is therefore equivalent to two point-conditions or two 
line-conditions, 

VII. Given the direction of an asymptote. 

In this case one of the points in whicli the conic meets the 
straight line at infinity is given. It is therefore an instance 
of (i) and is equivalent to one point-condition. 

VIII. Given that the conic is a parahokij 

Or that the line at infinity is a tangent. This is an in- 
stance of (ii) and is therefore equivalent to one line-condition. 

IX. Given that the conic is a circle, 

Or that it ])asscs through the two circular points. By (i) 
this is equivalent to two ptoint-condiiioas. 

X. Given the centre. 

The centre is the pole of the straight line at infinity; hence 
this case is an instance of (iv) and is therefore e([ui\'alcnt to two 
point-conditions or two line-conditions. 

XI. Given a self-conjugate triangle. 

A triangle is self-conjugate if each pair of angular points are 
conjugate. Hence this case is equivalent to three point-con- 
ditions. 

Or again, a triangle is self-conjugate if each pair of sides 
arc conjugate lines. Hence it is equivalent to three line-con- 
ditions. 

Therefore a self-conjugate triangle being given, constitutes 
three point-conditions or three line-conditions. 

XII. Given in p>osition [not in mag7iitude) a pair of con- 
jugate diameters. 

A pair of conjugate diameters form with the straight line 
at infinity a self-conjugate triangle. Hence this is an instance 
of (xi) and is equivalent to three point-conditions or three line- 
conditions. 
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XIII. Given the directions of a pair of conjugate diameters. 

The points where any lines in these directions meet the 
line at infinity arc conjugate points. Hence this is equivalent 
to one point‘Condition, 

XIV. Given in position an axis. 

The axis is a diameter, and this being given is equivalent 
to one line-condition. But the direction of tlie conjugate dia- 
meter is known to be at riglit angles to tin’s, wliich gives by (xtti) 
a point-condition. Therefore that an axis be given in position 
is equivalent to one point-condition and one line-condition, 

XV. Given in position the tivo axes. 

This is no more than a case of (xiv) and is equivalent to 
three point-conditions or three line-conditions. 

XVI. Given a focus. 

The two tangents from the given point to the great circle at 
infinity are tangents to the conic. Hence two tangents arc 
given, and tliercfore by (n) the data are equivalent to two 
line-conditions. 

XVII. Given a similar and similarly situated conic. 

Since similar and similarly situated conics are those which 
meet the straiglit line at infinity in the same points, tliis is equi- 
valent to two points b(ung given. Hence by (i) it may be 
treated as fico jurint-conditions. 


4/57. When a conic lias to be drawn subject to conditions 
liaving reference to another conic, we may often estimate the 
value of tlic conditions by considering tlie particular case in 
which tlie latter conic reduces to two straight lines. Thus : 

XVIII. Given a conic having doidde contact with the re- 
quired one. 

(Consider the case when the given conic reduces to two 
straight lines. Then wc have two tangents given, furnishing 
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two line-conditions. Hence we may infer tliat generally a conic 
liaving double contact with the required one being given is 
equivalent to two line- conditions. 

The following are examples of the application of our results : 

458. Only one parabola can he mscrlhed in a given qua- 
drilateral. 

That the required conic is a parabola is one line-condition 
(vili); that it touch tlic sides of tlic quadrilateral gives four 
more. Hence we have five line-conditions, and therefore (Art. 
455) the conic is absolutely determined. 

459. Not more than two parabolas can be described about a 
given quadrilateral. 

That the required conic is a parabola is a line-condition 
(vili); that it circumscribe the quadrilateral gives four point- 
conditions (i). Hence (Art. 451) not more than two solutions 
are possible. 

4G0. Two conics can generally be described with given foci 
and passing through a given point. 

For tlic foci give four line-conditions (xvi) ; and the point 
gives a point-condition (i). Hence (Art. 451) there will gene- 
rally be two solutions. 

461. Only one conic can he described with given foci so as to 
touch a given straight line. 

For th(‘ foci give four line-conditions (xvi), and the tangent 
gives a fifth (ii). Hence (Art. 455) tlicre is only one solution. 

462. Only one conic can be described with a given centre^ 
with respect to which a given triangle shall be self conjugate. 

For the self-conjugate triangle may be regarded as giving 
three point-conditions (xi), and the given centre as giving two 
more (x). Hence (Art. 450) there will be only one solution. 
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Exercises on Chapter XXV. 

( 255 ) Given two tangents and their chord of contact, shew 
that only one conic can he described so as to touch a given 
straight line. 

( 256 ) Given two tangents and their chord of contact, shew 
that only one conic can be described so as to pass through a 
given point. 

( 257 ) Two confocal conics cannot have a common tangent. 

( 258 ) Three confocal conics cannot liave a common point. 

( 259 ) Two concentric conics cannot circumscribe the same 
triangle. 

( 260 ) Two concentric conics cannot be inscribed in the same 
triangle. 

( 261 ) Only two conics can be described about a triangle 
having an axis in a given straight line. 

( 262 ) Only two conics can be inscribed in a triangle and 
have an axis in a given straight line. 

( 263 ) Four circles can generally be described through a 
given point so as to liave double contact with a given conic. 

( 264 ) Four circles can generally be described so as to touch 
a given straight line and have double contact with a given 
conic. 

( 265 ) Only one conic can be described having double con- 
tact with a given conic, and such that a given triangle is self- 
conjugate with respect to it. 

( 266 ) One conic can generally be Inscribed in a given quad- 
rilateral so as to have its centre on a given straight line. 
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EQUATIONS OP THE TlIIlID DEGREE. 


4G3, Definitions. The curve determined by an equation 
of the third degree in trilincar coordinates, or in any other 
system in which a point is represented by coordinates, is called 
a cuh!c curve^ or a cuhic locus. 

The curve determined by an equation of the third degree 
in tangential coordinates where a straiglit line is represented 
by coordinates, is called a cubic envehype. 

464. Every straight line meets a cuhic locus In three points^ 
real or imaginary^ coincident or distinct: and from every j^olnt 
there can he draivn to a cubic envelope three tangents real or inia-- 
glnary^ coincident or distinct. 

For to find the points of intersection (or the tangents) we 
have to solve together the equation to the given straight line (or 
the given point), which is of the first degree, and the equation to 
the curve, which is of the tliird degree. Hence we shall liavc 
three solutions real or imaginary, equal or unequal. 

All the solutions liowcvcr cannot be imaginary, since ima- 
ginary roots enter into an equation by ])airs. One at least must 
be real, and tlic otlier two either botli real or both Imaginary. 
Hence every straight line meets any cubic locus In one or three 
real points, and from every point there can be drawn either one 
or three real tangents to any cubic envelope. 

Cor. By Art. 415, a cubic locus is a curve of the third 
order^ and a cubic envelope is a curve of the tliird class. 


w. 


26 
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465. Definitions. 

I. A point in which two branches of a curve intersect, or at 
which there are two distinct tangents, is called a doiihle point. 

II. A point in which more than two branches intersect, or 
at which there are more than two distinct tangents, is called a 
multiple point. 

A multijde point is said to be of the n^^" order when branches 
intersect in it, or when n tangents can be drawn at it. 

III. When a closed branch of a curve becomes indefinitely 
small so as to constitute an isolated point satisfying the condi- 
tions of a point on the curve, it is called a conjiujate point. From 
the consideration that a conjugate point is an indefinitely small 
oval, it follows that any straight line through it must be regarded 
as the ultimate position of a chord of the oval. Any such 
straight line will therefore satisfy the condition of meeting the 
curve in two coincident points. 

IV. A cusp is a point on a curve at which two branches 
meet a common tangent and stop at that point. Any straight 
line through a cusp must be regarded as cutting both branches 
at the cusp, and therefore satisfies the condition of meeting the 
curve in two coincident points. 

V. If the two branches having the common tangent be con- 
tinued through the point, then the point is called a point of oscu- 
lation, 

VI. A point at which a curve crosses its tangent, is called a 
point of inflexion. 

If P be a point of inflexion and Q be another point on the 
curve very near to P, the straiglit line QF being produced 
through P, will meet the curve again in another point Q ^ very 
near to P. If this straight line turn about the fixed point P 
until it ultimately coincide with the tangent, since it must ulti- 
mately be a tangent to the branch on each side of the point P, it 
follows that as Q approaches P so also will Q', and that they will 
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both simultaneously arrive at coincidence with P. Hence the 
tangent at a point of inflexion may be regarded as meeting the 
curve in three coincident points. 

All the foregoing are often classed together as singular points, 

VII. A double tangent to a curve is a tangent which 
touches the curve in two distinct points. 

4GG, It will be observed from the definitions in the last 
article, that a double point, cusp, and conjugate point arc 
marked by the same property, that any straight line through 
such a point meets the curve in two coincident points, and that 
a tangent thereat meets the curve in three coincident points. 
But they are distinguislicd by the property that tlie two tangents 
at a double point are distinct, at a cusp — coincident, and at a 
conj ugate point — ^imaginary. 

Again, a cusp and a point of inflexion arc both characterised 
by the property that the tangent at such a ])oint meets the curve 
in three coincident points, but they are distinguislicd by the fact 
that a straight line other than the tangent meets the curve in 
only one point at a point of inflexion, but in two points at 
a cusp. 

467. A cuhic curve cannot have more than one double pointy 
cusp or conjugate point. 

For, if possible, let it have two such points P and (), and 
join them by a straight line. Then this straight line cuts the 
curve in two coincident points at P, and in two coincident points 
at Q (Art. 465), i. e. in four points altogether, 

Which is impossible (Art. 464), 

468. A cubic curve cannot have a double tangent. 

For such a tangent, touching at P and at Q, would meet the 
curve in two coincident points at V and in two coincident points 
at Q, i. c. in four points altogether, 

Which is impossible (Art. 461). 


26—2 
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469. A cubic curve cannot have a ])oitit of osculation. 

For the tangent at a point of osculation, touching hotli 
branches of the curve, would meet it altogether in four points, 

Which is impossible (Art. 4G4). 

470. The general homogeneous equation of the third degree 
in three coordinates consists of ten terms, viz. the three terms 
whose arguments are 

y\ 

the six, 0 ^ 7 /, x^z ; ifz^ f x ; zhj ; 

and the one, xyz. 

If the coefficient of any one of these terms be arbitrarily 
assigned, those of the remaining nine will be undetermined 
constants. 

Hence the general equation of the third degree involves nine 
undetermined constants, and can therefore generally be made to 
satisfy nine independent conditions. 

Hence a curve represented by an equation of the third 
degree can generally be drawn through nine given points, or 
otherwise made to satisfy nine given conditions. 

471. If the nine conditions be given, the equation to 
the curve can generally be determined. If any less number 
(r suppose) of conditions be givoi, a scries of curves can gene- 
rally be drawn to satisfy them, and their general equation will 
involve the complementary number (9 — r) of undetermined con- 
stants. 

For example, we shall shew in the next article that the 
general equation in trilincar coordinates to a curve of the third 
order, circumscribing the triangle of reference ABC, and whose 
tangents at A, B, C are represented by the equations 

u — 0, = 0 , 2 ^ = 0 , 

respectively, has for its equation 

0)87 + lua? -f + 7iwf = 0 , 
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wliich Involves three undetermined constants Z, 7/1, 71, the num- 
ber of given conditions having been six. 

472. The general equation of the third degree in trillnear 
coordinates may be written 

Of /87 + a" 4- 7?q/3 + n^) + /3" 

+ + + = 0 - 

If we take tliree points on the curve as the angular points 
of tlie triangle of referenee, then since the equation must be satis- 
fied by any of the systems 

(^=0,7=0), (7 = 0, a=0), (a=0, ^ = 0), 
we obtain 

^, = 0, w,= 0, «3 = 0, 

and the equation reduces to 

a/87 + ^ + ^i7) + (^^a7 + ^2^) + 7“ (^3^ + = 0- 

The tangent to tlie locus of tliis equation at tlie point A 
(/3 = 0, 7 = 0) is readily seen to be given by the equation 

7Mj/3 + 77j7 = 0. 

Similarly, 7 i{y -f = 0 

and 7773/8=0 

represent the tangents at the points B and C. 

Hence the equation 

a /87 + + 771V jS'^ -f Tiivy^ = 0 

represents a cubic touching at the points of reference the straight 
lines 

77 = 0, V = 0, 7V = 0. 

Or, more generally, if 

a: = 0, y = 0, z = 0 

represent any c(iuations to straight lines, then 
X7/Z -f lux^ + 77ivy^ 4- 7^^VZ^ = 0 
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is the general equation of a cubic to which 
n = 0, V = 0, w= 0 

are tangents, and 

x = 0, y = 0, z = 0 

the chords of contact 

473. Siniilaily, in tangential coordinates, 
x^z + lu.i? + — 0 

is the general equation to a curve of the third class, on which 
u — V = 0, w~ 0 

ire the points of contact of tangents intersecting in the points 

a? = 0, y = 0, 2 ; = 0. 


474 , To find the general equation in triUnear coordinates to 
a cubic curve having a double qyoint^ cusp, or conjugate point at 
one of the pomts of reference. 

The general equation to a cubic curve may be written 
ctySy -f (A (/^a + ni^^ + n^y) + {l^a + mJ3 + n^y) 

+ 'f + ^^ 7 ) = 

If the point A be a doiildc point, cusp, or conjugate point, 
any straight line through A must meet tlie cubic in two coinci- 
dent points at A. Any such straight line may be represented 
by the equation 

/3 = Ky. 

Hence, substituting for yS in the general equation, the result- 
ing equation must have two roots 7 = 0 . Hence the terms in- 
volving and u must vanish, and therefore we must have 

Zj = 0, = 0, n^ = 0; 

these arc therefore the conditions that the locus of the equation 
( 1 ) should have a double point, cusp, or conjugate point at A. 
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When these conditions arc satisfied we may express tlic con- 
stants differently, and write the equations 

a (// 3 " + ^/37 + ^ 7 ^) + + w / 3‘'*7 + = 0 , 

which is therefore the general equation to a cubic having a 
double point, cusp, or conjugate point given by 

/3 = 0 , 7 = 0 . 

475. 2b ji7i(l ihe eqxiation to the tangents at the doiihle 'point 
or cusp to the cubic curve whose equation is 

® + .9/37 + /^7") + + mySV + + ^7^ = 0 (1 ). 

Let /8 = AC 7 be a tangent at yl, then substituting in tlic equa- 
tion, the resulting equation 

CTTf {ftc -f gic + h) + 7 ® (Z/c® + mK“ + ntc + 7') — 0 
must have all three roots equal, (7 = 0 ). 

lienee //c“ + gK-\-h = 0y 

giving the two values for k corresponding to the two tangents. 

The equation to the tangents is therefore 
/yS" + g/3y + JiY = 0 . 

If the two roots of the quadratic be equal, the point yl will 
be a cusp : if they be real and unequal it will be a double point : 
if they be imaginary it will be a conjugate point. 

Cor. The equation 

a + g^y + A 7 ®) + Z/3® + m^'^y + n^y’^ -f r 7 ® = 0 

represents a cubic having at A a double point, conjugate point, 
or cusp, according as g^ — Afh is positive, negative, or zero. 

476. Every curve of the third order which has a cusp is also 
of the third class. 

Let there be a curve of the third order having a cusp yl, and 
let B be any point whatever in its plane. We have to shew that 
only three tangents can be drawn from B to the curve. 
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Let J3(7 be one of tlie tangents from tlie point B and let it 
meet the tangent at tlie cusp in C. Then if \vc refer tlie cubic 
to the triangle ABC its equation may be written (Art. 475) 

c/3‘^ + 4- = 0. 

But since a = 0 is a tangent the equation 
// 3 ^ + 4 - = 0 , 

must have two of its roots equal, and may therefore be written 

z(^+/.^)(/3+^r=o. 

Hence the equation to the cubic may be written 
0.^'^ 4- ^ + fjiy) {0 4- pyY = 0. 

Now let a~Ky be any tangent from B to the curve. Sub- 
stituting for a in the equation to the curve the resulting equa- 
tion 

+ z (/3 + fli) + vif = 0, 

must have two of its roots equal. 

The condition that this should be the case will be found 
to be 

4/z/c^ 4- [Sfjb^ 4- 20fjLp — z/*) 4- {/jl — pY — 0, 

a cubic equation giving three values of fc of which one is zero. 
Then there are three tangents from B to the curve, one of which 
is the known tangent a = 0. 

Hence from any point, only three tangents can be drawn to 
a cubic which has a cusp, q.e.d. 

477. If a cubic curve have three real points of inflexion, the 
tangents at which do not meet in a point, we may take those 
tangents as lines of reference for trilinear coordinates. 

Each line of reference will now meet the cubic in three 
coincident points ; therefore if we substitute a == 0 in the equa- 
tion to the cubic the resulting equation must have three equal 
roots ; that is, the terms free from a must form a perfect cube, 
{m0-\-nyY suppose. So the terms free from 0 must form a 
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perfect cube, which (since the coefficient of 7 ^ is already known 
to be n^) may be written (uy + L)**. Similarly the terms free 
from 7 must be [Iol + m^f. Hence the equation may be written 

{m^ + -f Za)^ + (Za 4- m^Y — I'x — — ny^ -f ha^y = 0, 

or, expressing the constant h differently, 

(Za + m/3 4 nyY 4 Icx^y = 0. 

(The argument would not hold if one or more of the points 
of inflexion were imaginary, as in sfech case different cube roots 
of &e. might be involved.) 

478. Cor. The points of contact of the tangents, or the 
points of inflexion themselves are given by 

(a = 0, 4 ny = 0), (/3 = 0, ny 4 Za — 0), (7 0, Za 4 m^ = 0). 

Hence they all lie on the straight line 
Za 4 m^ 4 ny = 0. 

Therefore, if < 7 , r he iJie tangents at three real points of in- 
flexion P, Q, It on a cuhicj then either p^ ip r are concuri'ent^ 
or P, R are collinear. 

479 . Jf a cubic curve have three real points of inflexion they 
will he collinear. 

For if not we may take them as points of reference for 
trilinear coordinates. Then since the tangents at the three 
points arc concurrent (Art. 478) we may represent them by the 
equations 

— 717 = 0, ny — loL — 0, Za — = 0. 

Hence the equation to the cubic may be written (Art. 472) 
hnna/3y 4 {ni^ — ny) 4 {ny — Za) 4 vn^f "" ~ 

And since the line m/S — ny — O is a tangent at a point of in- 
flexion, it meets the cubic in three coincident points ; therefore 
we must have 


1 — /A 4 I' = 0* 
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Similarly, since M 7 — Za = 0 and Za — = 0 are tangents 

at points of inflexion, 

1 — y + X = 0, 

1 — X + /i = 0. 

But these equations arc inconsistent, as we find by adding 
them together. 

Hence the points of reference cannot be points of inflexion. 

Therefore &c. Q. E. D. 

480. The theorems of the following articles, being expressed 
in a most general form in abridged notation, will be found very 
useful ill interpreting equations of the third degree, and will 
often enable us to recognise by simple inspection the existence 
of singular points. 

481. If w = 0, ^? = 0, = a? = 0, ;/ = 0, 5 ; = 0 

are the equations of six straight ItneSy then the equation 

uvw = Icxyz 

will represent a cuhic locus passing through the nine points given 
by the intersection of the straight lines 

(t^ = 0, a; = 0), (w = 0, 2 / = 0), (m = 0, « = 0), 

(v = 0, a; = 0), (u = 0, 7^=0), (v = 0, s = 0), 

(74? = 0, x-0)^ (74? = 0, y = 0), (74^ = 0, 2? = 0); 

and h can be determined so as to make the equation represent 
a cubic passing through any tenth point. 

The proof follows immediately as in the corresponding pro- 
position respecting conics. Art. 159. 

But we may observe with respect to our result that it is 
only because the first nine points lie three and three on six 
straight lines that we are able to describe a cubic passing 
through a tenth point. If the first nine points had been un- 
connected and perfectly general they would have sufficed to 
determine the cubic absolutely, as wc shewed in Art. 470. 
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482. So if 

u = 0, v = 0, w? = 0, a; = 0, y = 0, 2 = 0 

represent points in tangential coordinates^ the equation 

umo = Icxyz 

represents a cubic envelope touching the nine straight lines 

(u = 0, x=0), (u = 0, y = 0), (u = 0, « = 0), 

(v = 0, a;=0), (v==0^y = 0), (v = 0,^ = 0), 

(?v = 0, x = 0), (tv = 0, y = 0), (w = 0, z = D) ; 

and h can he determined so as to mahe the equation represent a 
cubic envelope touching any tenth straight line, 

483. Consider the equation 

= kxyz. \irilinear 

This is a partieular case of the equation of Art. 481, the 
straight lines w = 0 and v - 0 being coincident. The equation 
represents a cubic locus to which the straight lines 

cc = 0, y = 0, z = 0 

arc tangents, their points of contact lying all on the straight line 
w = 0, and the other points where they meet the curve lying on 
the straight line = 0. 

484. So the equation 

u^io = kxyz [tangential 

represents a cubic envelope passing through the points 
a; = 0, y = 0, 2? = 0, 

and touching at those points the straight lines 

(t4 = 0, a; = 0), (i^ = 0, y = 0), (u = 0, « = 0), 

and also touching the straight lines 

(w? = 0, a? = 0), (t4? = 0, y = 0), (?47=0, « = 0), 
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485. Consider the equation 

= kxyz. [trilinear 

This is a particular case of the last equation, the straight 
lines w = 0 and being coincident. The equation repre- 

sents a cubic locus having three points of inflexion in the 
straight line = 0, the tangents at those points of inflexion being 
given by 

a; = 0, 3/ = 0, ^ = 0, 

For each of the straight lines 

aj=0, y = b, z = 0 

meets the curve in three coincident points determined by y? = 0. 
48G. So the equation 

= hxyz ' [tcmgentlal 

represents a cubic envelope having points of inflexion at 
cc = 0, y = 0, ^ = 0, 

the tangents at these points intersecting in the point u = 0. 

487. Consider the equation 

= Icx^y, {irilinear 

This equation represents a cubic locus in wliicli 0 is the 
tangent at a cusp, y = 0 tlic tangent at a point of inflexion, and 
M = 0 the chord of contact. 

For x = 0, y = 0 both meet the cubic in three coincident 

points on the line ^^ = 0, but w = 0 cuts it in two points on 

a; = 0, and in only one on y = 0. Hence (w = 0, x = 0) must be 
a cusp, and (w = 0, y = 0) a point of inflexion. 

488. So the equation 

= Icx^y [tangential 

represents a cubic envelope having a cusp at a; = 0, and a point 
of inflexion at y = 0, the tangents at these points intersecting 
in w = 0. 
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489. Consider tlie equation 

uv^ = Tcxy^, \irilmcaT 

The straight lines m = 0 and a? = 0 are tangents : their points 
of contact lying respectively on y = 0 and v = 0, and their 
point of intersection also lying on the cubic, and there is a sin- 
gular point at the intersection of t; = 0 and y = 0. 

For ^ = 0 meets the curve in two incident points lying on 
^ = 0, and 2 / = 0 meets it in two coincident points lying on 
= 0. Hence at the point of intersection (y == 0, v = 0) both lines 
satisfy the condition of meeting the cubic in two coincident 
points; hence this point must be a double point, cusp, or conju- 
gate point. 

490. So the equation 

xiy? — Icxif [tangential 

represents a cubic envelope to which the straiglit line {v = (i,1J = {)) 
is a double tangent, and the points m = 0, a: = 0 arc poibts of 
contact of tangents from ?/ = 0 and t? = 0. 

491. The cubic represented by the equation 

a:* + 7/^ + + ^kxyz — 0, 

deserves special attention, as an example of a curve free from 
double points, cusps and conjugate points. 

The straight lines a; = 0, y = 0, z==0 meet the cubic in nine 
points, lying hy threes on twelve straight lines. 

The straight line =? 0 meets tlic cubic In the points given 
by / + = 

tliat is (if t denote one of tlie imaginary cube roots of unity), in 
tlic three points 

(x = 0, y + z = 0), {x = 0, y + tz = 0), (x = 0, y + {‘z-O). 
Wc will call these points respectively A' A', A". 
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So the straight lines y = 0, z = 0 meet the cubic in the 
points 

(^ = 0, z+x^O), (y = 0, z + ix=^0), (y=*0, 

(^1 = 0, x-hy = 0), (« = 0, ^K + ^y = 0), (« = 0, a; + t^y==0), 

which we will denote by the letters Y, Y\ Y'\ Z\ Z" re- 
sj^ectively. 

Now it is easily seen that 


X, 

A, 

Z lie 

on X 

+ y 


= 0, 

A'', 

A, 

... 

X 

+ *!/ 

-\-i^z 

= 0, 

A". 

r", 

Z" ... 

... X 


' + iz 

= 0, 

A, 

1^', 

Z" ... 

... ix 



= 0, 

A, 

F", 

... 

... + y 

+ z 

= 0, 

A”, 

A 

Z' ... 

... a; 

+ iy 


= 0, 

A', 

A 

Z' .... 

.. X 

+ tV 

4- Z 

= 0, 

A', 

A", 

A .... 

.. a? 

+ y 

+ iz 

= 0. 

A", 

A', 

^ .... 

.. X 

+ y 

^i^z 

= 0. 


And we know that X', X' lie on the straight line a; == 0 ; 
r, r, r" on y = 0; X, X', X" on ;2 = 0. 

Hence the nine points lie by threejs on twelve straight lines. 
Q. E. D. 

492. These, nine 'points are points of inflexion^ 

Let the tangent at the point a; = 0, y + ^5; =» 0, be y -f iz = fix. 
Then the equation 

{y + izy + /x‘ (y + a") + Zlcy^yz (y + w) = 0 (1) 

must have two equal roots (y + iz » 0). 

Hence y + ta = 0 must satisfy the equation 

(y + izy + y (y’ - iyz + iV) + Zkt^yz => 0, 
whence \t, = tVe and tliis equation reduces to 

(y + M)‘»0, 

shewing that all the three roots of (1) arc equal. 
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I Iciice y iVcx 

represents a tangent meeting tlie curve in tlircc coincident 
points at the point (a; = 0, ?/ + i 2 ;= 0 ). lienee there is a point 
of inflexion. Thus all the nine points 

Y Y' Y'' 

Y, Y'. Y", 

Z, Z', Z", 

are points of inflexion, and the tangents are given respectively 
by the equations 

y z=^kx^ y iz = i7tar, y -f i^z = ikx^ 
z ley, z-\-{x=^ i“ky^ z + i^x = ihj, 

x-\-y=^kz^ x-)riy — t^kz^ X’^'Py^ikz, 


ON THE INFINITE BRANCHES OF CUBIC CURVES. ‘ 

493. Since every straiglit line meets a curve of tlic tliird 
order in either one or tlirce real points, the straight line at in- 
finity meets it in one or three real points. 

And since any system of parallel straight lines meet the line 
at infinity in one point, there is always at least one system 
of parallel straight lines which meet the curve on the line at 
infinity, and therefore only meet it in two other points (real or 
imaginary), and there may be three such directions or systems of 
parallel straight lines. 

If P be the point in which such a system of parallel straight 
lines intersect at infinity, one of these straight lines through P 
will generally be the tangent at P and therefore an asymptote. 
Hence a straight line which meets a cubic in only two finite 
points is generally parallel to an asymptote. 

We say generally, because it may happen that the tangent 
at P at infinity lies altogether at infinity. In this case lines in 
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tlie direction P will meet the curve in two finite points, but will 
not be parallel to an asymptote, except in the sense in which all 
straight lines are parallel to the straight line at infinity. 

It follows that there can generally be one asymptote drawn 
to a cubic curve, and that there may be as many as three asymp- 
totes. 

The only cases in which there can be no asymptote will 
occur when the straight line at infinity meets the curve in three 
coincident points, at a cusp or a point of inflexion, (See Arts. 
502 — 504 .) 


494. All possible cases may be analysed according to tlie 
nature of the three points in which the straight line at infinity 
cuts the cubic. 

I. If (too of these points he imaginary and one real, there 
will be two imaginary and one real asymptote. 

II. If all the points he real and distinct^ they will determine 
the direction of three asymptotes. 

III. If all the points he coincident, cither the straight 
line at infinity is a tangent at a point of inflexion or a eusj), 
and there is no asymptote, or else it is one of the tangents at 
a double point, in which case the other tangent at the double 
point is an asymptote. 

IV. If tioo of the points he coincident at P, the third point 
will always determine the direction of the only asymptote, and 
unless P be a singular point, tlie straight line at infinity will be 
the tangent at P, and all straight lines in direction P cut the 
curve in two finite points. 

It may happen however that P is a double point, or a conju- 
gate point, in wliich Case all straight lines in direction P, cutting 
the curve in two coincident points at infinity, will cut it in only 
one finite point. 
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We proceed to consider some typical examples of all these 
cases. We shall use abridged notation throughout, each of the 
symbols v, w, x, y, ^ denoting expressions of the most general 
form vvliich, when e(piated to zero, represent straight lines ; and 
we shall use cr = 0 to denote the e(iuation to the straight line at 
infinity. 

495 . Consider the equation 

uva = kxyz, 

Each of the straight lines = ?/ = 0, 2 ; = 0 meets the locus 

in two finite points lying on the straight lines w = 0, v — 0 and 
in one point at infinity. Hence the asymptotes are parallel to 
the straight lines x = 0, ^ = 0^ z = 0, 

496. Consider the equation 

wV = Icxyz. 

The straight lines a; = 0, y = 0, z — 0 are now tangents paral- 
lel to the asymptotes, their points of contact lying in the straight 
line w = 0. 

497. Consider the equation 

= kxyz. 

Each of the straight lines x = 0, 3 / = 0, z^O meets the locus 
ill two points at infinity and in one jioint on the straight line 
u = 0. Hence the equation represents a cubic having a; = 0, 
y = 0, z = 0 as asymptotes, the points in which they cut the 
curve again lying on the straight line u = 0. 

498. Consider the equation 

= Icxyz, 

This is a particular case of the last equation, = 0 now 
coinciding with the line at infinity. It therefore represents a 
cubic having three asymptotes which do not cut the curve in 
any finite points, the asymptotes being tangents at points of 
inflexion. 

w. 27 
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499. Consider the equation 


The straight line at infinity meets the locus of this ecjiiation 
in two coincident points on = 0, and in a third point on y = 0. 
The locus further euts x=0 in two finite ))oiiits lying on = 0 
and v = 0. Hence the straight line at infinity is a tangent at 
the point given by x = 0, and there is only one asymptote, its 
direction being given by ^ — 0. 

Tf y = 7)111 and y=^ 7 iv be the straight lines tlirougli = 0, 
y=^0) and {v = 0, y = 0) parallel to the straight line x = 0^ 
so that 

y — 7)m = in X + 

and y — 7iu = n x -f va 

identically, then the parabola whose cciuation is 
U^in^itx^ = km)i<T (inu -f- nv — y) + 

will be found to meet the cubic in five coincident points at 
infinity. 

This parabola having five-pointic contact with the cubic at 
infinity will serve the purpose of an asymptote in approximating 
to the form of that infinite branch of the cubic to which the 
linear asymptote is not an approximation. 

Huch a parabola is called a Paraholic asyniptotc. 

500. Consider the equation 

u(P — kx^y. 

In this case also, the straight line at infinity meets the curve 
in three real points two of which are coincident. As before the 
distinct point at infinity determines an asymptote (its equation 
now being y = 0), but the two coincident points now indicate 
a singular point. Thus the straight line at infinity will not be 
itself a tangent, but the two coincident points upon it will be 
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the ])oiiits of contact of two tangents real or imaginary accord- 
ing as the singular point is a double point or conjugate point. 

If u^iLif be the equation to the straight line through (?^ = 0, 
y = parallel to = 0, it is easily seen that the straight lines 
x^vJyiCT are the two tangents at tlie singular ])oint, forming 
two real or imaginary asymptotes according as ^x. is ]) 0 sitive or 
negative. 

We liave sj)okcn of the singular ]wint either as a double 
point or a conjugate point. If it happen to be a cusp the two 
straight lines x=^±JfJL(T must coincide and ^ must be either 
zero or infinite, i.e. cither w 0 or y = 0, must represent a 
straight line parallel to a; == 0. These two cases we proceed to 
consider separately. 


501. Consider the equation 
[x q- cr) 

This is a particular instance of the last case, the straight 
line = 0 being now ])arallel to x = 0. As we saw in con- 
sidering the former case, tlie straight line at infinity meets the 
curve in a cusp at the ])oint determined by x = 0, and in a dis- 
tinct point at y == 0. We have now /x = 0, shewing that there 
are two coincident asymptotes represented by the equation 
X = 0, tangents at the cusp, as well as a distinct asymptote 
= 


502. Consider the equation 

ucr^ = kx" (x -h (r)» 

This is a particular instance of the case of Art. 500, the 
straight line y = 0 being now parallel to x — 0. The three 
points in which the curve meets the straight line at infinity arc 
now coincident, that line being itself the tangent at the cusp. 
There is therefore no asymptote, but there will be two branches, 
each touching the straight line at infinity at the cusp. 


27—2 
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503. Consider the equation 

uv(T = Icx^, 

We observe that = 0 , v — 0^ <7 = 0 are the tangents at 
tliree points of inflexion lying on the straight line x = 0. There 
is no asymptote, since the straight line at infinity is a tangent 
at the point of inflexion at infinity. 

504. The equation 

iCa = 

represents a curve, only diftering from the last in that u — 0 and 
V = <) coincide, and the two finite points of inflexion have 
coalesced into a cusj). 

505. The examples which we have given will suffice to 
shew tlie student how to analyse any cubic wliose equation is 
given, as to its infinite branches and its singular points. We 
have exhibited types of curves havijig every variety of asymp- 
tote and every variety of singular point, and other examples 
in wliicli different combinations of asymptotes and singular 
points occur may be analysed by analogous methods. 

506. We will conclude with the following proposition 
which is very important. 

All cuhics which 2 ^clss through eight fixed points pass also 
through a ninth. 

JjQt <f> (or, 7 ) = 0 and (a, /3, 7 ) = 0 be the equations to 
two cubics which pass through eight given points. Since nine 
points determine a cubic, any other cubic . through the eight 
points will generally be determined if another point upon it be 
assigned. 

Consider the cubic which passes through the eight given 
points, and the ninth point (a, 7 '). The equation 

^ («> /3,y) ^ ^Ir {a, 0, 7 ) 

<l> (a'» y) 


( 1 ) 
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must represent it. Fof since the functions (f> (a, /3, 7) and 
yfr (a, 7) arc of tlic tliird degree, this equation is of the third 

degree and therefore represents some cubie. But it is satisfied 
at the point (a, 7), and also at all j3oints of intersection of 

tlie two cubics </> (a, 7) = 0 and yjr (a, /3, 7) = 0, and therefore 

at the eight given points. But the two cubics (fy (a, A 7) = 
and (a, A 7)=0 intersect in nine j)oints altogether. Hence 
the locus of the equation (1) passes not only through the as- 
signed point (a', A> y) eight given points, but it passes 

also through a ninth fixed point on each of the original cubics. 
Therefore all cubics through eiglit fixed points pass also through 
a ninth. 


Exercises on Chapter XXVL 


(267) The only cubic having three double points consists 
of three straight lines forming a triangle. 

(268) The only cubic having two double points consists of 
a straight line intersecting a conic. 

(269) Shew that the straight lines = 0, v = 0 are tan- 
gents to the cubic 

uvw — ku^ + k'v^ [trilinear 

at a double point. 

(270) Shew that the equation 

uvw = 4 - Jev^ [tangential 

represents a curve having a double tangent. 

(271) The cubic 

u^v = ku^w -f k'v^w 

has a conjugate point or a double point according as k, Jc are of 
the same or of opposite signs. 
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(272) Find the six points of intersection of the conic 

a" 4- -f- 7^ _ yS7 + 7^ + 

iC inn ni hn ’ 

and the cubic 

0? - f 7'^^ _ al3y 
P -f- nP + )P Imn 

(273) If a triangle l)e inscribed in a cubic so as to have its 
sides parallel to the asymptotes of the cubic ; and if the tan- 
gents at 7? and 0 intersect in P, those at 0, A in Q; those at 
A, Bm II; the three straight lines JPjI, QB, EC will be con- 
current. 

(271) If a cubic curve consist of three equal and sym- 
metrical branches having contact with three asymptotes which 
form an equilateral triangle, the algebraical sum of the recipro- 
cals of the p(‘rpeiidieulars from any ])()iut on th(‘. three sides of 
the equilateral triangle formed by joining the vertices of the 
three branches, is constant. 

(275) If two eubics touch one another in three collinear 
points, their other points of intersection will be collinear. 

(276) If a scries of conics have the same three asymptotes, 
the points of intersection of any two lie on a straight line, and 
all these straight lines arc concurrent. 

(277) If on any cubic the points P', P" be collinear, 
and ft Q 1 Q" be collinear, and P, P, P" be collinear, and if 
also P, Q, P be collinear and P', ft, E' be collinear, then will 
P", ft', 1C be also collinear. 

(278) If a cubic have three asymptotes, one of which cuts 
it in a liriitc point, another must do so also. 

(279) If two and only two asymptotes cut the curve in 
finite points, the other asymptote is parallel to the straight line 
joining those points of intersection. 
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(280) If a curve of the third order have a double point A, 
and be cut by any straight line in B, G, D ; and if when ABC 
is taken as the triangle of reference, the tangents at A are 
re])resented by tlie cr[uation 

Q^y-hBy^^O, 

and flic tangents at B and C by tlie equations 
Pa + Ny = 0, and d/yS H- /?a = 0, 
shew that the equation to tlie straight line AD is 

4- 3 / 7 = 0 , 

and find the equation to the curve. 

(281) Shew tliat the cubic 

or‘y = cr (Ix^ + + ??<7“) 

has a parabolic asymptote whose equation is 

= mai/. 

(282) Shew that .the cubic wliich circumscribes the triangle 
of reference and passes through the six points in which the two 
straight lines 

\a + yu/3 4- i '7 = 0, ? 4- — 4- ^ = 0 
X jbi V 

intersect the three straight lines 

la 4- 772/3 4- ny — 0, 77za 4- 4- = 0, na + l ^ + my = 0, 

(the coordinates being triangular) has its asymptotes parallel to 
the last three straight lines. 

(283) Tlie cubic which circumscribes the triangle of refer- 
ence and touches the straight lines 

Ta = y8 4 - 7, 772“/8 = 7 + a, 7 i^y = a 4 - ^ 
at points lying on the straight line 

la 4- m ^ 4- 727 = 0 

(the coordinates being triangular) has its asymptotes parallel to 
the given tangents. 
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(284) If (X,, /A, v) be a point on tlic curve 

/x (?/ + z”) + my {z‘ + 0^)+ nz [x' + ;/) + hxyz = 0 , 

the point ^ will also lie upon it. 

SJiew that the tangents at these two points intersect on the 
curve. 


(285) If (\, /i, v) be a point on the cubic 

{x^y + xy^ + y‘‘z + yz~ + z^x + zx") + tiJcxyz — 0, 

then all the twelve points 

(\, fi, v), (fj,, V, \), {v, X, y), (X, V, fi), {y, X, v), {v, y, X), 




lie upon it. 


(286) If x = 0, 3 / = 0, ^ = 0 be the equation of any three 
straight lines, and if 

Q = 4 - z^x + xy^ + x^y, 

R = xyz, 


and if P\ Q\ P! denote what P, Q, R become when any con- 
stant quantities a, Z>, c are substituted for x^ y, 0 , shew that the 
equation 


I\ Q, It 

p\ Q, R' 


= 0, 


V 


(wliere X, / l 6 , v are arbitrary), represents a series of cubic curves 
passing through nine fixed points of which six lie upon a conic 
and the other three upon a straiglit line. 
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(287) Find the values of jJL, v in the last exercise, in 
order that tlic cubic may break up into the conic and the 
straight line. 

(288) In curves of the third order the locus of the middle 
points of cliords parallel to an asymptote which does not cut the 
curve is a straight line. 

(289) In curves of the third order the locus of the middle 
points of chords parallel to an asymj)tote which cuts the curve 
is a hyperbola. 

(290) The tangents to a cubic at three collinear points will 
meet the cubic again in collinear points. 

(291) If a cubic have thi*ee asymptotes which do not meet 
in a ])oiiit, its equation referred to the asymptotes will be in tri- 
angular coordinates 

a/ 3 ry = {J'j^ -f + n<y) (a + /3 + 7 )*. 

(292) A cubic circumscribes a triangle ABC^ and cuts the 
sides BC, CA, AB again in A\ B\ C respectively. Shew that 
if the chords A 2 I' ^ BH ^ CC' are concurrent, so also are the tan- 
gents at J (7. 

(293) The general equation to a cubic touching the conic 

?/37 + = 0 

in the three points of reference is 

+ (Xa + /U./3 + = 0, 

(294) If a conic touch a cubic in three points the three 
chords of contact will cut the cubic again in collinear points. 

(295) The general equation in triangular coordinates to a 
cubic which cuts each of the sides of the triangle of reference in 
only two finite points, viz. the points which lie on the nine- 
points’ circle, is 

4 - a cot A (a* - /3* - 7 ®) -h /3 cot B (^^ - 7 ^ - a®) 

+ 7 cot (7 ( 7 * - a® — / 8 ®) = 0 . 



INTRODUCTION TO CHARTER XXVII. 

GENERAL PROPERTIES OF irOMOGENEOTIS FUNCTIONS. 


507. In tlie following cliaptcr a knowledge of the principles 
of the Differential Calculus will be required on the part of the 
student. 

We call attention at once to some of the principal results 
which we shall assume, referring to treatises on the Differential 
Calculus for the discussion and proof. 


508. If f {a, /3, 7 ) he a homogeneous function of a, of 
the n*'* degree^ then will 


Cor. 1. Since .-ivc themselves homogeneous 

functions of the degree, we have 


“ do? ■*' ^ do. ^ dodri ~ ’ 


d^f ^d?f d?f , ,, df 

“ da did ^ ^ dld‘ d^(h ~ di^ ’ 

d?f „ d?f dj , .df 

“ dady ^^dfddr^^'^ d^ ~ dy • 
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Cor. 

2. By the 

(dimination of a, /S, 7 

from the last four 

equations, we obtain 






n 

n — 


/S, 7 ). 

df 

da’ 

df 

did’ 

dy 

= 0. 



dl 


d^f 

df 

df 




da 

f 

do?’ 

da d/S ’ dy da 




df 


JIL 

df 

df 




d^ 

y 

da (1/3 ’ 

dj3 '^ ’ djS dy 




df 


<df 

ff 

dy 




dy’ 


dy da ’ 

did dy ’ 

df 


Cor. 

3. if/(^, 

A 7) = 

: 0 be 

a homogeneous 

equation of 

any degi 

*ec, tlien will 






a 

df ^ 

df 

0 

II 


and 1 

0 

df 

df 

<f 

= 0. 




da’ 

d^’ 

dy 




df 

df 

df 

ddf 




da’ 

dd^ ’ 

dadl3' 

' dy da 




df 

d^f 

cPf 

df 




dl3’ 

do. d^ 

’ dis'-’ 

d(3 dy 




df 

d\f 

J'L 

<^f 




dy’ 

d^ doL ’ 

d^ dy 

’ df 


509 . 

The 

\ following notation is very convenient. 


The symbol 




/(«> 7) 


denotes the same thing as 


, df df 


df 

dy’ 


where f ^ ^ are the derived functions of/(a, / 9 , 7) with 

doL 6/7 

respect to a, / 3 , 7. 
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The symbol 




or 






(P 


<? tf ^ \ 

+ diSd-, I, di+ dJs) '<'>• 


denotes tlie same tiling as 


do? 




tFf , . (Ff 

d^'dy ■'■ ‘^''^dyda da d^ '' 


72 ^ ^ 2 ^ 

where -7,/, &c. are the second derived functions of 
(h dp dy 

/(«> 7)- 


Simiharly, 




denotes the expression obtained by expanding 
d 


d 


d d 
d^^^ dy) ’ 


as if each of the expressions 

braical term, and then replacing every such term as 

which occurs, by 

F ^ dar-’^''‘d^d^'‘ ■ 
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So also 

will denote 


510. Iff{u,^,y) he a homogeneous function of y of 

the {p + qY^ degree, then 


1 

\k 


1 

13 


(**+>' + 


CoK. As a particular case, if /(a, 7) be a homogeneous 

function of a, /3, 7 of the degree, then 

I; + y r| + " ify) 

and 


511. If f{oL, /3, 7 ) Z>e a homogeneous fiuiction of a, y of 
the n^^ degree, then will 

/(a + .'c, ;S + y, 7 + .?) 

-/(«•, A 7 ) + (*1; + y + ^ |,) /(«. A 7) 

+ &C. +/(x, y, a). 
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Cor. So we have 
/(a + V> + 7 + Fp) 

-/(■>. A 7) + /> (^ ^' + f ;^ + >• /(», A 7) 

+ &c. 

This last expansion is of the greatest utility, and will be 
frequently applied in the following chai^ter. 



CHAPTER XXVIT. 


TllK GE^EUAL Ei^UATION OF THE DEGIIEE. 


512. It is our purpose, in this concluding cliapter, to ex- 
hibit in its most general form the method by which tlic investi- 
gation of the fundamental properties of any curve must be 
carried on, when the curve is presented under an equation in tri- 
linear coordinates of any degree whatever. We shall obtain 
equations to give the direction of the curve at any point, to 
determine the points of inllexion and the singular points, the 
tangents at tlie singular points and the asyinj)totes, and the 
curvature at any point whatever ; but we shall not attempt any 
d(‘Aailed discussion of tlie properties of the several classes of 
curves in general, as such a discussion properly demands by its 
magnitude to be treated by itself, and from its intricacy cannot 
with propriety find a place in an elementary treatise such as 
the present. 

513. Let /(a,A 7)-0 ( 1 ) 

represent the general liomogcneous equation of the degree 
in trilincar coordinates. 

And let (a', yS', j) be any point whatever, and let 



represent any straight line drawn through the point (a', /S', 7 ') to 
meet the locus of the equation ( 1 ). 
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The lengths of the intercepts measured from (a', /8', 7) are 
given by 

/(a + \p, + fip, j + pp) = 0. 

And if (a", /3", 7") be any other point on the same line, the 
intercepts measured from (a", 7") arc given by 

/(a' + Xp, 7"+i;p) = 0. 

This equation may be written 

/(a", /3", 7'')+p(^ ^ " 6^) of p = 0. 


Now suppose the straight line is a tangent to the curve, and 
that (a", 7") is the point of contact, then two of the roots 

of the last equation must be zero, and we have 

/(«", 7") = 0 (3) 

^dfdfclf 



But since (a", 7") lies on the locus of the equation (2), 

we have 

X p, V ^ 

in virtue of which, the equation (4) becomes 

if' + I' = 0 (=)■ 

But from (3), by the property of homogeneous functions 
(Art. 508), we have 

a" 4. ^ -L r/" ^ =x 0 

hence the equation (5) becomes 
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But (a", / 3 ", 7") is the point of contact of any tangent from 
(a, )S', 7) to the curve ; hence all the 2'>oints of contact of tan- 
gents from (a', / 3 ', 7') to the locus of the equation 

/(a. 7) = 0 


lie upon the locus of the equation 


, df df , df ^ 


m- 


But again, since (a , yS', 7') is any point upon the tangent at 
(a", yS", 7"), therefore the equation (6) may be also read as 
stating that the equation to the tangent at any point (a yS'', 7") 
on the locus of the equation 

/(a, / 3 , 7) = 0 

IS represented hy the equation 


do!' ^ d^' ^ dy 


= 0 


( 8 ). 


514 . If \ P) V the direction sines of the tangent at any 
point {OL, yS', 7) on the curve f {a, y8, 7), then will 


\ fJb V 


if if 


if, if, 


df 

if 

d0’ dy 


dy ’ do! 


dd' 

d0 

sin If sin (7 


sin C, sin A 


sin yl, 

sini? 


1 

{df df ’ 

\do! ^ didt' ’ dy] 


For by equation ( 4 ) of the last article, we have 
, df df . df ^ 

+ ^T7'=^’ 

and by the identical relation (Chap, vi.), 

\ sin A-\- jjL sin B v sin (7 = 0. 

w. 


28 
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Therefore 


df df 


df df 


df 

df 

(//S'’ di 


df' doi . 


dd' 

d0 

sin B, sin 0 

1 

sin (7, sin A 


sin A^ 

sin J3 


But fjL^ + 2/llv cos a = sin^-/l, 

whence each of the equal fractious in (1) 

1 

V/a’ d/3^ dy} 

the coordinates being trillnear. 

Therefore, &c. Q. E. D. 


515. The locus of the equation (7) of Art. 513, 

« 


containing all the points of contact of tangents from (a , y) 
to the curve represented by the equation 

/(«> 7) = 0 

may be conveniently called the first iwlar curve of the point 
(a', y) with respect to the original curve. 

It will be observed that this polar curve is of an order lower 
by unity than the original curv'e, and when the original curve 
is a conic section, the first polar curve of any point, becomes 
the straight line which we have been accustomed in previous 
chapters to speak of as the iiolar of that point with respect to th(‘. 
conic. 


516. If wc take the equation to the first polar of the point 
(a , /S', y) with respect to the given curve, and form tlie equa- 
tion to the first polar of the same point with respect to this new 
curve, the locus of this equation is called the second jwlar of 
the point (a', /S', y) with respect to the given curve. Similarly 
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tlie polar with respect to the second polar is called the tlurd 
polar j and so on. 

The equation to the first polar of the point (a , /3', 7') being 



the equation to the seeond polar will be 

I o-'~' , nr.' O' 




+ 2a'y9' 


d(xd^ 


= 0 , 


or, as we may write it, 

, d . ^ d 


So the equation to the third polar may be written 

and the equation to the polar, 


( 2 ). 


( 3 ), 


517. It has been observed that the first polar is of an order 
one less than that of the original curve. So each polar is of an 
order one less than that of the preceding polar, and tlierefore, 
the original curve being of the order, its {71 — 1)^^ polar will 
be a straight line represented by the equation 



518. As our condition of tangency we have simply express- 
ed that a line should meet a curve in two coincident points. 
It is obvious that this condition will be satisfied by any line 
through a cusp, multiple point, or conjugate point. 

Hence every cusp, multiple point, or conjugate point in any 
curve will lie upon the polar curve of any point whatever. 

28—2 
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Therefore the cusps, multiple points, and conjugate points 
of the curve whose equation is 

/(a, A 7)=0 

lie upon the curve 

, df ^,df , df ^ 

wlierc the ratios a' : /3' : 7 ' may have any values whatever. 

Hence the coordinates of all these singular points must 
satisfy simultaneously the equations 

■V... 

(/a ’ d^ ’ rf7 


.519. If a 'point lie upon a fixed straifid Une^ its fii'st polar 
with I'espect to a curve of the 71 *^^ oi'der will pass through {ii — 1)*^ 
fixed j)oitds. 

Let the ])oint (a', /3', 7 ) lie upon the straight line 
la 4* Tfti^ -f ^7 = 0. 


Its first polar curve with respect to tlic curve / (a, 7 ) = 0 , 

is represented by 


« .7.+/3 :>i + 7 ± = 0. 


da 


1/3 ' ^ dy' 


Therefore, since 


la' -p 7)2^' + ny = 0 , 


the polar curve passes tlirougli tlie points given by 
1 _ 1 df d f 

I da 711 d^ 7fi dy ' 


And these equations represent the intersection of two curves 
each of the (/i — 1 )^^ order, and therefore give (n — 1 )’“* points. 
Therefore, &c. q.e.d. 


Cor. The polar curve of any point at infinity passes through 
the [n— 1 )^ points given by 

1 df^l df df 
a da h d^ c dy' 
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520. Of the tangents at singular points. 

If a point (a', 0, y) can be found wliose coordinates satisfy 
simultaneously the three equations 

'fZ-o ^-0 m 

Jy' ' 

that point is, as wc have scon, a double point, cusp or conjugate 
point, and any straight line through it cuts the curve in two 
coincident points. 

The equation to a straight line meeting the curve in two 
coincident points at (a, /S', 7'), viz. 

^ (10'^^ '^iy'^^' 

becomes indeterminate., and in order to find a true tangent at 
this point, we must express that sucli a line meets tlie curve in 
three coincident points. 


Thus if 


■a'__/9-y8'_7-7' 


be any straight line through (a , 7 ) the equation to determine 

tlie intercepts on this line may be written 

/(«', a, y) +p + ^^•)/(»'. V) 

+ @ ^ £■ + ".I' + V;) 

+ iji c’ ^+”27) 


+ &c. = 0 


of which the first two terms vanish since / (a', /S', 7) and its first 
derived functions are zero. 
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Hence in order that the straight line may he a tangent, 
fi, V must be such as to make the third coefficient vanish and 
tlius make three of the roots zero. 


So we must have 

lo! ^ ^ 

or in virtue of (2) 

{(. - « ) X + (/3 - /?) + (7 - 7) j|} /J' 7 ) = 0. . .(4). 

Now if we expand the first member of this equation, the 
terms of the second order in a, yS, 7 arc 



The coefficient of a Is 


(If 

wliich (since is a liomogencous function of the 1)^^* de- 
gree) becomes 

and vanishes in virtue of (1). 

So the coefficients of /3 and 7 vanish, and the remaining 
terms are 

which similarly vanish. 
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So the whole equation (4) reduces to 

(“ rf? ^ 7 ') = 0 (5), 

a relation among tlie coordinates of a point on any tangent at 
7 ')> aiid therefore the equation to the two tangents (real 
or imaginary). 


521. Tliat the equation just obtained does really represent 
two straight lines is immediately seen by applying the criterion 
of Art. 215. 

That criterion requires that 

I d:f 1 = 0 (C). 

^ cZa'r/yS' ’ d^Wji 

d\f iVf d'f 

dtd^'^ dp ’ dpdy' 

d]f d\f d^ 

i d^'dd ^ did dy ^ dy '^ 


Now, by multiplying the three rows of the determinant by 
a, /3', 7 , and adding, wc obtain 



I\iL 

dy ) did ^ 


or by the property of homogeneous functions (Art. 506) 

, .N df . . df . df 

{n {n 1) , 

each of which terms vanishes in virtue of ( 1 ). 


Hence the condition ( 6 ) is satisfied, and therefore the equa^ 
tlon (5) represents two straight lines. 
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522. To distinguish hetioeen a double pointy cusp or con-- 
jugate point. 

If (a, yS', 7 ') be a double point, cusp or conjugate point, tlie 
real or iinaginaiy tangents thereat are given by 

According as the point is a double point, cusp or conjugate 
point, the tangents will be real and distinct, real and coincident, 
or imaginary ; and therefore they will meet any straiglit line in 
real and distinct, real and coincident, or imaginary points. 


Consider tlie straight line a = 0 : it meets the tangents in the 


points given by 




dj.'i' (liy 


di'^ 


which are real, coincident, or imaginary, according as 
( dj y _ iPf d:‘f 

UW/ di'^' 

Hence if (a', / 3 ', 7 ) be a double point. 


dy <pf 


dy dy 


dy dy 

d^ '^’ d jidy 


dy' dr^'dx 


dep ’ d’j. d0 

jy dy 

7 

dy dy 

? 

dy dy 

dft d^ ’ 


dy da. ’ dd‘ 


dad0’ dk 


will be negative : if it be a cusp, they will vanish : if it be a 
conjugate point, they will be positive. 


523. Cor. If (a , yS', 7 ') be a cusp, the tangent thereat is 
represented by any one of tlie equations 

d'jidji' 

■ d^d^ ^ ' d/d"^ 


d?f 

dP‘ 


« ^ + 7 - 0 . 

T^-C 

^ "/“w I t ft -jJWi + 7 fjjrjj — 0, 


dft dj 


“ di dx ^ ii'idft: ^ dy"‘ ~ 
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wliicli are identical since 


yy 

yy 


yy 

yy 


yy 

yy 

d^'‘‘ ’ 

d/S' dy 


dri'^' 

df do! 


dx^ ’ 

dxd/S' 

yy 

d\f 


yy 

dy 


yy_ 

yy 

d/3 dy 



dy d o. 

’ do!^ 1 


do! dj3’ 

’ dl3"‘ 


524. At a cus2)j the first polar of any point whatever touches 
the curve. 


Let {I, nlj n) be any point whatever, and let (a , f) be a 
cusp. 

The first polar of the point (Z, m, n) is given by 


7 <if n 


The tangent to this curve at the point (a', /S', 7 ') is 


, , </y c7-y iVf 

^ , , <T-f iVf dY ' 
^ did^' d^''‘ ” dl3' dy, 


+ 7 


dj:dy'^'"\lli'dy'^^^dy'\ 


= 0 . 


•(!)• 


But the equations 
(Pf 


, . iTi dY 

^ d 'a‘ ^ dd^dlS’ ^ ^ <fxdy' ~ 

yy , ^ (f'f yy ^ 

“ d/3'dy ^ d/3"-‘ ^ d/3' dy' ~ 


y-f ^ 

^dy"dx'^^ 


yy ^ yy 

dyd0'^^dy^ 


are any one of them tlie equation to the tangent at the cusp. 
Therefore the equation ( 1 ) which is derived from them by addi- 
tion represents the same tangent. 
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Hence at the cusp the first pohirs of all points toucli one 
another and touch the curve. 


525. To determine the points of inflexion on a curve of the 
order. 

Let (a , /S', 7) be a point of inflexion, and A, v the direc- 
tion sines of the tangent thereat. 

The Cfpiation giving the lengths of the intercepts on this 
tangent is 


) + /5 (X. 

d d 

d\ 


7h'P 

I !/ 

' d d 

d' 

+ 2^ ( 


ay , 

+ &c. = 

:0. 



Three of the roots of this c(juation must be evanescent. We 
liave therefore 




d- 


as well as 


, df df df . 
^ dd^^ di 


..( 1 ) 

.( 2 ). 


The equations (1) and (2) determine the ratios of X, yu., the 
direction sines of the point of inflexion, the two roots of the 
resulting quadratic being equal, since we have (Art. 506, Cor. 3) 


dy 

dy 

ddf 

df_ 

dd'^ ’ 

dd'd^’ 

di'dd'^ ’ 

d(x' 

cVf 

dy 

dy 

df 

ddd^ 

’ d0 ^' 

d0dy' ’ 

d0 

dy 

dy 

dy 

df 

di'dd ■ 

’ d0 dy 

’ ^ 7 ' “’ 

dy 

dy 

df 

df 

0 

dd' 

d0’ 

(fy” 
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But X, fji, V must satisfy the relation 

aX-\-hfjb-\- cv= 0 (3), 

(the coordinates being trilincar). Hence we Iiave three equa- 
tions (1), (2), (3) from which to eliminate the ratios of X, /lLj p ; 
and the resulting equation will constitute the condition amongst 
the coordinates (a, 7 ) in order that they may represent a 

point of inflexion. 

But instead of ])erforming the elimination directly, we may 
write down the result at once from indirect considerations. For 
we have seen that the equations ( 1 ) and ( 2 ) lead to a quadratic 
having equal roots. Now /a, p might as well be determined 
from the equations (1) and (3), hence these also must lead to a 
quadratic having equal roots. 

Hence (Pf (Pf (Pf I = 0 , 

dditS’' dy'dd ’ " ' 

dy d-f iVf 

(Udid' d/3-^^ d^dy” 

dy_ dy dy 

da dy ’ d/3'dy' ’ dy'‘ ’ ^ 

a, hy c, 0 

which must be one form of the equation resulting from the 
elimination. 

The points of inflexion will be obtained by solving tliis 
equation simultaneously with the equation 

f{a\ y)= 0 . 

And of these two equations, the one is of the 3 (n — 2 )^** degree, 
and the other of the 

Hence ' there will be in general 3n {u — 2 ) points of inflexion 
on a curve of the order. 

520. Of multi j)lG iJoints mid the tangents thereat. 

We have seen that the intercepts which the curve makes 
on the straight line drawn from (a, /3', 7 ') in the direction 

/X, p are given by the equation 
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/(«', 7 


+ + 0,y') 

■*■ [3 (^ ~1' + ^ " ^/v) ^'> 'y') 


4- &c. = 0 


(!)• 


Now suppose (a , 7') is a point sucli tliat /(a , /3', 7 ) and 

its differential coefficients with respect to a, /3', 7 up to those of 
the {r — 1)^^ order inclusive, all vanish identically. 


The first r terms in the equation (1) will disappear, and the 
equation will take the form 




+ higher powers of p = 0, 


shewing that any straight line through the point (a, /3\ 7) 
meets the curve in r coincident points thereat. Such a point is 
called a multiple point of the order, the double points consi- 
dered in the preceding articles constituting the particular case 
when r = 2. 

The tangents at a multiple point of the order will meet 
the curve in 7^+1 coincident points; and, as in Art. 520, it will 
be seen that their directions are given by the (equation 


and the equation to the r tangents themselves is 


527. To find the directions of the asymptotes of the curve 
ivliose equation is 


/(«, 7) = 0 


(')• 
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Let X, fjbj V be the direction sines of an asymptote. Then if 
(a, /S', 7') be any point whatever, one of the roots of the equa- 


tion 

/(a + V) y +vp )=0 (2) 

must be infinite, and therefore 

/(X, fM,v) = 0 (3). 

Solving tills ei^uation simultaneously with the identical relation 
a\ + hfjL 4- cv = 0, l^triUnear 

fjL + p — 0, '[frianf/iila?* 


we obtain the ratios \ : fju : v, determining the direction of an 
asymptote. 

Cor. Since the equation (3) is of the order there will in 
general be n solutions determining the directions of n asymj)- 
totes. 


528. To find the equation to an asijmqUote of the same 
curve. 

Let X, /Lt, V be the direction sines of an asymptote deter- 
mined as in the last article, and suppose (a', /S', 7') any point on 
tlic asymptote. Then two of the radii from this point in the 
direction X, /x, v must be infinite, and tlierefore the equation 

/(a' + X/D, + y +vp)=0 (2) 

must have two infinite roots. 


Hence we must not only have 

/(X, fi, v) = 0, 


but also 




.(3). 


Now this is a relation among the coordinates (a', /S', 7) of any 
point on the asymptote. Hence, suppressing the accents, the 
e(]^uatIon to tlic asymptote is 
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529. To find the radius of curvature at any yoint on a 
plane curve. 

Let P be the given point, (a, yS, 7) its coordinates, and 

/(a, 7) = 0 (1) 

the equation to the given curve. 

Let Q be a point on the curve near to P, and draw QN per- 
pendicular on the tangent at P. 


Txi;. 43 . 



Let X, fjL, V l)C the direction sines of the straight line P(?, 
and let FQ= &, so that tlie coordinates of Q are 

a -f yS' + /mBs, y -f vBs. 

Then we have (Art. 46) 

^ (a’ + \Ss) ^ + (^' + + ( 7 ' + 

QN df- (if \ ’ 

Infa’ (//S" dy'] 

but (a, /S', y) lies on the locus of the given equation (1), and 
therefore 

/ I 


hence 


QN^ 


j y/ iEI 

Va' ’ Of/S' ’ dy'] 


Now if p bo tlie radius of curvature at P, and if Q move up 
to and ultimately coincide with P, we have 

^ QN QN ’ 
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therefore 


2p = II 


r/g'’ dri'\ 


" 

doL ^ f/y 

But since Q lies on the given curve, we have 
fio! + XSs, /3 + fiZs, y + v8s) = 0, 

+ higher powers of Ss = 0. 

But we have /{ol, I3\ y) = 0, 

tliercfore 

^ df df df \ f d d d V . , , ... 

^ dS + + " ii + 2 ^da + ^ + " d^) /(a. 7) & 

4* higlier powers of Zs = 0. 

Ilcncc, substituting in (3) and diminishing hs indefinitely 




{df df 

df\ 

Xdix' dlf' 

dj] 




But in the limit X, /i, v are the direction sines of the tangent 
at (a , /?', 7'), and therefore (Art 314), 


\ 

P' 


V 

df df 

df df 


df df 

dfB' ’ (iy 

df ’ (if 


d f ’ dti' 

sin J], sin C 

sin C, sin A 


sin .4, sini? 


1 

W df d/y 

Va" d0' dy'\ 



448 THE GENERAL EQUATION OF THE DEGREE. 


Hence, if X, 3/, N denote the determinants 


df df 

dy 

, t/7' ’ doL , 

^ df 
d% ’ d0 , 

sin By sin C 

sin 0, sln^ 

sin^, sinJ5 

we obtain 

g?/ 

((/a'’ diS” 

dri) 

! 


i) ' 

This result in a slightly different form has been recently 
published by Mr Walton in the Quarterly Journal of MathematieSy 


Vol. Vin. p. 41 (dune i8()G), in a paper on Curvature, to wliicli 
the reader is referred. 


530. To determinG the coordinates of the centre of curva- 
ture at any iwint on a plane curve. 

Let (a , /3', f) be the given point, and (a, /S, 7) the centre of 
curvature. 


The equations to the normal are (Art. 22G) 

g-g^ 

df df df df df A n 

~ff - frif cos G - COS B - -j , COS A - -f, COS G 

doi dp dy dp dy do, 

7 - 7 ^ 

“ df df T~~df ’‘-P’ 

dy do. dp 


And if p represent the length of the radius of curvature, 
the point (g, 7) lying on the normal at the distance p from 

the point (a', y) must be the centre of curvature. 
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_ 7~7' 

(If df (if 

~ - cos B - cos A 
(ly (loi (7/3 

'df df dfY 

Uh’ ({^^ dy \ 

e:, i) ’ 

wlicre i, Jl/, ^denote tlie deteniiinaiits 

df df \ df df \ df df 

(0'^ df ’ I (if^ cU ^ I df' dff 

sinB, sin f 7 i sin 6', sin .1 i sin ^1, sin 7? 

as in the last article. 

These equations determine tlic coordinates (a, /3, 7 ) required. 


531. A curve of the order can (jeneridltj he found to satisfy 

simple conditions, 

'‘Ji 

The homogeneous equation ot* the degree in its most 
general form may be written 

a” + {a0 + a^fy) + a”"’ (/q/9“ + h^fiy + h^y^) 

+ {c0^ + c0~y + c0y^ + 047^) + &c. = 0. 

Whence we observe that there will be one term involving u\ 
two involving a"~\ three involving a”"^, four involving a”‘^, and 
so on, and {n + 1 ) not involving any ])ower of a. 

Ilencc the whole number of terms is 
(n + 1 ) (n 4 - 2 ) 


There are, therefore, eocflicients involving 

Ji 

(n + 1) (n + 2 ) n (n -f 3) . 1 r v 

^ —iy or — ratios, and thcretorc by rcason- 


29 
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ing analogous to that of Art. 147, a curve of the order 

71 (w + 3) . 

can generally be found to pass through — — given points, 
or to fulfil this number of simple conditions. 


532. All curves of the order which jyass throuejh — — 

fixed points pass also through ^ other fixed points. 


Let ^ (a, 7) = 0 and ^|r (a, /8, 7) = 0 be the equations to 

. , H 1 • n , (ti + 3) — 2 . 

two curves 01 the order 2)assing tliroiigli . given 

points. And l(‘t any otlicr curve of the order be determined 
by passing through these points and the point (a, /S', 7'), thus 

making the requisite number of points altogether. 

The equation to this curve will be 

fi > (^1 ^ ^ 7) 

7) ' 

for this equation is satisfied at the point (a', /S', 7') and at any 
point of intersection of the given curves. 


But the two given curves being cacli of tlie order intersect 
in points, apd the locus of the equation (1) passes through all 

these points, i.e. through the — ~ given points, and the 

remaining — — points of intersection. Hence all 

curves of the order which pass through — ^ fixed 

2 

Ui __ 2 ) 

points pass also through ^ other fixed points. 

Q. E. I). 


533. For a more extensive discussion of the properties of 
the locus of the general equation of the 7i^*' degree, the reader 
is referred to Dr Salmon’s Higher Plane Curves, 
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Exercises on Chapter XXVII. 

(296) Shew that tlic curve 

= {u— vYyz 

has a point of osculation at tlie intersection of the straight lines 
w = 0 and ^; = 0, the tangent being u = v, 

(297) Shew that the curve 

{fjL — v) a"" + {v — \) /S'* + (A — /Lt) 7** = 0 
touches the straight line 

(/X — i^) a -f (i' — X) + (A - /tt) 7 = ^ 
at the point a = /3 == 7. 

(298) Shew that the curve 

{fx - v) + (i. - A) /S‘^’* -f (A - /L 6 ) 7 ^” - 0 
touches the conic 

[li — 7 /) 4- (i^ — X) + (A — fi) r/ = 0 

at the four points 

+ a=:±^=±7, 

and that the common tangents are represented by the equations 

± {fi-— v) OL ± (t' — A) /S ± (A — yu-) 7 = 0. 

(299) Find the asymptotes of the curve whose trillnear 
equation is 

a* (aOL + Z>/5 4- cyY = Jc {h/3 + cyY {a^y 4- hy% 4- ca/3), 

and shew that the curve passes through the circular points at 
infinity. 


29—2 
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(300) If a conic be inscribed in the triangle of reference so 
that one focus lies on the conic 

then the other focus will lie on the curve 

V/a + V + Vn7 = 0 . 


(301) The general equation to a curve of the fourth order 
having double points at tlic points of reference is 

V h + 7n/3 + 7iy _ 

(302) The tangents at the double points in the last exercise 
are given by the equations 

/S’ 7' Z/37 7 ' , 'a' 

(303) The general equation to a curve of the fourth onh'r 
having cusps at the points of reference is 

2)1171 2))l 

^ ^ 7 " /S 7 7 a ’ 

and the equations to the tangents at the cusps are 
^_7 a_/3 

771 71^ n Z ’ I 7n' 

(304) If a curve of the fourth order liave three cusps their 
tangents arc concurrent. 

(305) The tangents drawn from the double point (/3 = 0 , 
fy = 0 ) to meet the curve 

\ LL V I 7)1 n 

“2 + oa "i 2 + B h — H B “ ^ 

u ^ yoL afi 

are represented by the equation 

^ { 7 ) 1 ^ — 4Xi^) + 2/37 {7)in - 2XT) -f 7 ^ ())^ - 4X/x) = 0. 
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(306) If the equation 

X LL V ^ 

represent a real curve, it lias a conjugate point and two double 
points at the points of reference. 

(307) The curve wliose equation is 

_Lq.-J f ^ -0 

V/a V mfd V ny 

passes through all the points of intersection of the three conics 


I 


ni n 
/3'^ y~ a 


Z ^ m 
7 


I m n 

— ^ ~o • 

a ^ j 


(308) Tlie tangent to the same curve at the point {/, /8', y) 
is represented by the equal ion 


a 

o! 






1 m 71 in n 

o! /3' y /i' y 


1 


T 

y 


11 

i 


i 




a 13' 


(309) The equation 

{)n'l3‘'“ + n'y^ + 2ll3y) -f- ^ {n'y'^ + toe + 2/ny7) 

+ 7^ [I'cC -f m'13'^ + 2na^) + a/?7 (X/37 + iJLyoL + vol^) = 0 

is tlie general equation to a curve of the fiftli order referred to 
a triangle formed by joining three double points. 

(310) The tangents at the points of reference in tJie last 
exercise are given by tlie e(juations 

ml3" + 7i'y“ -P 2l^y = 0, ny^ + I" cl + 2my% = 0, 

Vo? -h in" 2 noi/3 = 0. 

(311) The general equation to a curve of the fifth order 
referred to the triangle formed by joining three cusps is 

c('^ {ml3 -f iiyY + (;(7 + ^ «)' + 7^ (?« + 

+ a^y {X^y + fjuyOL + vcl^) = 0 . 



454 


EXERCISES ON CHAPTER XXVII. 


(312) The general equation to a curve of the order 
having double points at the points of reference is 

a/57 •/(«? A 7 ) + ^ 7 ) + 7^^"- ^ (% a) + x («» /®) = 

where f (a, / 8 , 7 ) is any function whatever of the (n — 3)*^ degree 

of the tliree coordinates, and cf) (/5, 7 ), yjr ( 7 , a), x 

tions wliatever of the {n — 4)^*' degree of two coordinates cacli. 

(313) The two tangents at the double point (/3 = 0 , 7 = 0 ) 
in the last exercise arc represented by the equation 

+/ 37 ./( 1 , 0 , 0 ) 1 ) ==^- 
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(314) Shew that 

w, V = xivw + uu‘^ -f- vo" + wio‘^, 

— r, u 

— v\ — ?/, iv 

(315) Shew that 


a\ 

— ah, 

— ra 

+ 2 

0, c^ 

— abj 


-be 


c*, 0, d‘ 

- ca, 


o’ 

i 

b\ o\ 0 


(31G) Shew that 


^ +y —a, 7+a— /3, a. + —<y 

III 

/3' +y' — a', y' + a — , a + — y 

7 

^+7-a,7+a-/3,a4-y«~7 1 

a", /S”, 7 " 


(317) Prove that if 7i> 2, tlie dcterniinaut 



"l. 



<7„ 

X,- 



..x,- 


»s- 

«1. 

a^3-a„ 




f'a, ... 
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(318) Prove that 

0 , 1 , 1 , 1 
1, 0, f 
1 , 0 , 

1, 'if, 'x\ 0 

= + z) {x~-y-z)[y-z-x){z-x- y). 

(319) Shew that if 


//= 

7V'y V' 

and K = 


W'y 

Vy 

a 

1C y 

Vy U 


IV y 

Vy 

Uy 

b 


Uy W 

1 1 


V'y 

w, 

c 




ay 

hy 

C> 

0 


then will 

lla^ Ku^ Ilah-\-K}n\ IIca-^-Kv =0. 

Ilah -h l<w\ ITl/ + Kv, ILhc + Ka 
licit ”f" l\.v j II he I\-ii j Tli^ -f- Ivio 

(320) Prove that the deterininant of the (// 4* 1)^’^ order 

0 , 1 , 1 , 1 , ... 

1 J Oj (I -j- h, Cl Cy ... 

1, h -{• a, 0, h-^Cy ... 

\y c + ay c + hy 0, 

I ; * • • 


= — 


ahe . . . 

/111 \ 
U+/.+C + -)- 

(;}2i) 

Prove 

that 





a, 

a 



a ^ 


b c 

[h + o) (c + a) [a + b) 


h 

c-\- a 




c H- a ’ 

" b ’ 

c + a 



c 

c 

a + h 

1 





— 

c 
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(322) If (a,, (a^, 7 J, ((!! 3 , / 33 , 7 ,) be the trilincar 

coordinates of three points, the ratios of the sides of the triangle 
of reference are given by the equations 


a 


h 


c 

1, 1, 1 


1, 1, 1 


1, 1, 1 



7i, 72> 7a 


Ot J , ^2 > 

%> 7., % 


“1. 




(323) Tf (a, /3, 7 ), (a', 7 '), (a", 7 ") be tlie coordinates • 

of three points, and 

(/c«. icj.\ m), (/c' 7 , /c'V, 

tlie coordinates of three otlicr points, sliew tliat 

a h c , 

- + - , -I- 'T, = a + /> + c, 

K K K 

Also prove that if the first tliree points are collincar, so also 
are the other three. 

(324) If ill a honiogeiieous ('quation in trilincar coordinates 
the sum of the coefticii'iits on each side of the equation be the 
same, tlicii the equation will be satisfied by the coordinates of 
the centre of the circle Inscribed in the triangle of reference. 

(325) ABC is a triangle, right-angled at G : draw AE^ BF 
])er|)en(liciilar and eijual to AG^ BG respectively; join AF^ BF, 
and draw (F) perpendicular to AB, Then the three lines AF, 
BE, GD will be concurrent. 

(326) Tlie straight line wliose equation is 

It. + + ;/7 = 0 

meets the lines of reference BG, GA, AB in the points A', B' , Cf 
rc'spectively ; and AO, BO, GO meet the same lines in the 
points r, Q, 11 respectively, 0 being given by the equations 

Xa = = vy. 

Find the equations to the straight lines A' Q, BP, 
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(327) If, with the construction of Ex. (326), the straight 
lines B^R, C' Q intersect in X, the straight lines C'P, A'R in E, 
and the straight lines A' B'B in Z, find the equations to the 
sides of the triangle XYZ. 

(328) If a = 0 , /S = 0 , 7 = 0 be the equations to the sides 
of a triangle, find the equations to the straight lines joining 
the centre of the circumscribed circle with the centres of tlic 
inscribed and escribed circles. 

(329) If two straight lines be given by equations of the 
form 

la + wiyS + n 7 = 0 , 

what are the equations to the lines which pass through their 
intersection and bisect the angles between them ? 

(330) If upon the sides of a triangle as diagonals, paral- 
lelograms be described having their sides parallel to two given 
straight lines, the other diagonals of the parallelograms will 
meet in a point. 

(331) If straight lines be drawn bisecting the interior angles 
of a quadrilateral, sliew that they will form another quadri- 
lateral whose diagonals pass through the intersections of the 
opposite sides of the first. 

Shew further, that if three of the straight lines pass through 
a point, the fourth will also pass through that point. 

(332) If 'T be the distances of a variable straight line 
from the vertices of the triangle ABC^ shew that the value 
of the determinant 

0 , 0 , 1 , 1 , 1 

dy d> Ih 'T 

1 , qi, 0 , Jr 

1 , q, 0 , 

I, r, //, 0 


is constant. 
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(333) If tlic aiiharmonic ratio of four colHncar points 
A, P, Q he /X, shew that 

AF AQ AB * 

(334) Through eacli angle of a triangle let two straight 
lines be drawn, equally ineliued to the bisectors of those angles, 
but the inclination not necessarily the same for each of the 
three ; then the straight lines joining the intersections of these 
lines will meet the corresponding sides of the triangle in three 
collinear points. 

(335) Three straight lines AD^ AE, A Fare drawn through 
a fixed point /I, and fixed points 7?, O, B are taken in AB. Any 
straight line llirough C intersects ^7/ and -^7^ in 77 and 7^^; and 
BE, DF interseci in P; BE, BF m Q. Shew that the loci of 
P and Q are straight lines passing through A, and if AB be 
harmonically divided in the points B, C, B, the loci of P and 
Q coincide and form with the lines AJ), AE, AF a harmonic 
pencil. 


(33G) Find the locus of a point, the sum of the perpendicu- 
lars from which on a scries of given straight lines shall be 
equal to a given line. 


(337) If the two sides BC, B C of any hexagon ABCA' B C 
intersect on the diagonal AA' produced, and the two sides 
GA', C'A on the diagonal BB' produced ; then will the remain- 
ing sides AB, A' B intersect on the diagonal CC produced. 


(338) The two conics which have B, C for foci, and pass 
through A arc represented in tangential coordinates by the 
equations 

[ap, hq, ci'Y -h ilaqr cos‘ ~ = 0, 

id 


and 


[ap, hq, crY — ibeqr sin* 


A 

2 


0 . 


(339) Find the equation to the straight line joining the 
middle points of the diagonals of the quadrilateral formed by the 
triangle of reference and the polar of the point (a , /S', 7 ) with 
respect to the circle circumscribing that triangle. 
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(310) If w = 0 be a tangent to a conic = 0, the two conics 
S -f — 0,S+ ~ 0 have four-pointic contact. 

(341) If a scries of conics have four-pointic contact at a 
fixed point, and if from any point on the common tangent other 
tangents be drawn to the conics, their points of contact are col- 
lincar. 

(312) Two conics have four-pointic contact at a fixed point 
P, and through P a variable straiglit line is drawn cutting the 
conics in Q and P : find the locus of the intersection of the tan- 
gents at Q and P. 

(343) The trijingle whose sides are 

77i/3 + 7iy = 0 , la — 2ny = 0 , la — 2in^ — 0 
is self-conjugate with respect to the conic 
V/a -f = 0. 


(311) A conic section is described round a triangle u4Pf/; 
lines bisecting the angles of this triangle meet the conic in the 
points A\ i/, C' respectively ; express the equations to 

AB, AC, AB\ 


(345) The triangle whose sides arc 

j r r i) P !/ 

will be sclf-conjugatc with rcsj)ect to the conic 

+ V in^ -P = 0, 

])’/ovided 4- <7 + r = 0. 


(313) The straight lines which bisect the angle of a triangle 
meet the op])osite sides in the ])oints.P, Q, It respectively; find 
thf‘ e( I nation to an ellipse described so as to touch the sides of 
the triangle in these points. 

(317) If a conic section be described about any triangle, 
and the points where the lines bisecting the angles of the tri- 
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angle meet the conic be joined, the intersection of the sides of 
the triangle so formed with the corresponding sides of the original 
triangle lie in a straight line. 

(348) If from any point per 2 )cndiciilars be drawn on t!ic 
three sides of any triangle, the area of the triangle formed by 
joining the feet of tlie 2 )erjiendiculars bears a constant ratio to 
tlic rectangle under the segments of a chord of the circle circum- 
scribing the triangle, drawn through the point. 

(349) If conics ])ass through two fixed ]ioints and touch at 
another fixed ])oiiit, the common tangents to any pair of them 
intersect on a straiglit line passing through the point of contact. 

(3.50) If two conics liavc foiir-pointic contact at A, and if 
any straight line touch one conic in A' and cut tlic other in JJ, 0; 
and if /l/i, AO cut tlic former conic in O', then AA\ JBI>\ 
CO' are concurrent. 

(351) If a conic circumscribe a triangle and if tliree conies 
be described having four>i)ointic contact with the first at the 
angular points, and touching the opposite sides, the straiglit 
lines joining the points of contact to the op[)osite angular points 
are C(mcurrent. 

(352) If V/vC + -f = 0 

be the equation in tri«ingiilar coordinates to a parabola, the 
(‘quations 

X — X _ // — ji ~ 

I m n 

will represent a straight line meeting it in only one finite point. 

(353) Find tlic eejuation to the hyperbola conjugate to the 
hyperbola represented by the e([uatlon 

na" 4- 4- 4- 2u^y 4- 2v'yoi 4- = 0. 

(354) If through the extremities of one side of a triangle 
any circle be described, cutting the other sides in two points, and 
these points be joined ; shew tliat the locus of the intersection of 
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the diagonals of the quadrilateral thus formed will be a conic 
passing through the angular points of the triangle. 

(355) From the middle points of the sides of a triangle 
draw pcrj)endiculars, proportional in length to those sides, and 
join the ends of the perpendiculars witli the opposite angles of 
the triangle ; then the locus of the point of intersection of tlic 
joining lines will be a conic described about tlie triangle. 

(35G) The locus of a point from which the two tangents to 
a given conic are at right angles is a circle. 

(357) Two conics liave double contact, shew that the locus 
of the poles with respect to the first, of tangents to the second, is 
another conic having double contact with both at the same 
points. 

(358) If a conic be inscribed in the triangle of reference and 
also touch the straight line whose trillnear etjuation is 

\ fJL U 

its centre will lie on the chord of contact of tangents from the 
point (\ : ya : v) to the circle circumscribing the triangle of 
reference. 

(359) If a series of conics be inscribed in a quadrilateral, 
their centres will lie upon the straight line joining the middle 
points of the diagonals. 

(360) AA'IJ'B is a quadrilateral inscribed in a conic. 

Two tangents PF\ QQ' meet the diagonals AB\ A'B in the 
points P ^ Q' respectively. Shew that a conic can be 

described so as to touch AA\ BB\ and also to pass through the 
four points P, P\ Q, Q'. 

(361) If three conics circumscribe the same quadrilateral, 
the common tangent to any two is cut liarmonically by the 
third. 

(362) If a scries of parabolas are inscribed in a triangle the 
poles of any fixed straight line lie on another straight line. 
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(363) If ABGD be a quadrilateral circumscribing a conic, 
and P, Q be any two points on tlie conic, then a conic can be 
described touching AP, A Q, CP, CQ, and passing througli the 
points P and D. Also the pole of PQ with respect to the first 
conic will be the pole of BD with respect to tlie second. 

(364) Given four tangents to a conic, find the locus of the 
foci. 

(365) If P and Q be any points on a conic, B and II the 
foci, a circle can be inscribed in the quadrilateral formed by 
BP, SQ, IIP, J/Q having its centre at the pole of PQ with 
respect to tlie conic. 

(366) SS', llll , 00* are the diagonals of a quadrilateral cir- 
cumscribing a conic which cuts SB' in A, A'; IIII in B, B' \ 
00* in I, I*, Shew that if SB*, JIIP intersect in C, Cl, CP are 
the tangents at I, I*, Also if ]>, ])' be the points of contact of the 
sides 811, and E, E* the points of contact of the sides BlI , 8*11, 
the tangent at any otlier ])oint P will meet I>E in a point Z 
such that . POZO*] is harmonic. Prove also tliat if tlie tan- 
gents to the conic from the point Q divide the angle OQO* , 
liarmonically, the locus of Q will be a conic passing through 
0, O' and having its centre at C. 

(367) Siip]:)Osc 0, 0* in the last exercise are the circular 
points at infinity, and consider what focal properties will be 
derived. 

(368) Apply the property proved in Art. 417 to shew tliat 
if a parabola be inscribed in a triangle its focus lies on the 
circle circumscribing the triangle. 

(369) Two conics intersect in a iioint 0 and touch the sides 
of a quadrilateral whose diagonals are A A*, BB*, CC*. If OP, 
OQ be the tangents at 0, then pencils [O.APA* Q], [0 . BPB*Q], 
{0 . CPC* Q] are harmonic. Hence iirove that two confocal conics 
intersect at right angles. 

(370) Given a focus and two tangents to a conic section, 
shew that the chord of contact passes through a fixed point. 
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(371) Shew that if + /m = 0 , the locus of the foci 

of the conics represented hy the equation 

i 1 1 ^ 

7 d d “ ^ 

lOL mp 7iy 

is a cubic curve : and find its equation. 

(372) Two irtiap;inary parabolas can be drawn having tlicir 
foci at the circular ])oints at infinity, and intersecting in tlic 
centres of the inscribed and escribed circles of a given triangle. 

(373) If a variable conic to whicli a fixed triangle Is always 
self-conjugate always passes througli tlie centre of the circle' 
inscribed in the triangle, the locus of its centre will be the circle 
circumscribing the triangle. 

(371) C are the foci of a conic P; f/j A those of a conic 
Q; A, B those of a conic 7/; and common tangents to (), Jl 
intersect in A', common tangents to P, F in J5', and common 
tangents to P, Q in C\ Shew that the systems of points 
A\ B\ C'; A\ P, 0; A, C; A, P, (/' arc collincar. 


( 375 ) If /(a, yS, 7 ) =0 be the trilincar equation to a conie, 
its directrices will be represented by the e(|uatlon 




dl3’ 



= 0 , 


where k must be so determined that the first member may 
resolve into two linear factors. 


(376) Trace the cubic whose trilinear equation is 

k ^/3 4- 7^ 4- 2 / 3 y cos A) =y (aa 4- iyS 4- cyy. 

( 377 ) Shew that the six points in which the cubic 
(/3 + 7 cos J) (7 + a cos B) (a -hjS cos C) 

= ( 74-/3 cos A) (a 4 - 7 cos B) (/3 + a cos C) 
is cut by any circle concentric with that which circumscribes 
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tlie triangle of reference He two and two at the extremities of 
tliree diagonals of the circle. 

Shew also that the centre of the circle is a point of inflexion 
of the cubic. 

(378) If two cubics intersect In six points on a conic, 
their other three points of intersection are collinear. 

(379) Through six points on a conic there are drawn three 
cubics. Shew that tlicir other points of intersection lie by threes 
on three concurrent straight lines. 

(380) Find the conic of five-pointlc contact at any point 
of the cuspidal cubic — x~z. 


The next eighty Exercises are selected prom 
Cambridge College Examination Papers. 

(381) If the inscribed circle of a triangle ABC pass through 
the centre of the circumscribed, then 

cos A + cos B + cos C = V 2 . 

(382) Determine the value of k that the equation a — = 0 

may represent a tangent to the circle described about the triangle 
of reference. 

(383) Shew that the trilinear coordinates of the centre of 

the conic section = 0 arc 

Xahe sin B \ahc sin A ale sin C 

2 {6^ — Xaljj ’ 2 (c* — \aZ>) ’ Xab — <^' 

(384) Prove that if w = 0, v = 0, w — 0 be the equations of 
the sides of a triangle, the equation of a conic section circum- 
scribed about the triangle will be 

I m n ^ 

— 1 1 — — 0 , 

U 1 ’ w 


W. 


30 
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and that the equations of the tangents of the conic section at the 
three vertices of the triangle will he 

“ + S.O, ^ + ^ = 0. ' + =-0. 

V W W U U V 

(385) The equation to the self-conjugate rectangular hyper- 
bola passing through (/, g, h) is 

(/“-/)y = 0. 

(386) If ABC hQ> a triangle sucli tliat the angular qioints 
are the poles of the ojiposite sides with rcsj^ect to a conic, and 
ahe be another triangle ])osscssing the same ])ro])erties with 
respect to the same conic, then tliat one conic will circumscribe 
the two triangles. 

(387) Tf - + - + - = 0, - + comes, find 

^ ^ a p 7 a p 7 

the equations of the several lines joining the centre of the circle 
inscribed in the triangle of reference with the four ])oints of 
intersection of the two conics. 

(388) Tf A', B\ C be the middle points of the sides of a 
triangle ABC, and a parabola drawn tlirougli A\ B\ O' meet 
the sides again in A", B", C " — then will the lines AA'\ BB'\ 
CC" be parallel to each other. 

(389) Conics circumscribing a triangle liavc a common 
tangent at the vertex; through this point a straight line is 
drawn : shew that the tangents at tlic various points where it 
cuts the curves all intersect on the base. 

(300) OA, OB are tangents to a conic section at the points 
Ay B; and C is any point on the curve. If AO, BC be joined 
and OBQ be drawn to intersect AGy BG (or these lines produced) 
in P and Qy prove that BP, A Q intersect on tlie curve. 

(391) APy BPy CP arc drawn to meet a conic circumscribing 
ABC in DEb\ The tangents at DEE meet BGy A Gy A7^ in 
A'B'C', Prove that A'B'C' lie on a straight line. 

(392) A conic is described about a triangle so tliat tlie 
normals at the angular points bisect the angles. Shew that the 
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distances of the centre from the sides are inversely proportional 
to the radii of the escribed circles. 

(393) Find the erpiation to tlie conic section circumscribing 
the triangle of reference and bisecting the exterior angles of the 
triangle. 

(394) The diameter of a conic circumscribing ABC which 
bisects the chords parallel to AP^ 7>’P, CP whore P is a given 
point, meet the tangents to the conic at A, P, C in DEF, prove 
that DEF\m on the polar of P. 

(39r>) The tangents to a conic at ABC meet the opposite 
sides of the triangle produced in PQP^ Tlic other tangents 
from Q and Pi being drawn meet Al^ and Cxi respectively in 
r\ prove that Pqr lie on a straight line. 

(390) A conic section is inscribed in the triangle ABC and 
touches the sides opposite to Ay By C in xV , P', C respectively, 
any point P is taken in B' C and (7P, BP meet ABy AC in c, h 
respectively; prove that he is a tangent to the inscribed conic. 

(397) If perpendiculars be drawn from the angular points 
of a triangle on the opposite sides, an ellipse can be drawn 
touching the sides at the feet of the perpendiculars ; construct it. 

(398) If a conic touch a triangle at the feet of the perpen- 
diculars from the angular points, the distance of the centre from 
the feet is proportional to the length of the sides. 

(309) Two conics touch each other in two points A, B. If 
0 be any point in the straight line . IP and if OPP'Q Q be 
any chord cutting the two conics in P, Q and P', Q' respectively, 
prove that 

Z)Ti~ or^ oQ' ■ 

(400) The four common tangents to two conics intersect two 
and two on the sides of their common conjugate triad. 

30—2 
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(401) Shew that the general equation to a circle in trillnear 
coordinates is 

S={aoL + h^ + cy) {la + my 8 + 7iy) — {a/3y + hya + ca^) = 0, 
and that the square of the tangents drawn to It from a point 
whose trilinear coordinates are a', yS', y is S': where a, h, c 
are the sides and A the area of the triangle of reference. 

(402) The self conjugate, the nine-points’, and the circum- 
scribing circle of a triangle have a common radical axis, which 
is the polar of the centre of gravity with respect to the self-con- 
jugate circle. 

(403) The radical axes of the circles (areal) 

(w, V, tv, u, V, w'){a/3yY = 0, 

ilh q, q\ r){a^yy = 0, 

will be represented by 

ua -f v/3 + ^ + 7/3 4* ry 

u V w — v! — V w j) r — j) — <1 — r * 

(404) Three circles described on the chords of a complete 
quadrilateral as diameter have a common radical axis. 

(405) Shew that the equation to any circle that passes 
through the points B, G of the triangle of reference, may be 
expressed in the form 

y 87 sin^ + 7 a sinJ5+ay9sin C 

+ ha{a sin ^ + sin i? + 7 sin (7) = 0 ; 

and determine the value of the constant k in order that the circle 
may tomh the side AB» 


(406) Shew that the equation of the fourth tangent common 
to the circle inscribed in the triangle of reference, and to the 
escribed circle that touches BC externally is 
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(407) The two points at which the escribed circles of a 
triangle subtend equal angles, lie on the straight line whose 
equation in tvilinear coordinates referred to the triangle is 

a cos ^ (J - c) -f/3 cos -f - 7 cos (7 (a -5) = 0 . 

(408) If T be the intersection of perpendiculars from 
-4, J 5 , 0, on the opposite sides of the triangle ABC and L 
the middle point of J5(7, and if TL be produced to meet the 
circle circumscribing (7 in A ] shew that AA is a diameter 
of the circle. 

(409) Prove that four fixed points on a conic subtend at 
any other point on the curve a pencil of constant anharmonic 
ratio, which is harmonic if the line joining two of the points 
wliich are conjugate passes through the pole of the line joining 
the other two. 

(410) The anharmonic ratio of the pencil formed by joining 
a point on one of two conics to their four points of intersection is 
equal to the anharmonic range formed on a tangent to the other 
by their four common tangents. 

(411) Pp^ Qq, Hr, Sit arc four chords of a conic passing 
through the same point, shew that a conic can be drawn touching 

SR, RQ, PQ, sr, rq, qp. 

(412) Having given five tangents to a conic, shew how to 
determine their points of contact. 

(413) The equation of the line passing through the feet of 

the perpendiculars from a point {a^, 7 ^) of the circle 

a^y -f bay + cay8 = 0 

on the sides of the fundamental triangle, may be put in the form 
/8 jC08(7-7jC0SjB 7jC03il -aiCosu cos cos 6 
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(414) AP, BP, CP are drawn to meet a conic circumscrib- 
ing the triangle ABC in 1), E, F\ EF, FO, I)E meet BG, 
CA, AB in A^, B^, respectively. Shew that these three 
points arc in a straight line, which is tlic polar of P with regard 
to the conic. 

(415) One conic touches OA, OB in A and B, and a 
second conic touches OB, OG in B and C: prove tliat tlie other 
common tangents to the two conics intersect on A C. 

(IK)) Two conics touch each other, and tlirougli the point 
of contact any chord is drawn : if tlie tangents to tlie conies at 
the other extremities of the cliord meet on the common tangent, 
the common chord of the conics will pass through their inter- 
section. 

(417) Two rectangular hyperbolas intersect in four ])oints, 
shew that each point is in the intersection of perpendiculars 
from tlie angles on the sides of the triangles formed by joining 
the otlier three. 

(418) If three conics be drawn each touching two sides of a 
triangle and having the third for their chord of contact, shew 
that the three chords of intersection pass through a point. 

(119) If three parabolas arc drawn having two of the sides 
of a triangle for tangents and the tliird for their chord of con- 
tact, shew that their other three points of intersection form a 
triangle similar to the original one and of one-ninth its area. 

(420) If a triangle is self-conjugate with rcsjiect to each of 
a series of parabolas, the lines joining the middle points of its 
sides will be tangents: all the directrices will pass through 0 
the centre of the circumscribing circle : and the focal chords, 
which arc the polars of O, will envelope an ellipse inscribed in 
the given trianghi which has the nine-points’ circle for its auxili- 
ary circle. 
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(421) Shew that there arc two points P, Q in the polar of 
0 witli respect to a conic, such that PO is perpendicular to the 
])olar of P, and QO to tlie polar of Q and that then POQ is a 
right angle, 

(422) Through a point P within tlie triangle ABC a line is 
drawn parallel to each side. Prove tliat the sum of the rect- 
angles contained by the segments into which e^ch of these lines 
is divided by the ])()int P is equal to 0P\ 11 being the 
radius uf llic circumscribed circle, 0 its centre. 

(423) The diameter of the circumscribing circle of the tri- 
angle ABC 

= + - 'y'- 

sin 2 A sin 2B sin 2 C ’ 

where a', /3', y are the perpendiculars on any tangent from 
A, P, C, 

(424) Similar circular arcs are described on the sides of a 

triangle their convexities being towards tlie interior of 

the triangle; sliew tliat tlie locus of the radical centres of these 
three circles is the rectangular hyperbola 

sin (/>*— 0) sin((7-J.) sin(v4— P)_ 

~ h ^ “T — 0, 

a P 7 

a, /3, 7 being the trilincar eoordinates of a point with respect to 
the sides of the triangle. 

(425) The pole of a tangent to a fixed circle with re- 
spi'.ct to another fixed circle will have a conic section for its 
locus. 

(426) A conic circumscribes a triangle ABC^ the tangents 
at the angular points meeting the opposite sides on a straight 
line PPP. The lines joining any point Pto -T, P, and C meet 
the conic again in A', P', O': shew that the triangle AIB' C 
envelopes a fixed conic inscribed in ABCy and having double 
contaet with the given conic at the points where they are met 
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by DEF. Also the tangents at Jl ^ B', C' to the original conic 
meet B' G\ G'A\ A'B' in points lying on BEF. 

(427) If straight lines be drawn from the angular points of 
a triangle ABG, through a point P, to meet the opposite sides 
in a, / 9 , 7 , shew that if P moves on a conic, the intersection of 
FA and j3y traces out a conic, and that tangents to corre- 
sponding points of the conics intersect on BG, 

(428) A tangent to a conic cuts two fixed tangents in 
Pand P', R and R' are fixed points, shew that the locus of 
intersection of TR and P'P' is a conic. 

(429) A, B, G arc three fixed points, and G such that 
tan P-4 varies as tanPPG^; prove that the locus of is a 
conic passing through A^ P, and G. 

(430) The locus of the centre of rectangular hyperbolas 
inscribed in the triangle of reference of trllinear coordinates is 
the circle 

a* sin 2-4 + ^ sin 2 P -f 7 " sin 2(7 = 0 . 

(431) A rectangular hyperbola circumscribes a triangle; 
shew that the loci of the poles of its sides are three straight lines 
forming another triangle, whose angular points lie on the sides 
of the first, where tliey are met by perpendiculars from the 
opposite angular points. 

(432) Ellipses are described on AB as diameter, and touch- 
ing BG\ if tangents be drawn to them from (7, shew that the 
locus of the points of contact is a straight line. 

(433) The locus of the centres of conics inscribed in a 
triangle and such that the centres of the escribed circles form 
a conjugate triad with respect to them is a straight line parallel 
to aa + -h C 7 = 0 in triangular coordinates. 

(434) If P move so that a tangent to its path is always 
parallel to its polar with respect to an ellipse, then P traces out 
an ellipse similar and similarly situated to the former. 
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(435) Tlic square of the distance of a point from the base 
of a triangle is equal to the sum of the squares of its distances 
from the sides. ’ Prove that its locus is a conic, and will be 
an ellipse, parabola, or hyperbola, according as the vertical 
angle of the triangle is obtuse, right or acute. 

In the case of the parabola find its focus and directrix. 

(436) The section of a cone cannot be an equilateral hyper- 
bola unless the angle of the cone is at least a riglit angle. 

(437) The equation of the asymptotes of the conic 

0 is 

(438) A conic is described about a given quadrilateral, 
prove that its centre always lies on a conic which ])asses through 
the middle ])oints of tlie sides and diagonals of the quadri- 
lateral and also through the three points of intersection of the 
diagonals. 


(439) Sliew that a conic section can be described passing 
through tlic middle points of the four sides and of the two 
diagonals of any quadrilateral, and also through the intersections 
of the diagonals and of the two pairs of opposite sides, its centre 
being the centre of gravity of four equal particles placed at the 
angular points of the quadrilateral. Prove also that this conic is 
similar to each of the four conics which have their centres 
respectively at the four angular points of the quadrilateral and 
to which the triangle formed by joining the other three points is 
self-conjugate. 

(440) Shew that the conic which touches the sides of a 
triangle and has its centre at the centre of the circle passing 
through the middle points of the sides, has one focus at the 
intersection of the perpendiculars from the angles on the oppo- 
site sides, and the other at the centre of the circle circumscribing 
the triangle. 
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(441) One focus of a conic inscribed in the triangle ABC 
lies in a conic touching AB^ A C at B, C res})cctively ; prove 
that the other focus lies on another conic touclirtig as before. 

If these two conics coincide, tlie major axis of tlie conic 
inscribed in the triangle passes through a fixed point. 

(442) If a conic be inscribed in a triangle and its focus 
move along a given straight line, the locus of the other focus 
is a conic circumscribing the triangle. 

(443) If an ellipse inscribed in a triangle has for one focus 
the ])oint of intersection of the perpendiculars from the angular 
points of the triaiigle on the opposite sides, shew tluit (i) the 
other focus is the ccntr(‘ of the circle circumscribing the triangle, 
and (ii) the major axis of the elliptic is equal to the radius of 
this circle. 


(41 1) If a = 0, /3 = 0, 7 = 0, 8 = 0 be the equations to four 
straight lines all expressed in the form 

X cos a + ?/ sin a = 0, 

and if aa + hf3 + cy + = 0 for all values of x and y, tlien the foci 

of all the conic sections which touch tlie four straight lines lie 
on the curve 


a h c d 
- 4 7 . 4 - + = 0 . 

a p 7 0 


(4 15) If a hyperbola be described touching the four sides 
of a quadrilateral which is inscribed in a circle, and one focus 
lie on the circle, the other focus will also lie on the circle. 


(440) The poles of any fixed straight line with respect to a 
series of confocal conics lie on another straight line. 


(447) Tangents arc drawn from any point on an ellipse, to 
an interior confocal ellipse, and with the points of contact as 
foci a third ellipse is described passing through the given point 
on the first : prove that its latus rectum is constant. 

(448) If a series of parabolas touch three straight lines their 
foci lie on a circle and their directrices arc concurrent. 
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(440) Three parabolas are drawn touching the three sides 
of a triangle ABC, If A A ^be tlic foci, prove that 
A BO ,h ,c 

where /, h are the sides of the triangle DEF. 

(450) ABC m any triangle and P any point: four conic 
sections are described with a given focus toucliing the sides of 
the triangles ABC, BBC, PC A, PAB respectively, shew that 
they all have a common tangent. 

(451) Tangents arc drawn at two points P, P' on an 
ellipse. If any tangent be drawn meeting those at P, P' in 
P, li\ shew that the line bisecting the angle BSP intersects 
PP' on a fix(id tangent to the ellipse. Find the ])oint of contact 
of this tangent. 

(452) Four conics can be described about a triangle having 
a given point as focus. If the sides of the triangle subtend 
e(|iial angles at the given i)oint, one of the conics will touch the 
other three, 

(458) Circles arc described on a system of parallel chords 
to an ellij)sc as diameters, shew that they will have double 
contact with an ellipse, having the extremities of the diameter 
of the chords as foci, and itself having double contact with the 
original elli])se. 

(454) With the centre of the circumscribed circle as focus 
three hyperbolas can be described passing through ABC with 
exccntricities cosec Ji cosec (\ coscc (7 cosec J , coscc^l cosec 
their directrices being the lines joining the middle j^oints of the 
sides. The fourth point of intersection of any two lies on the 
line joining one of the angles to the middle j:)oint of the oppo- 
site side. 

(455) An ellipse is described round a triangle, and one 
focus is the intersection of perpendiculars from the angular 
points on the o{)posite sides. Shew that the latus rectum 

2B cos A cos B cos C 

"" . A , B , C ^ 

sin sm sin - 

where B is the radius of the circumscribing circle. 
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(456) ABC is a triangle, 8 is any point, 8A^ SB, SC are 
joined, Sa, Sb, Sc are drawn perpendicular to SAjSB, SC, meet- 
ing the sides in ahc. Straight lines Aa, Bb, Cc are drawn, 
forming a triangle PQR, If two conics with S as focus be 
inscribed in the two triangles ABC, BQR, shew that the latus 
rectum of one is half that of the other. 

(457) The equation to the directrix of a parabola which 
touches the sides of the fundamental triangle and the straight 
line la -f 7?i/3 + ^7 = 0 may be expressed 

“ ^ (s - ^ (r. - 7) + (7 - s) ■ 

(458) Three points ABC are taken on an ellipse. The 
circle about ABC meets the ellipse again in F, and PF^ is a 
diameter. Prove that of all the ellipses passing througli ABCP', 
the given ellipse is the one of minimum cxccntricity. 

(459) Shew that the reciprocal of a given conic A with 
respect to another conic j^will be a rectangular hyperbola, if the 
centre of B lies on a certain circle. 

(460) A series of equal similar and equally eccentric ellipses 
are reciprocated with respect to a circle, shew that, if one of the 
reciprocals be a rectangular hyperbola, they will all be so, and 
have double contact with a hyperbola whose eccentricity e is 
given by 

c" 4- e " = 2, 

e being the eccentricity of the ellipses. 


The forty Exercises which follow are selected from 
THE papers of THE CAMBRIDGE MATHEMATICAL TrIPOS 
Examinations. 

(461) Let four points be taken at random in a plane, join 
tliem two and two in every possible way, the joining lines being 
produced, if necessary, to intersect. Join these points of inter- 



MISCELLANEOUS EXERCISES. 


477 


section two and two, in every possible way, producing as before 
tlie joining lines. Every line in the figure so formed is divided 
harmonically. 

(462) Prove the following mctliod of drawing a tangent to 
any curve of the second order from a given point P without it. 
From P draw any two lines, each cutting the curve in two 
points. Join the points of intersection two and two, and let 
the points in which the joining lines (produced if necessary) 
cross each other be joined by a line which will, in general, cut 
the curve in two points A, B, PA, PB are tangents at A and B. 

(463) * Two points are taken within a triangle: each is joined 
with an angular point, and tlic line produced to intersect the 
opposite side. Prove that the six points of intersection so 
formed will lie on the same conic section, and find its equation. 

(464) An ellipse is described so as to touch the tlirce sides 
of a triangle ; prove that if one of its foci move along the cir- 
cumference of a circle passing through two of the angular points 
of the triangle, the other will move along the circumference of 
another circle, passing through the same two angular ))oints. 
Prove also that if one of the.se circles pass through the centre of 
the circle inscribed in the triangle, the two circles wnll coincide. 

(465) Shew that all conic sections, which have the same 
focus, have two imaginary common tangents passing through 
that focus ; and lienee derive a general definition of foci. 

(466) Prove that the locus of the centre of a conic section; 
passing through four given points, is a conic section ; and shew, 
(1) that when the straight line joining each pair of the given 
points is perpendicular to the straight line joining the other pair, 
this locus will be a circle, (2) that when the four given points lie 
in the circuinfercuce of a circle, this locus will be a rectangular 
hyperbola. 

(467) Find a point the distances of which from three given 
points, not in the same straight line, are proportional to p, q, 
and r respectively, the four points being in the same plane. 
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(468) OA^ OB are common tangents to two conics having 
a common focus CA, (7i? are tangents at one of their points 
of intersection; BD^ AE tangents intersecting CA, CB in E. 
Prove that SDE is a straiglit line. 

(469) Two tangents OA, OB are drawn to a conic, and arc 
cut in B and Q by a variable tangent ; ])rovc that the locus of 
the centres of all circles described about the triangle OBQ is a 
hyperbola. 

(470) The circles which touch the sides A BC of a triangle 
at (7, and pass through J>, A res[)ectively, intersect in E aiut 
F, Lines drawn from tlie centres of tlic circles inscribed in the 
triangles ACF^ 7? parallel to (777, (7A’ respectively, meet AC^ 
BC in Q, Prove that CB is equal to Ci^. 

(471) If ABC be a triangle whose sides touch a parabola, 
and/>, r be the perpendiculars from A, 7>, C on the directrix, 
prove that 

2) tan A -{-q tan B 4- r tan ( / = 0. 

(472) ^1, Pand P, Q arc points taken respectively in two 
parallel straight lines, A^ B l)eing fixed and P, Q variable. 
Prove that if the rectangle ylP, BQ be constant, the line BQ 
will always touch a fixed ellipse or a fixed hyperbola according 
as 7^ and Q are on the same or opposite sides of ./IP. 

(473) Three hyperbolas an*, drawn whose asymptotes are 
the sides of a triangle ylP(7 taken two and two, prove that the 
dintctions of their three common chords ])ass through the angu- 
lar points A, 77, C and mc(4 in a point, — which will be the centre 
of gravity of the triangle, if the hyperliolas touch one another. 

(474) Prove that the straight lines rc])rcscnted by the 
equation 

(a^ — ^) sin C+h (a sin J 4- sin P) (^ cos P — a cos A) = 0, 
are parallel to the axes of the conic section 2o(/3 = /ry®. 
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(475) If tlie lines which bisect the angles between pairs of 
tangents to an ellipse be parallel to a fixed straight line, prove 
that tlie locus of the points of intersection of the tangents will be 
a rectangular hyperbola. 

(i7G) Tangents to an ellipse are drawn from any point in a 
circle through the foci, ])r()ve that tlic lines bisecting the angle 
between the tangents all pass through a fixed point. 

(477) Pis a point within a triangle ABC, and AP, BP, CP 
meet the opposite sides in A' , B' , C' respectively ; if Pa, Ph, Pc 
be measured along PA, PB, PC so that these last are harmonic 
means betwcnni PA' , Pa ; PB' , Ph ; PC' , Pc respectively, prove 
that a, h, 0 lie on a straight line. 

(478) Prove that the envelope of the polar of a given point, 
with respect to a system of eonibc'al conics, is a parabola the 
directrix of which pass(‘s through the given point. 

(479) ABC is a given triangle, Pany point on the circum- 
scribing circle, through P are drawii PA' , PB' , PC' at right 
angles to PA, PB, P(' to mc(‘t BC, CA, AB res])ectlvely; shew 
that A' , B’, C lie on one straight line that passes through the 
centre of the circumscribing circle. 

(480) If tangents be drawn to the circle bisecting the sides 
of a triangle, at the points Avhere it has contact with the four 
circles which touch the sides, these tangents will form a (piadri- 
lateral whose diagonals pass one through each angular point 
of the triangle. 

(481) If POP', QOQ, BOB', SOS' be four chords of an 
ellipse, the conic s(‘ctions passing through 0, P, Q, B, S and 
0, P', Q , B' , S' will have a common tangent at 0. 

(482) Four circles arc described, each self-conjugate with 
respect to one of the triangles formed by four straight lines in 
the same plane; prove that the four circles have a common 
chord. 
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(483) A conic always touches four given straiglit lines; 
prove that the chord of intersection of tlic circle, described about 
any one of tlie triangles formed by three of these straight lines, 
with the circle which is the locus of the intersection of two tan- 
gents to the conic at right angles to each other, always passes 
through a fixed point. 

(484) A triangle is circumscribed about a given conic, and 
two of its angular points lie on another given conic ; prove that 
the locus of the third angular point is another conic, and tliat the 
three conics have a common conjugate triad. 

(485) Two triangles, ABO, A'B'C\ are described about an 
elli])se, the side BO being parallel to B' C\ CA to CA\ AB to 
A'B'. If B'C\ C'A\ A'B' be cut by any tangent in P, Q, R 
respectively, prove that AP, BQ, OR will be parallel to one 
another. 

(486) If a point be taken, such that each of the three dia- 
gonals of a given quadrilateral subtends a right angle at it, prove 
that the director circle of every conic which touches the four 
sides of the quadrilateral will pass through this point. 

Prove also that the polars of this point with respect to all the 
conics will touch a conic of which the point is a focus. 

(487) If the perpendiculars Aa, Bh, Cc be let fall from 
A, B, C the angular points of a triangle upon the opposite sides, 
prove that the intersections of BG and he, of CA and ca, of AB 
and ah will lie on the radical axis of the circles circumscribing 
the triangles ABC, and ahe, 

(488) A scries of conics are circumscribed about a triangle 
ABC, having a common tangent at A. Prove that the locus of 
the intersection of the normals at B and (7 is a conic ])assing 
through B and G, — and also through A if the given tangent form 
a harmonic pencil with AB, A C and the diameter of the circum- 
scribing circle through A, 

If in this case the corresponding locus be found for B and G, 
prove that the three conics vill have a fourth point in common. 
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(489) Prove that if a rectangular hyperbola be reciprocated 
with respect to a circle, tlie tangents drawn to the reciprocal 
conic from tlie centre of the circle will be at right angles to one 
another. 


(490) If f (ot, 7 ) = 0 be the trilincar equation to a plane 

curve, and ^ (Z, n) = 0 the condition that the line 

la -f 7 n^ -\-n^ = 0 

may be a tangent to it ; prove that /(Z, 711 , n) =0 is the condi- 
tion that the straight line la -h + 7^7 = 0 may be a tangent to 
the curve j> (a, /3, 7 ) = 0 . 


(491) If a triangle circumscribe a circle, and be 

the algebraical perpendiculars let fall from any ]H)int in the 
plane of the triangle upon the line joining its angular points to 
the centre of the circle, prove that 


A B 0 

p, cos - + p, cos - d- 2 ?., cos -y 

Ji Ji jl 


0 , 


C being the angles of the triangle. 


(492) If an ellipse of given area be circumscribed about a 
given triangle, the locus of the centre, referred to the same tri- 
angle, will be represented by the equation 

(i/3 -h 07 — ao) (c 7 -h aa — i/3) {aa + i/3 — 07 ) = 

C being a constant depending on the length of the sides at the 
triangle. 


(498) A rectangular hyperbola passes thiHiugh the angular 
points, and a parabola touches the sides of a given triangle ; 
shew that the tangents drawn to the parabola, from one of the 
points where the hyperbola cuts the directrix of the parabola, arc 
parallel to the asymptotes of the hyperbola. Which of the two 
points on the directrix is to be taken? When the two ])oints 
coincide, shew that one curve is the polar reciprocal of the other 
with regard to the coincident points. 

W. 
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MISCELLANEOUS EXERCISES. 


(404) Five straight lines are drawn in a piano thus forming 
five quadrilaterals : shew that the straight lines joining the 
middle points at the diagonals of these quadrilaterals meet in a 
point. 

(405) A parabola is drawn so as to touch three given 
straight lines, shew that the chords of contact pass each through 
a fixed point 

(406) With any one of four given points as centre, a conic 
is described self-conjugate with regard to the other three ; prove 
that its asymptotes are parallel to the axes of the two parabolas 
which pass through the four given points. 

(407) If a triangle be self-conjugate with respect to a 
parabola, shew that its nine-points’ circle passes through the 
focus. 

(408) A triangle is describ(‘.d about the conic 

4- 7“ = 0 ; 

two of its vertices moving along the lines 

loL -f- ml3 4- 7^7, Ta 4- 'in ^ 4- n'y — 0 : 
prove that the locus of the third vertex will be the conic 

Z, n * 

{II 4 - mm 4 - nuf (a^ 4 - /3“ 4 - 7 *) 4 - l\ m{ n — 0 . 

a, A 7 

(400) On the sides GA, AB of a triangle ABC are 
taken points A{ 7/, O' resp(‘ctivcly, each of the angles C'A’B{ 
AB'G{ B' C' A' being of given magnitude; prove that, if the 
area of the triangle A'B' (J' be a minimum subject to these con- 
ditions, and K be the area of the triangle ABG, li the radius 
of the circle A'B'G\ 

^2 + A') sin B' sin (7? 4- B') 

\ sin A sin 7^ 

sin O' sin (^4- £) 

^ sin G 


= 7v: 
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(500) If / (a, 7) = 0 be the equation of any curve refer- 

red to trilincar coordinates, and if 

/a (a. A 7 )> /^(a. 7), /y («> 7) 

be tlic partial differential coefficients of /(a, yS, 7) with respect to 
a, 7 respectively, shew that the lino 

“JC - i) + (ca;, , c, - ax^ - h) 

+ ~ - ?>) = 0 

is in general an asymptote of the curve, being a root of the 
equation 

f{cx^ Cy — ax — h) — 0, 

and a, 5, c being the sides of the triangle of reference. 

Hence find the asymptotes of 

a “ 7)' + ^ (7 -- a)" + 7 (« - /3)" = 0, 
and trace the curve, the triangle of reference being equilateral. 


31—2 



NOTES ON THE EXERCISES. 


Results and Occasional Hints. 


(2) They all lie on the straight line joining (a, /3) to the 
origin. 

(3) a + /3 cos G=0. (4) aa. — J/3. Area = ah sin C. 

(5) p’ sin* (7 = (a - a')’ + (iS - |S')^ + 2 (a - a') (/S - ff) cos C. 


(6) i(a^'~a’/3)cosec(7. (7) \^d. 

(8) (9) ha-a0={aoL-h(3)coaa 


( 10 ) 


( 11 ) 


The points of trIsection of BC are 


0, 


4A ^ 
3b ’ 3c 



4A\ 

30 / 


^ ^ ^ 


( 12 ) 


a cos B cos C I cos C cos A c cos A cos B 

sin A ’ sin B * sin C 


(13) The centre of the escribed circle opposite to A is 
given by 

/o 2A 

- a = p = 7 = . 

61 + c — a 

(14) {nib^ 4* nc^) a® + Z (i/3 + 07)*= (nc^ + la^) /S^ + (07 + acCf 

= (Za® 4- wi®) 7*4 w (aa 4 Z>/3)^. 
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(15) ~ . (16) 2A cos A cos B cos C, 

(17) — a cos + /3 cos Z? + 7 cos (7 = 0, 

a cos ^ — /8 cos 5 + 7 cos (7 = 0, 
a cos A -{■ l3 cos B — y cos (7 = 0. 

^ahc ^ 

^ ^ {bn + cm) {ci + an) {am + hi) * 

(19) They all lie on the line la + m^ + 117 = 0. 

(20) See (10). (21) aa — 25^ — 207 = 0. 

(22) The equation to PQR will be aa + 4&y9 — 207 = 0. 

(23) aa — (m — 1) ~ {n — 1) 07 = 0. The coordinates are 

^ 2A — 1 2A m — 1 

’ b c ' m — n 

(24) The straight line is a cos -4 = cos B, 

(25) [In eacli of the given equations for — read +]. 

The equation to AP is — 717 = 0. To ^ Q, m/3-\-37iy=^ 0. 
The other equations may be written down by symmetry. 

(26) ’ They are respectively parallel to the lines a + /9 = 0, 
a — y8 = 0, which arc known to be at right angles. 


(29) 


m 

h 


n 

c * 


(30) 


I 

a 5 + c 


(32) 


tan“^ 


2 sin G 

3 cos A cos B — cos C * 


(34) m/B + 7iy — la — 0, (35) ma 4- + 7 = 0, 

7 iy + la — m/3 =0, w/3 + 7ily + a = 0, 

la-\-m^— ?i7 = 0. ly-\r Zma + ^ = 0. 

(36) If J5(7, B’C' intersect in P; CA^ C A' in Q; AB, 
A'B' in B; P, Q, R will be found to lie on the fourth straight 
line required. 

(37) A particular case of (40), when AP, BQ^ CR are per- 
pendicular to the sides of the triangle of reference. See (40). 
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(38) A particular case of (40), wlien AP, BQ, CR are the 
biseetors of the angles of the triangle. 

(39) A particular case of (40), when P, R arc the 
middle points of the sides of the triangle of reference. In this 
case the fourth straight line is the line at infinity. 


(40) To construct tlie lines, let 0 be the point given by 
la = m/3 == 7iy, join OA, OB, 00 and produce them to meet 
BC, CA, AB respectively in P, Q, R; also let BC, QR intersect 
in P'; CA, RP in C/; AB, PQ in R'; tlien three of tlte straight 
lines required will be the sides of the triangle PQR, and the 
fourth will pass through P' , Q , R\ The coordinates of the 
middle points of PP' will be 


0 , 



m 


R __ c" ’ 
7n“ 





and the coordinates of the middle points of QQ\ RR' can be 
written down by symmetry. These three points lie on the 
straight line 


la 7)1/3 ny 
- 4 - ; 4 - ' = 0 . 
a b c 


(42) The equations to the straight lines joining the point 
of refinance A to the two given points at infinity can be written 
down, and the condition that they should be at right angles can 
be reduced to the given form. 


(43) The line through A will liave the equation 

{q -})) 4- cy (r -j}) == 0. 

(44) aa (2p -q-r)^l)/3 (2q -r-p) -\-cy (2/* -^ 2 ^-q) = 0, 

(45) {aa — &y3) cos A=y (b -ha cos (7). 

(4G) 2Aa'h d (ajc -h b/3 -i- cy) = 0. (47) 4A. 

(481 A 

{nl -him — 7)in) {hn + 7nn — 7il) (?an 4- nl — hii) * ^ 4 

(53) The straight line is the perpendicular from C on BA, 
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(55) [For r = 0, read r = rf.] Two straight lines will 
satisfy the conditions, and their equations are 

d {aoL + + c<y) = + {aOL + h^) h sin A. 

(56) Let s he the altitude required. Then the equation to 
JRQ is aa (|) + s) + J/3 (^ + 5) 4- cy (r + s) = 0. Hence at R the 

value of /3 is ^ But at P the value of /S is ^ ^ , 

p 0 r — q 

and the middle point of the diagonal PP lies on the locus of 

^ = 0, therefore 4 = 0, which e-ives 

p—qr—q ^ 

2^>r —‘pq — qr 

q-r 

(58) The two paragraphs must be read as separate ques- 
tions. In the second paragraph, for ‘ this point,’ read 

‘ the point - = — = ^ 

^ a b c 

^ l\ iiv -\-nv 

(60) The coordinates of P arc a 4- Xp, /3' 4- fip, y 4- vp. So 
for the other points. 

(62) Apply the result of (59). 

(63) 

, 2A {(m-70^4- (^^ON- [h ^^0^1 

(64) Apply Art. 27. All the straight lines arc parallel to 

X cos* a 4- y cos* yS 4- ^ cos* 7=0. 

(CO) 

l — m 

A ^)nn 4- 1 ) 

^Z4‘ 1) (m4- iT (^4- ij * 

u, w 

I, niy n 

jf t t 

/ , m ^ n 


(70) 

(74) 


= 0 . 
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(75) 


w. 


to 



c 


a, 

c 


(81) See Art. 331. 

(85) The stvaiglit line j a, /3, 7 | = 0. 

I /'> 

(8G) The equation may be written 
(a cos A-]- ^ cos + 7 cos Cy + (a sin yl -f /3 sin i? + 7 sin (7)^= 0. 


(87) If ^-cf>=^C^A, 

then will ^ — = 

and the equation may be written 

{a cos^ -f cos B + 1 C cos [ii sin sin B-\-w sin (7)*= 0. 

(88) The equation may be written 

[x^ q- y* + 5 :“ + '2yz) {j? 4 - 3 /^ 4 - 4- 2zx) {xJ^ 4“ 4- ^xy) = 0, 

each factor of which, when equated to zero, represents a pair of 
imaginary straight lines parallel to a line of reference. 

(90) If loL = 771/3 = 777 be the ])oint 0, the points of inter- 
section lie on the straight line 

l(X 4- 777 )S 4- 777 = 0 . 

(91) Sec Art. 129, 

(92) Use one of the equations of Art. 108. 

(93) , (94) Apply Art. 130. 

(95), (9G), (97) Apply Art. 125. 

(100) One system of lines satisfying the required conditions 
has the equations 

, g.z, ^ + g + J. 0 . 

/X. y \ fjb V 


a = 0 . 
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(101) Form the determinant as in Art. 149. The sum of 
three rows will be identieally equal to the sum of the other three. 
Hence the determinant vanishes and the condition is fulfilled. 

(102) See Art 97. 

(103) 3 [x — yY — 4^ (cc + 3 /) + 2 ;^ = 0. 

(104) Apply Art. 1 19. The conic is tlie circle of Art. 307. 

(105) The straight lines 

la. + 4- n<y =0, V a m ^ = 0, 

arc asymptotes and their point of intersection the centre. 

(lOG) Three parabolas. 

(107) The four points in wlilch the two straiglit lines 
x=^ ±y cut the two straight lines a: f 3^= — 1. 

(110) See Arts. 161 and 129. 

(114) If (a, j) be the coordinates of P, the three tan- 
gents have the equations 

^ 4 - 2 = 7 4 .^=:?^ ? 4 . 

/ 3 ' y (X ’ 7 ' a! /3' ’ a / 3 ' 7 '* 

(116) With the notation of Art. 91, the three conics have 
the equations 

= v^+ = w'^ + w“, iv^ = ?/ + v\ See (1 19). 

(117) A conic with respect to wdiicli two particular triangles 
are self-conjugate. 

(120) Tavo imaginary straiglit lines dividing the right 
angle harmonically. 

(123) The resulting equation should be 

(iKa 4- m/3y -P (I/c“ 4- wi) ny^ = 0. 

ft + m + « ) 

a^yz 4- Vzx + (^xy = A {j? cot A cot B-\- z^ cot C ) . 


( 121 ) 

( 120 .) 
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(130) Either condition is + Vm/x + = 0 . 

(132) If - 4-^+-=0 be the conic, 

^ a p 7 

^ + — + - = 0 is the straight line. 

C m n 

(134) Take the triangle as triangle of reference, and let 

{x y y y z) be the fixed point. The centre will lie on the conic 

»2 ^2 >2 

^ +-^+'^-=0 . 

X y z 

(147) The polar of the point (a', /3', 7 ') with rcs 2 )ect to 

(Za + 7 m/3 + n^) {Va -f- + n^) = 0, 

is given by 

[lo! + r?i/3' -f n^y) (Z'a + m ^ + ny) 

+ [Id! + + ny) (Za + + ny) = 0, 

wliich proves the proposition (Art. 88). 

(148) Apply Arts. 46 and 146. 

(149) Let a = 0 be one of the straight lines : let the others 
be parallel to ^ = 0 , and 1(‘4 7=0 be the siraiglit line at infinity. 
Tlien the equation to the locus can be written 

-P in {13 + IcyY -f m' (/3 -h JcyY 4- . . . = ny^, 

or uoL^ + r/3^ -h tvy^ + 2iil3y = 0 , 

wliich shews that a = 0 is tlie cliord of contact of tangents from 
= 0 , 7 = 0 , i. c. of tangents parallel to /3 = 0 . Which proves 
the proposition. 

(150) Apply a method similar to that of (149). 

(151) Let a = 0 be the chord of contact, /8 = 0 the tangent 
to the first conic, 7 = 0 the straight line joining the point of con- 
tact of this tangent to one of the points of contact of the conics. 
Then the equation to the first conic may be written 

ly^ 4 - moi^ 4 - n0y = 0 , 



RESULTS AND OCCASIONAL HINTS. 


491 


and tlic equation to the other will be 

koL^ + + ma /3 4- 71^87 = 0 , 

which meets /Q = 0 in two points given hy 

IcrJ 4- = 0, 

whicli therefore divide harmonically the line joining tlie point 
of contact of the tangent with the point wliere the tangent meets 
the common chord. 


(152) A conic circumscribing the triangle which is self- 
conjugate with respect to both the conics. 


(156) The equation to the locus is 


[fw, /3, 7)r=/‘-- 


(jf d f d/Y 

|(Za’ d^' d^\ • 


(157) Tf myo. noL^ ={) be the hrst conic, the fixed 

point is given by l(x 4 'infi = 0, 7=0. 


(161) See Art. 417 (first column). 

(164) Apply Art. 65. (165) Apply Art. 65. 

(166) If X, /Lt, V be the direction sines of the chords, and 
/i-® the constant area, the e(|uation to tlu‘ locus is 

/(«• /?, 7 ) + (^) v) = 0, 

which may be rendered liomogcneous. 

(167) If the constant be , the equation to the locus will be 

/(«, + ^ + ^'j;^ + 7f)=0, 

which may be rendered homogeneous. 

(168) liefer the conic to a self-conjugate triangle having 
one vertex at the focus. 

(172) Tan ^ = 23 : Apply Art. 285. 


(171) To deduce Euclid ill. 31. Apply Art. 159. 
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(177) Take the given centres as points of reference. 

(181) In trilinear coordinates : 

(i) a sin ^ (/3 sin 5 -f 7 sin C) = (/3 cos 5 — 7 cos 

(ii) 2a cos^ ^ (/3 + 7) = (/8 — 7) (/3 cos — 7 cos (7), 

(iii) a (c/3 + J7) + a cos A Q)^ + 07) 

= [h^ — 07) (/3 cos J? — 7 cos (7), 

and similar equations. 

(182) If tlie area of the given rectangle be 2fi times that of 
the triangle, the equation to the locus may be written 

sin A + yoL sin B sin C 

= ya (a sin yl -f ^ sin B + 7 sin Cy\ 

shewing a circle concentric with the circle circumscribing the 
triangle. 

(183) If the given constant be 2yL6 times the area of the 
triangle the locus will be represented by the equation 

{^y sin A-\-yjL sin i? + a/3 sin C) sin A sin B sin G 
= fjb {a sin A+^ sin B -Y y sin Cy. 

(184) Apply Arts. 210, 289, 314. 

(185) In general the equation 

if ^^/r-o 

^7) 

represents the polars of the circular points with respect to the 
conic /(a, 7) = 0. If the latter be a circle, the polars are 

tangents and pass through the circular points. Hence, Art. 318, 
the equation represents an indefinitely small circle. But since 
the polars of ])oints at infinity intersect at the centre of the 
curve, this indefinitely small circle is at the centre, or is concen- 
tric with the given circle. 

( 18 G) Apply a method analogous to that of Art. 273. 
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(188) Any conic touching the sides a = 0, ^ = 0, 7=0 is 
known to have the equation 

+ n“ 7 ^ — 27nn^y — 2nly(X — 2lmal3 = 0. 

The straight line S=:0ora + /9 + 7 = 0 will be a tangent (Art. 
210) provided l-\-m-\-n = 0. Eliminate the terms involving 
a^, 7^ (Art. 327) and we have 

{in + + (vi -f- ly yoL + {I + mY a/3 + Z“aS + + i^yh = 0, 

or in virtue of 

Z -f 7/1 + = 0, Vifiy + aS) + m^{y(x 4* /38) + (a/3 + 78) = 0. 

And we may write 

1= fl — V, 711 — V — X, 7l = \^ fjL. 

(189) Apply the condition that the line at infinity should 
be a tangent. A solution is given at lengtli in Vol. i. of the 
Messenger of Mathematics^ p. 201. 

(190) This may be deduced from (189) by writing 

A = 1, A' = /i-, fJb z=: jj,' = p z=z p z=z 0. 

(191) The two roots of the quadratic in (190) cannot be 
equal unless cither A—B and C — D, or else A — C and B = 1). 
In cither of these cases the parabola would be altogether at in- 
finity. In any other case there can tliereforc be two parabolas 
drawn through four fixed points, one of which will however 
degenerate into two parallel straight lines if the points lie on 
two such lines. 

(192) 111 virtue of the relation 

a-i-/3-f7“l“8 = 0, 
the equation may be wiittcn 

^ (a + / 3 ) (<=* + 7) + + 7) (/® + ^ (7 + a) (7 + /S) = 0, 

which shews that its locus circumscribes the triangle whose 
sides are /3 4 7 = 0, 7 + a = 0, a 4 /3 = 0. 
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(195) Apply the result of (194). If (a, 7 , h') be the 

point 0, the two tangents are given by 


and 


a' |S' + 7 ' 8' 

« + ^._ 2_^=0 

a'^/3' 7' S' ’ 


which form a harmonic pencil (Art. 124) with the lines 


= 0 and 

a 0 


/3 



(196) Let both conics circumscribe tlie quadrilateral of 

reference, and let (a^, 7^, SJ, (a,^, 7^, 8.^) be the two 

points of contact of a common tangent. Then the equations 

1 • ^7 ^ l^y j xi 

to the two conics are -7 -“ = — f- ^ ^ , and tlie equa- 

^.7. a A “A 

tions to the straight lines can be readily formed. 

(197) Apply a method analogous to that of (196). 

(200) One of tlie points is given by a = = 7. The other 

two are the points in which 8 = 0 meets the fourteen-points’ 
conic. 


(215) lfp = 0, q = 0) r = 0, lj7+ 77iq + nr = 0 are the equa- 
tions to the angular points in order, tlie middle points of the 
diagonals lie upon the straight line given by 

{n — Z) = (? + 2m + n)q= [I — ii) i\ 


(217) By Art. 393 the centre is at the point 

p tan q tan B -\-r tan (7 = 0, 

which by Ex. (211) is the centre of the circle with respect to 
which the triangle is self-conjugate (Art. 179, Cor. 2). 

(218) , (219), (220) Apply a method similar to that of 
Ex. (217). 


(221) Sec Ex. (214) and apply Art. 380. The second form 
of the equation shews that the circle circumscribes the triangle 
whose angular ])oint3 are -f r = 0, r + p = 0, ^9 + <2 = 0. 
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(227) The angular points of a triangle co-polar with tlic 
triangle of reference may be expressed by the equations 
\p = m(i + nr, fjiq=^nr+ Ip, vr~lp-\- mq ; 

the equation to the conic is then 

\lp“ -{- p7n^ + vnr^ + {fiv + mn) qr 

4- [vk + n/) rp 4- + hn) pq — 0. 

(23G) Sec Euclid in. 32. 

(237) Sec Euclid in. 20 and 22. 

(239) Any tangent to the interior of two concentric circles 
is bisected at the point of contact. 

(240) A circle can be described touching the escribed and 
inscribed circle of a triangle. 

(241) llcciprocatc with respect to tlic focus. 

(242) Reciprocate wltli respect to 8, 

(2 13) Tangents drawn from the point of reciprocation are 
at right angles. 

(243) Reciprocate 244. 

(240), (217) A series of confocal conics may be recipro- 
cated into a system of circles with tlic same radical axis. 

(248) Reciprocate with respect to 0, 

(249) The locus of the intersection of tangents to a conic 
which arc at right angles is a circle. 

(250) See Euclid in. 10. 

(251) Reciprocate with respect to S, 

(252) Reciprocate (110). 

(253) Reciprocate with respect to any point. 

(254) Extend Exercise (132), applying Art. 95. Then 
reciprocate. 
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(266) That the centre lies on a given straight line is equi- 
valent to saying that the given straight line and the straight 
line at infinity are conjugate. Hence tliis is a line condition. 

(269) The double point (?^ = 0, ^? = 0). 

(270) The double tangent (?^ = 0, v = 0). 

(271) At the point {u= 0, v = 0). 

(272) The six points (I : m : >?.), [m : n \ 1), {n : I : m)^ 
{n : m : Z), {I : n : m)^ {m : I : n). 

(275) If >S'=0 be tlie equation to one cubic, and ?/ = 0 the 
straight line joining the points of contact, tlie equation to the 
cubic will be /S -f u^v = 0, where v = 0 represents a straiglit line 
on which the other points of intersection lie. 

(276) Form the equations as in (275). 

(277) Sec Art, 481. (279) Apply (275). 

(280) The equation to tlie curve is 

a (P^^ F (2^7 + W) = /37 + ^-^7)- 

(282) The equation to the cubic is 

{lx -^-m^ n^) {m(x + + Zy) {nOL + //3 + my) 

= Imn (\a + m/3 + z^y) ^ (a + /3 + y). 

(283) The equation to tlie cubic is 
(?a — /8 — y) (z 71^/3 — y — a) (/i^y — a — /3) 

= (a + /3 + y) (Za + m/3 + ny)^ 

(286) The six points 

{a \ h \ c), (J : c : a), (c : a : 5), (c : J : a), (a : c : J), {h \ a \ (^) 

on a conic, and the three points in which the straight line 
+ y + s = 0 cuts the lines of reference. 
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(288) A particular case of the next exercise, 

(289) If a = 0 he the asymptote, the cubic will have the 
equation a ./(a, /3, 7) = {la -|- m/3 4- W7) (a + /3 -f 7) in triangular 
coordinates, where /(a, /3, 7) == 0 is the equation to a conic. 
The equation to the required locus will be 

(« + /3 + 7r, 

which represents a hyperbola. In the particular case when 
l = the locus reduces to the straight line 

d0 dy * 

(290) If a: = 0, 3^ = 0, 5; = 0 be the tangents, and ii = 0 
the line of contact, the equation must take the form of Art. 
483. 


(292) Using the equation of Art. 472, the chords arc 
represented by 

n^(3 -f m^y = 0, l^y + n^a == 0, = 0, 

and the tangents by 

mi/3 -f n^y = 0, n^y +• I^a = 0, l^a -f = 0. 

The condition that cither system should be concurrent is 

1^771^71^ -f l^m^7i^ = 0. 


(304) Apply the last result. 


(306) The coefficients \, v cannot be all of one sign* 
The real or imaginary tangents at the points of reference have 
the equations 


-4-^ = 0, 

fJb V 



fjL 


= 0 , 


w. 


32 
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(307), (308) The equation may be written 


1 1 

7 ’4“ ■ 

L m n m n 

a ^ y id y 


n 

a 7 


1 

T 


— = 0 . 

m 


a ^ 


. (311) Take the equation of (309) and apply the condition 
that each equation of (310) may represent a pair of coincident 
straight lines. 
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Abridged Notation. 

Tlie straight lino, 104 

The straight line in terms of the 
ecpiatioDS to three other straight 
lines, 10.5 

Condition of concurrence of straight 
lines, 113 

Conic Sections, 1G5 — 171 

Abridged notation for the circle, 288 

Conic sections in tangential coordi- 
nates, 361- -363 

Curves of the third degree and curves 
of the third order, 410 — 413 

Angle 

Between given lino and line of refer- 
ence, 49 

Between two straight lines in trilinear 
coordinates : 

the tangent, 50, 85 
the sine, 52, 64, 85 
the cosine, 54, 85 

In terms of perpendicular distances 
of the lines from three points of 
reference, 62 

In terms of the direction sines of the 
straight lines, 81, 82 

Anharmonio Katio. 

Definitions, 132 

Anharmonic ratio of straight lines 
whose equations are given, 135-137 


Different ratios obtained by taking 
range of points in different orders, 
139 

Anharmonic property of a conic, 321 

Anhanrionic ratio of range of points 
whose tangential equations are 
given, 341 

Anharmonic ratio of a range of points 
is the same as that of the pencil 
formed by their polars with respect 
to any conic, 3H1 

Anharmonic property of tangents to 
a conic, 384 

Area 

Of a triangle in terms of two perpen- 
dicular coordinates of each angular 
point, 7 

Of a triangle in terms of trilinear co- 
ordinates of each angular point, 
21 

Of a triangle when equations hj its 
8ide.s arc given, 68 

Area of an ellipse whose equation is 
given, 281 

Asymptote. 

Definition, ICO 

Equation to the asymptotes of given 
conic, 247 

Tangential coordinates of asymptotes, 
359 

Its polar reciprocal, 375 
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Given asymptote of a conic equivalent 
to two simple conditions, 397 
A 83 rmp totes of cubic curves, 416 
Parabolic asymptote, 418 
General equation to asymptote, 445 

Axis op a Conic. 

Definition, 269 

E<(uation to the axes, 270, 272 
Lengths of the axes, 279 
Axis of a conic given in position 
equivalent to one point- and ono 
line-condition, 398 

Brianciion’s Theorem 

Enunciated and proved, 21 S 

Tlie reciprocal of Pascars Theorem, 

387 

Centre of a Conic. 

Its coordinates, 211 
Its coordinates in terms of the dia- 
cnininants, 261 

Equation to centre in tangential coor- 
dinates, 352 

Its polar reciprocal, 375 
Polar reciprocal of concentric conics, 
375 

Circle. 

Equation to a circle referred to a self- 
conjugate triangle, 181 
Equation to a circle referred to an 
inscribed triangle, 198 
Equation to a circle referred to a cir- 
cumscribed triangle, 214 
Conditions that the general equation 
of the second rlegree should repre- 
sent a circle, 2 i 3 

Equation to circle whojie centre and 
radius are given, 287 
Every circle passes through the cir- 
cular points at infinity, 289 
The intersection of circles {see RckU- 
cal Axis), 290 

The nine-points’ circle, 296 
Evanescent circles, 302 
General equation in tangential coor- 
dinates, 3 16 


Condition that equation should repre- 
sent a circle in tangential coordi- 
nates, 353 

Circles reciprocate into conics having 
a focus at the centre of reciproca- 
tion, 381 

Circular points at infincty. 
Definition, 126 
Their coordinates, 127, 129 
Every circle passes through them, 289 
Every conic which asses thi’ougli 
them is a circle, 289 
Tangential equation, 347 

Class op a Curve. 

Definition, 364 

Class of a curve the same as the order 
of its reciprocal, 372 
Curves of the third class, 401—413 

Coaxial Triangles. 

Definition, 109 
Arc CO polar, 110 

CoLLiNKAB Points. 

Definition, L 9 

Condition in trilinear coordinates, 22 
Condition in quadrilinear coordinates, 
311 

Common Chords. 

Definition of pair of common chords, 
168 

Two conics have three pairs of com- 
mon chords, 168 

Equation to common chords of two 
c )nic8 whose equations arc given, 
246 

Common chord of circles (see Radi- 
cal Axis), 290 

Common Tangents. 

To conic and great circle pass through 
the foci, 351 

Tangential equations, 361 

Concurrent Straight Lines. 
Definition, 109 
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Condition in trilinear coordinates, 27 
The perpendiculars from vertices on 
sides of any triangle are concur- 
rent, 33 

Conditions. 

A conic will satisfy five simple condi- 
tions, 158 

Point-conditions and line-conditions 
defined, 31)4 

One conic fulfilling five line-condi- 
tions or five point-conditions, 39 1 
Two conics fulfilling four line and 
one point condition, or four point 
and one line-condition, 394 
Four conics fulfilling three line and 
two point-conditions, or three point 
and one line-condition, 39 1 
Analysis of compound conditions, 
396—398 

Cubic curve will satisfy nine condi- 
tions, 404 

Curve of nth order will satisfy 
conditions, 449 

(^ONFOCAL Conics 

Are inscribed in the same imaginary 
quadrilateral, 351 

Conic Section. 

Every conic section is a curve of the 
second order, and conversely, 15b 
Equation to conic through five given 
points, 158 

Equation to conic referred to a self- 
conjugate triangle, 173 
Equation to conic referred to an in- 
scribed triangle, 192 
Ecpiation to conic referred to a cir- 
cumscribed triangle, 206 
Tangential e([uation to conic with 
given foci, 348 

General tangential equation, 349 
Tangential equation to conic referred 
to a self conjugate triangle, 360 
Tangential equation to conic referred 
to a circumscribed triangle, 359 


Tangential equation to conic referred 
to an inscribed triangle, 361 
Polar reciprocal of conic section, 87 5 

Conjugate Conics. 

Definition, 273 

Arc similar and similarly situated, 
274 

Two conjugate conics cannot be both 
real unless they be hyperbolas, 275 

Conjugate Point on a Cubvb. 
Definition, 402 

Equation to the imaginary tangents 
at a conjugate point, 437 
Cubic can have only one corijugate 
point, 403 

Conjugate Points, and Conjugate 
Lines. 

Definition, 391 

Condition that two given points should 
be conjugate (trilinear coordinates) 

391 

Condition that two given lines shouM 
be conjugate (trilinear coordinates) 

392 

Condition that two given points should 
be conjugate (tangential coordi- 
nates) 392 

Condition that two given lines should 
be conjugate (tangential coordi- 
nates) 393 

Coordinates. 

A system of perpendicular coordinates 
referred to two axes, 1 
Trilinear coordinates, 10 
Their ratios t>fteii sufficient, 27 
Areal and triangular coordinates, 94, 
9.5, 

Quadri linear cooixlinates, 30 7 
Tangential coordinates, 332 

Co-polar Triangles. 

Defin'-tion, 109 
Are co-axial, 111 
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CuBio IjOOi and Cubic Envelopes 
Defined, 401 
General equation, 405 
Cubic loci through eight fixed points 
pass through a ninth, 420 

Cusp. 

Definition, 402 

Cubic can have only one cusp, 403 
Cusped curve of the third order is of 
the third class, 407 
General equation to a tangent at a 
cusp, 440 

At a cusp all first polars touch the 
curve, 441 

CURVATUUE. 

General expression for radius of cur- 
vature at any point on a curve, 
410 

C^oordinatea of centre of curvature, 
448 

Diameter oe a Conic. 

l>efinition, 240 
Its equation, 240, 202 
Conjugate diameters defiiuMl, 210 
Direction of diameter of given para- 
bola, 251 

Equation to diameter of parabola, 252 
(.-ondition that equations should re- 
present a pair of conjugato dia- 
meters, 20 r> 

Tangential coordinates of conjugate 
diameters, 358 

Polar reciprocal of pair of conjugate 
diameters, 375 

Given diameter ccpdvalcnt to one 
line-condition, 300) 

Conjugate diameters given in position 
equivalent to three siirq)le condi- 
tions, 397 

Direction Sines. 

The ecpiations to a straight line, 73 
Kclations connecting the dii’ection 
sines, 75 


Symmetrical forms of these relations, 

77 

Direction sines of a straight line in 
terms of the coefiicienta of its ordi- 
dinary ecpiation, 8t3 
Proportional to the coordinates of 
the point where the straight line 
meets the straight line at infinity, 
229 

Discriminant. 

Discriminant (//) of function of 
second degree, 255 
Definition of bordered discriminant 
{K ), 256 

Meaning of the conditions II— 0, 
A-0, 261 

Distance between Points. 

Expression in trilinear coordinates, 45 

Dr STANCE OP Point from Straight 
Line. 

In trilinear coordinates, 48, 61, 87 
In tangential coordinates, 339 

Double Point. 

Definition, 402 

Reciprocates into double tangent, 374 
Chibic can have only one double 
point, 403 

( Jencral criteria for double points, 436 
Tangents at a doable point, 437 

Double Tangent. 

Definition, 403 

Reciprocates into double point, 374 

Duality. 

Principle of duality, 368 
Example of double interpretation, 369 

Ellipse. 

Definition, 160 

Condition that general equation of 
second degree should represent an 
ellipse, 249 

Polar reciprocal of ellipse, 376 
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Equation. 

Equation of first degree in trilinear 
coordinates, 23 

Equation of second degree in trilinear 
coordinates, 157 

Discussion of its general form in tri- 
linear coordinates, 22G 
Equation of thinl degree in trilinear 
coordinates, 401 

Equation of wth degree in trilinear 
coordinates, 431 

Equation of first degree in tangentical 
coordinates, 333 

Equation of second degree in tan- 
gential coordinates, 345, 349 

Equi-anhaumonic Kange 
Defined, 329 

Focus OF A Conic. 

Definition, 183, 216, 266 
Coordinates of the foci of a conic, 266 
Real and imaginary foci, 350 
Given focus of a conic equivalent to 
two line-conditions, 398 

Great Circle at Infinity. 
Explained, 42 

Its tangential equation, 347 
Common tangents to great circle and 
any conic intersect in the foei of 
the conic, 351 

Great circle reciprocates into evane- 
scent conic at the centre of recipro- 
cation, 380 

Harmonic Ratio. 

Definition, 137 

E(luations to straight lines forming 
harmonic pencils, 139 
Harmonic properties of a quadrilate- 
ral, 142 

Fourth harmonic to three given points 
or lines, 144, 143 

Homockneous. 

How to render a trilinear equation 
homogeneous, 15 


Properties of homogeneous functions 
of the second degree, 223 
General properties of homogeneous 
functions, 426 — 430. 

Hyperbola. 

Definition, 160 

C^ondition that general equation of 
second degree should represent a 
hyperbola, 219 

Polar reciprocal of hyperbola, 376 

Identical Equation. 

Connecting the trilinear coordinates 
of any point, 11 

Connecting the triangular coordinates 
of any point, 

Connecting tlie distances of a straight 
line from three given points, 58, 80 
Connecting the direction sines of a 
straight line, 77 

Connecting the quadrilinear coordi* 
nates of any point, 308 

Imaginary Points and Lines. 
Definitions, 117, 119, 129 
Every such line [)as8e.s through one 
real point, 120 

Every such point lies on one real 
straight lino, 1 21 
Imaginary point at infinity, 122 
Imaginary hranchea of an evanescent 
conic, 284 

Imaginary tangents, 351 

Infinity. 

The straight line at infinit}’’, its equa- 
tion, 38 

Parallel to any other straight line, 42 
Its €(piation in quadrilinear coordi- 
nates, 310 

E<iuation8 in tangential coordinates, 
339 

Infinity reciprocates into the centre 
of reciprocation, 374 
Infinite branches of cubic curves, 
415 

Inflexion. 

Definition, 402 
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Reciprocal of point of inflexion, 174 
Real points of inflexion on a cubic arc 
collinear, 409 

Point of inflexion at infinity, 420 
General criteria for points of inflexion, 

442 

Intersection. 

Form of equation to straight line 
through the point of intersection 
of given straight lines, 28 
Coordinates of point of intersection of 
given straight lines, 30 
Intersection of conics (four points), 
107 

Equation to conic through the points 
of intersection of given conics, 170 
Tangential equation to point of inter- 
section of given straight lines, 337 

Mur TITLE Points 
Defined, 402 

General criteria for a multiple point, 

443 

Equation to tangents at a multiple 
point, 444 

Nine- Points’ Circle. 

Its properties, 296 

Equation to nine-points’ circle of the 
triangle of reference, 294 
It touches the inscribed and escribed 
circles, 300 

Normal. 

Equations to normal to a conic, 228 

Order of a Curve. 

Definition, 364 

Order of a curve the same as the class 
of its reciprocal, 372 
Curves of the third order, 401 — 421 

Osculation. 

Definition, 402 

Point of osculation reciprocates into 
a i>oint of osculation, 374 


Parabola. 

Definition, 160 

Condition that general equation of 
second degree should represent a 
parabola, 249 
Diameter of parabola, 2/51 
Condition in tangential coordinates, 
354 

Polar reciprocal of parabola, 876 
Parabolic asymptote, 418 

Parallel Straight Lines. 

Condition in trilinear coordinates, 37 
Equation to straight line parallel to 
given line, 43 

Parallelism of imaginary straight 
lines, 124 

Polar reciprocal of parallel straight 
hues, 375 

Pascal’s Theorem 
Enunciated and proved, 201 
Tlie reciprocal of Brianchon's Theo- 
rem, 387 

Perpendicular Straight I.ines. 

Condition in trilinear coordinates, 50 
Equations to straight lino perpendi- 
cular to given line, 87 

Point. 

Represented by trilinear coordinates, 9 
Coordinates of point dividing given 
straight line in given ratio, 1 9 
Point represented by equation in 
tangential coordinates, 333 
Tangential equation to a point at in- 
finity, 338 

Tangential equation to point dividing 
given straight line in a given ratio, 
340 

Polar. 

Polar curve of any point with re- 
spect to a given curve defined, 434 
Any polar curve passes through all 
the singular points, 436 
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Polar Reciprocalh 
Explained, 37‘2 

Table of reciprocal loci with respect 
to a conic, 373 — 37b, 380 
Equations to reciprocal conics, 37b 
Table of reciprocal loci with respect 
to a circle, 382 — 383 
Reciprocation of angular magnitude, 
383 

Reciprocation of distances, 38 1 
Conics reciprocated with respect to a 
focus, 381 

Pole and Polar. 

Definition, 233 

Equation to polar of given point with 
respect to a given conic, 233 
Coordinates of pole of given straiglit 
line, 231 

Reciprocal properties of poles and 
polara, 235, 230 

Tangential equation to pole of given 
straight line, 355 

Polar of a finite point with respect to 
great circle is at iiifitdty, 3.57 

QuaDUI LATERAL. 

For ^complete quadrilateral’ see tc 
tra(/v(nu. 

Harmonic propertie.s of a quatlrila- 
tcral, 313 

Conics circumscribing a quadrilateral, 
310, 325 ’ 

Conics inscribed in a quadrilateral, 
325, 320 

Radical Axis of Two Cirolks. 

I 

Definitions, 290 

Three radical axu.s of three circles cun- 
current, 290 

Self-Conjugate Triangle. 

Definition, 175 j 

Equation to a conic referred to a self- i 
conjugate triangle, 173 | 

Triangle self-conjugate with respect 
to each of a series of conics having 
four common points, 189 


A given self-conjugate triangle equiva- 
lent to three simple conditions, 397 

Similar and Similarly Situated 
CONIOS. 

Definition, 272 

Equation to conic similar and simi- 
larly situated to a given conic, 273 
Their bordered discriminants are equal, 

283 

Their discriminants are in the dupli- 
cate ratio of their linear dimon- 
sions, 28 3 

Singular Points. 

Defined, 403 

Cubic having a singular point, 40G 
Tangents at singular point, 4o7, 437 
Singular point at infinity, 419 

STUAKiHT Lines. 

Straight line parallel to a line of re- 
ference, 4 

Straight lino lusc'cting angle between 
lines of reference, 5 
Straight line dividing angle into iwn 
parts whose sines are in a given 
ratio, .5 

Perpendicular of the triangle of refer- 
ence, 31 

Straight line joining two points, 23 
Equation in terms of perpendicular 
distances from points of reference, 
25, bO 

Ecpiations in terms of direction sines, 
73 

Condition that general equation of 
the second degree may represent 
two straight lines, 215 
Two straight lines may be regarded 
as a limiting case of a conic section, 

284 

Tangent. 

Equation to tangent to a conic, 227 
Its direction, 230 

Two tangents can be drawn from any 
point to a conic, 231 


W. 


33 
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Equation to pair of tangents from 
any i>oint, 237, 238 

Tangents at a singular point, 407, 437 

General equation to a tangent to any 
curve, 433 

Tetkagram. 

Harmonic properties of a tetragram, 
313 

The middle points of the diagonals 
are collinear, 315 

Properties of the fourteen-points' co- 
nic, 329 


Transformation of Coordinates 
From an oblique Cartesian system to 
a perpendicular system, 3 
From trilinear to triangular coordi- 
nates, and vice versa, 95 
From one trilinear or triangular sys- 
tem to another, 145 — 152 
From trilinear to tangential coordinates 
for points and straight lines, 334 

Vertex. 

Definition, 209 

Equations to determine coordinates 
of vertices of a conic, 209 
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Is. Qd. 

Written to supply a Text-book for a Junior Mathematical Clas.s, and to 
include the various Propositions that can be solved without the Differential 
Calculus. 

The author has endeavoured to meet the wants of students who may look to 
hydraulic engineering as their profos.sion, as well as those who icam the 
subject in the course of scientific education. 

A Treatise on Hydromeehanics. By W. H. 

BESANT, M.A. 8vo. Second Edition^ enlarged^ IO5. ^d. 

Problems in illustration of the Prineiples of 

Theoretical Hydrostatics and Hydrodynamics. By W. WALTON, M.A. 8to. 
105. 6rf. 
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MECHANICS AND HYDROSTATICS- continued. 

Elementary Problems in Statics and Dyna- 

mica. Designed for Cimdidutea for llonoui’s, first three days. By W. 
WALTON, M.A. 8vo. 10s. 6<f. 

Mechanical Euclid : containing the Elements of 

Mechanics and Hydrostatics. Demonstrated after the manner of the Elements 
of Geometry, containing Remarks on Mathematical Reasoning. By W. 
WH EWELL, D.D. Fifth Edition, ds. 

Elementary Statics. Or a Treatise on the 

Equilibrium of Forces in one Plane, with numerous Examples. By C. J. 
ELLICOTT, B.A. 8vo. is, 6d. 

Elementary Statics. By H. Goodwin, d.d., 

Lord Bishop of Carlisle. Fcap. 8vo. 3«. cloth. 

Elementary Dynamics. By H. Goodwin, d.d.. 

Lord Bishop of Carlisle. Fcap. 8vo. 3«. cloth. 

Treatise on Statics ; containing the Theory 

of the Equilibrium of Forces,^ and numerous Examples Illustrative of the 
General Principles of the Science. By S. EARNSHAW, M.A. Fourth Edition. 
8vo. 10«. 

Dynamics, or, a Treatise on Motion. To which 

is added a Short Treatise on Attraction. By S. EARNSHAW, M.A. Third 
Edition. 8vo. 14^. 

A Treatise on the Dynamics of a Rigid Body. 

By W. N. GRIFFIN, M.A. 8vo. 6s. flrf. 

»,* SOLUTIONS OF THE EXAMPLES. 8vo. 6s. 

Problems in illustration of the Principles of 

Theoretical Mechanics. By W. WALTON, M.A. Second Edition. 8vo. I8.s. 

Treatise on the Motion of a Single Particle and 

of Two Particles acting on one another. By A. SANDEMAN. 8vo. 8s. ^d. 

Of Motion. An Elementary Treatise. By J. R. 

LUNN, M.A., Fellow and Lady Sadleiris Lecturer of St. John’s College. 
8 VO. Is. 6c?. 

This Book is adapted to those who have not a knowledge of the Differential 
Calculus, as well as to those who, having a knowledge of it, wish to 
confine themselves to the Elementary portions of the Science of Motion. 
An Appendix contains certain Geometrical properties of the Cycloid, and 
a number of Problems from recent Examination-Papers in the Senate 
House and St. John’s College. 
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DIFFERENTIAL AND INTEGRAL CALCULUS. 

Elementary Treatise on the Differential Calculus. 

W. H. MILLER, M.A. Third Edition. 8vo. 6s. 

Elementary Treatise on the Differential Calculus, 

in which the method of Limits is exclusively made use of. By M. 
O’BRIEN, M.A. 8 VO. 10^. 6d, 

Treatise on the Differential Calculus. By W. 

WALTON, M.A. 8vo. 10». 6d. 

Geometrical Illustrations of the Differential Cal- 

culus. By M. B. PELL. 8vo. 2s. 6(1. 


come SECTIONS AND ANALYTICAL GEOMETRY. 

Elementary Analytical Geometry for Schools and 

Beginners. By T. G. VYVYAN, Fellow of Gonville and Cains College, and 
Mathematical Master of Charterhou.se. Second Mitmiy revised. Crown 8vo. 
78. (kl. 

Trilinear Co-ordinates, and other methods of 

Modern Analytical Geometry of Two Dimensions. An Elementary Treatise. 
By ^Y. ALI.KN WHITWORTTI, M.A., Vrofessor of Mathematics in Queen’s 
College, Liverpool, and late Scholar of St. John’s College, Cambridge. 8vo. 1 6«. 

Elementary Geometrical Conic Sections. By 

W. H. BESANT, M.A. is. 0(i. cloth. 

Conic Sections. Their principal Properties proved 

Geometrically. By the late W. ^YIIE^VEliL, D.D., late Master of Trinity. 
Third Edition. 8vo. 2.?. 6rf. 

Geometrical Construction of a Conic Section, 

Subject to five Conditions of passing through given points and touching 
straight lines deduced from the properties of involution and anharmonic 
Ratio, with a variety of general properties of Curves of the Second Order. 
By T. GASKIN, M.A. 8vo. 

A Treatise on the Application of Analysis to 

Solid Geometry. By D. F. GREGORY, M.A., and W. WALTON, M.A. 
Second Edition. 8vo. 12^. 

An Introduction to Analytical Plane Geometry. 

By W. P. TURNBULL, M.A., Fellow of Trinity College. 8to. 12». 
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CONIC SECTIONS ANB ANALYTICAL OEOMETRY— continued. 

An Elementary Treatise on Solid Geometry. By 

W. S. ALOIS, M.A. 8vo. S.?. 

Problems in illustration of the Principles of 

Plane Co-ordinate Geometry. By AV. WALTON, M.A. 8vo. IGs. 

Elements of the Conic Sections. With the 

Sections of the Conoids. By J. D. HUSTLER, B.D. Fourth Edition. 
8vo. 4s. (Sd. 

Treatise on Plane Co-ordinate Geometry. Or 

the Application of the Method of Co-Ordinates to the Solutions of Problems in 
Plane Geometry. By M. O’BRIEN, M.A. 8vo. 9s. 

Solutions of the Geometrical Problems, consisting 

cliiefly of Example.^, propo.sod at St. John’.s College, from 1830 to 184G. 
AVith an Appendix containing several General Properties of Curves of the 
Second Order, and the Determination of the Magnitude and Position of the 
axes of the Conic Section represented by the General Equation of the Second 
Degree. By T. GASKIN, M.A. 8vo. 125. 


ASTRONOMY, ETC. 

Notes on the Principles of Pure and Applied 

Calculation, and on the Mathemalical Principles of Physical Theories. By J. 
CIIALLIS, M.A., F.R.S., Plumian Profes-sor of Astronomy and Experimental 
Philosophy in the University, and Fellow of Trinity College, Cambridge. 8vo. 
155. 

An Introduction to Plain Astronomy. For the 

use of Colleges and Schools. By P. T. MAIN, M.A., Fellow of St. John’s 
College. Fcap. Svo., cloth. 45. 

Practical and Spherical Astronomy. For the Use 

chiefly of Students in tho Universities. By R. MAIN, M.A., Radclifle 
Observer at Oxford. Svo. 145. 

Brunnow’s Spherical Astronomy. Part I. In- 

eluding the Chapters on Parallax, Refraction, Aberration, Precession, and 
Nutation. Translated by R. MAIN, M.A., F.R.S., Radcliffe Observer at 
Oxford. 8vo. 85. Qd. 

Elementary Chapters on Astronomy from the 

“Astronoraie Physique” of Biot. By HARVEY GOODWIN, D.D., Bishop 
of Carlisle. Svo. 35. 

A Chapter on Fresnel’s Theory of Double Re- 

fraction. By W. S. ALDIS, M.A. Svo. 25. 
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dioice and Chance. Two Chapters of Arith- 
metic. By WM. A, WHirWOETU, M.A., Fellow of St. John’s College, 
Cambridge. Second Edition^ enlarged. Crown 8vo. 65. 

Notes on Koulettes and Glissettes. By W. H. 

BESANT, M.A. 8vo. 3s. U. 

Exercises on Euclid and in Modern Geometry, 

containing Applications of the Principles and Processes of Modern Pure 
Geometry. By J. Mel) DWELL, B.A., Pembroke College. Crown 8vo. 8«. M. 

Elementary Course of Mathematics. Designed 

principally fur Students of the University of Cambridge. By HARVEY 
GOODWIN, D.D., Lord Bishop of Carlisle. Sixth Edition^ revised and enlarged 
by P. T. MAIN, M.A., Ecllow of St. John’s College, Cambridge. 8vo. 16^. 

Problems and Examples, adapted to the 

Elonicntary Course of Mathematics.” With an Appendix, containing 
the QiK'stions proposed during the first three days of the Senate House 
Examination. By T. G. VYVYAN, M.A. Third Edition. 8vo. bs. 

Solutions of Goodwin’s Collection of Problems 

and Examples. By W. W. IIUTT, M.A., late Fellow of Gonvillo and Caius 
College. Third Edition,^ revised and enlarged. By T. G. VYVYAN, M.A. 
8vo. 95. 

Examples in Arithmetic, Algebra, Geometry, 

Logarithms, Trigonometry, Conic Sections, Mechanics, &c., witli Answers 
and Occasional Hints. By A. WRIGLEY, M.A., Profes.sor of Mathematics 
in the late Iloyal Military College, Addiscombe. Sixth Editiuny corrected. 
8vo. 85. Qd. 

A Companion to AVriglcy’s Collection of Ex- 

nmples and Problems, being Illustrations of ISIathematical Processes and 
Methods of Solution. By 'J. PLATPS, Esq^., Head Master of the Government 
College, Benares, and A. WRIGLEY, M.A. 8vo. 125. 

Figures illustrative of Geometrical Optics. From 

SCHELI.BACn. By W. B. HOPKINS, B.D. riatn. Folio. 10s. 6<i. 

A Treatise on Crystallography. By W. H. 

MILLER, M.A., Professor of Mineralogy in the University of Cambridge. 
8vo. 75. 

A Tract on Crystallography, designed for Stu- 

dents in the University. By W. II. mIlLER, M.A. 8vo. 6 s, 

Physical Optics. Part II. The Corpuscular 

Theory of Light discussed Mathematically. By RICHARD POTTER, M.A., 
late Fellow of Queens’ College, Cambridge, Professor of Natural Philosophy 
and Astronomy in University College, London. 7*. iid. 
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CLASSICAL. 

Rome and the Campagna. An Historical and 

Topographical Description of the Site, Buildings, and Neighbourhood of 
Ancient Rome. By ROBERT BURN, M.A., Fellow and Tutor of Ti'rinity 
College, Cambridge. With Eighty-five tine Engravings by Jewitt, and 
Twenty-five Maps and Plans. Handsomely bound in cloth. 4to. £3. 3^. 

iEtna. Revised, emended, and explained, by 

H. A. J. MUNRO, M.A., Fellow of Trinity College, Cambridge. 8vo., Ss. 

.^schylus. Translated into English Prose, by 

F. A. PALEY, M.A., Editor of the Greek Text. Second Edition^ revised. 
8vo. 7-s. ^d. 

Aristophanis Comoediae snperstites enin deper- 

ditarum fragmentis, additis argumentis adnotationo critica, metrorum descrip- 
tione, onomastico, et lexicon. By HUBERT A. HOLDEN, LTj.D., Head- 
Master of Ipswich School, lute Fellow and Assistant Tutor of Trinity College, 
Cambridge. 8vo. 

Vol. I. containing the Text expurgated with Summaries and Critical Notes, 18.?. 

The Plays sold bcparatcly ; Aeharnonsos, 2.s-. Kquites, 1 j(. (It?. Nubes, l.v. Gd. Vespac, 2s. 
Pax, l.<t. (i<^ Avos, 2.9. Lysi.strata ct Thesmophoriazusae, 3/j. Ranae, 2«. Kcclesiuzusae 
ct Plutus, 

Vol. II. Onomasticoii Aristophanevm continen.s indieem geographicvmethistorievm. 5.?.Gd. 

Six Lectures Introductory to the Philosophical 

Writings of Cicero, with some Explanatory Notes on the subject matter of the 
ti Auadf.mica arid I)e Finihus. By T. W. LEVIN, M.A., St. Catharine's College, 
Inter-Collegiate Lecturer on Logic and Moral Philosophy. 8vo. Is. Qd. 

IPemosthencs. The Oration agairist the Law 

of Leptincs. With English Note.s and a Translation of Wolfs Prolegomena. 
B v W. B. BEATSON, M.A., Fellow of Pembroke College. Small 8vo. 6.?. 

Dem^.i>stliencs de Falsa Lcgationc. 21iird Edition. 

carefui^ i'cviscd. By K. SllILLETO, M.A., Fellow of S. Peter’s College, 
Cambridge. 8vo, 0^. 

Euripiules. Fabuhe Quatuor. Scilicet, Hippo- 

\jtvA Coronifer, Alcestis, Iphigenia in Aulidc, Iphigenia in’Tauris. Ad fidem 
M>ftnus(!i'iptonim ac vcteriim Editionum emendavit et Annotationibus instruxit 
J/. H. MONK, S.T.P. Editio Kora. 8vo. 12.v. 

/ Separately — Hippolytus. 8vo. cloth, bs. Alckstis. 8vo. sewed, 4s. (Sd. 

Titi Lucreti Cari de Reruni Natura Libri Sex. 

With a Translation and Notes. By II. A. J. MUNRO, M.A., Fellow of 
Trinity College, Cambridge. Second Edition, revised throughout. 2 vols. 8vo. 
Vol. I. Text, 16^. Vol. II. Translation, 6^. 

Sold separately. 

Mvsac Etonenses sive Carminvm Etona) Condi- 

torvm Dclectvs. Series Nova, Tomos Dvos, complectons. Edidit RICARDVS 
OKES, S.T.P., Coll. Regal, apvd Cantabrigienses Praepositvs. 8vo. Ids. 

Vol. II., to complete Sets, may be had separately, price Bs. 
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Plato. The Phaedo, with Notes, Critical and 

Exegctical, and an Analysis, by WILHELM WAGNER, Ph. D. Small 8vo. 

bs. %d. 

Plato. The Apology of Socrates and Crito, 

With Notes, Critical and Excgetical, by WILHELM WAGNER, Ph. D. 
Small 8vo. 4«. 6rf. 

Platonis Protagoras. The Protagoras of Plato. 

The Greek Text revised, with an Analysis and English Notes. By W. 
WAYTE, M.A., Fellow of King's College, Cambridge, and Assistant Master 
at Eton. 8vo. Second Edition. 45. bd. 

Plato’s Gorgias, literally translated, with an 

Introductory Essay containing a Summary of the Argument. By E. M. 
COPE, M.A., B'cllow of Trinity College. 8vo. Is. 

Plautus. Aulularia. With Notes, Critical and 

Exegctical, and an Introduction on Plautian rrosody. By WILHELM 
WAGNER, Ph.D. 8vo. 9s. 

Verse-Translations from Propertius, Book V. 

With a Revised Latin Text, and Brief English Notes. By F. A, PALEY, 
M.A., Editor of Propertius, Ovid’s Fasti, &c. Fep 8vo, 35. 

Terence, with Notes, Critical and Explanatory. 

My WILHELM WAGNER, Ph. D. Post 8vo. lOi. 6rf. 

Theocritus, with Short Critical and Explanatory 

Latin Notes. By F. A. PALEY, M.A. Second Edition^ correett^d and en- 
larged, and containing the newly discovered Idyll. Crown 8vo. 4.?. 6d. 

Theocritus. Translated into English Verse, by 

0. S. CALYERLEY, M.A., late Fellow of Christ’s College, Cambridge. 
Crown 8vo. 7s. 6d. 

Thucydides. The History of the Peloponnesian 

War, by THUCYDIDES. With Notes and a careful Collation of the two 
Cambridge Manirscripts, and of Aldino and Juntine Editions. By RICHARD 
SHILLETO, M.A,, Fellow of S. Peter’ .s College, Cambridge. [fn the Eress. 

Translations into English and Latin, by C. S. 

CALVERLEY, M.A., late Fellow of Chri.st’s College, Cambridge. Post 8vo, 
75 . M. 

Arundines Cami. Sive Miisarum Cantabrigien- 

sium Lusus Canon. Collegit iitquc edidit HENRICUS DRURY, A.M., 
Anihidiaconus Wiltonensis Collegii Caiani in Gnccis ac Latinis Litcris quon- 
dam PraRlector. Equitare in anmdino longa. Editio Sexta. Curavit 
HENRICUS JOHANNES HODGSON, A.M., Collegii SS. Trinitatis quon- 
dam Socius. Crown 8vo. 7s. Qd, 

Sertum Carthusianum Floribus trium Seculorura 

Contextum. Cura GULIELMI HAIG BROWN, Scholce Carthusianm 
Archididascali. 8vo. 14s. 



10 


Educational Works 


Foliorum Silvula. Part I. Being Passages for 

Translation into Latin Elegiac and Heroic Verse, edited by HUBERT A. 
HOLDEN, LL.D., late Fellow of Trinity College, Head Master of Queen 
Elizabeth’s School, Ipswich. Sixfh Edition. Post 8vo. Is. 6d. , 

Foliorum Silvula. Part II. Being Select Passages 

for Translation into Latin Lyric and Comic Iambic Verse. By HUBERT 
A. HOLDEN, LL.D. Third Edition. Post 8vo. bs. 

Foliorum Silvula. Part III. Being Select 

Passages for Translation into Orcck Verse, edited with Notes by HUBERT 
A. HOLDEN, LL.D. Third Edition. Post 8vo. 85. 

Folia Silvulaj, sive Eclogas Poetariim Anglicorum 

in Latimim et Graiciiin couversm quas disposuit IIUBERTUS A. HOLDEN 
LL.D. Volumcn Prius continens Fasciculos T. II. 8vo. IO5. 6d. 

Volumen Alterum continens Fasciculos III. IV. 8vo. 12^. 

Foliorum CenturicB. Selections for Translation 

into Latin and Greek Prose, chiefly from the University and College Examina- 
tion Papers. By HUBERT A. HOLDEN, LL.D. Eourth Edition. Post 
8vo. 85. 

Greek Verse Composition, for the use of Public 

Schools and Private Students. Being a revised edition of the Greek Verses of 
Shrewsbury School. By GEORGE PRESTON, M.A., Follow of Magdalene 
College. Crown 8vo. As. Cid. 

A Complete Latin Grammar. Third Edition. 

Very much enlarged, and adapted for the use of University Students. 
By J. W. DONALDSON, D.D., formerly Fellow of Trinity College, Cam- 
bridge. 8vo. 14s. 

A Complete Greek Grammar. Third Edition. 

Very much enlarged, and adapted for the uso of University Students. 
By J. W. DONALDSON, D.D. 8vo. 16s. 

Index of Paasagea of Greek Authors quoted or referred to in Dr. Donaldson’s 
Greek Grammar, price Qd. 

Varronianns. A Critical and Historical Intro- 

duction to the Ethnography of Ancient Italy and to the Philological Study 
of the Latin Language. Tim'd Edition^ revised and considerably enlarged. 
By J. W. DONALDSON, D.D. 8vo. 16s. 

The Theatre of the Greeks. A Treatise on the 

History and Exhibition of the Greek Drama; with various Supplements. 
Seventh Edition, revised, enlarged, and in part remodelled; with numerous 
illustrations from the best ancient authorities. By J. W. DONALDSON, 
D.D. 8vo. 14s. 

Classical Scholarship and Classical Learning con- 

sidered with especial reference to Competitive Tests and University Teaching. 
A Practical Essay on Liberal Education. By J. W. DONALDSON, D.D. 
Crown 8vo. 6s. 
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The Greek Testament : with a Critically revised 

Text; a Digest of various Headings; Marginal Refscenccs to Verbal and 
Idiomatic Usage ; Prolegomena ; and a Critical and Exegetical Commenta^. 
For the Use of Thcjological Students and Ministers. By HENIbY ALFORD. 
II D., Dean of Canterbury. 4 vols. 8vo. Sold separately. 

Vol. L SIXTH nniTioN, containing the Four Gospels. 1/. 8s. — Vol. II. ftpth 
KD iTioN, containing the Acts of the Apostles, Epistles to the Romans and 
Corinthians. 1/. 4^. — Vol. III. foukth edition, containing the Epistles 
to the Galatians, Ephesians, Philippians, Colossians, Thessalonians, — to 
Timotheus, Titus, and Philemon. ISat. — V ol. IV. Parti, fourth edition. 
The Epistle to the Hebrews : The Catholic Epistles of St. James and 
St. Peter. 18s.— Vol, IV. Part II. fourth edition. The Epistles of 

St. John and St. Jude, and the Revelation. 14jf. 

♦ 

The Greek Testament. With English ^otes, 

intended for the Upper Forms of Schools and Pass-men at the Umversities, 
By H I:NRY ALFORD, D.D. Abridged by BRADLEY H. ALFORD, M.A., 
late Scholar of Trinity College, Cambridge. One vol., crown 8vo. 10«. Qd. 

Annotations on the Acts of the Apostles. De- 

signed principally for the use of Candidates for the Ordinary B.A. Degree, 
Students for Holy Orders, &c., with College and Senate-House Examination i 
Papers, By T. R. M ASKEW. Second ILdition, enlarged. 12mo. be. 

Tertulliani Liber Apologcticiis. 

The Apology of TertuUian. With English Notes and a Preface, in^nded as 
an introduction to the Study of Patristical and Ecclesiastical Latinity. By 
H. A. WOODIIAM, LL.D. Second Edition. 8vo. 85. 6d. 

The Mathematical and other Writings of Robert 

LESLIE ELLIS, M.A., late Fellow of Trinity College, Caitihidge. Edited 
l)v WILLIAM WALTON, M.A., Trinity College, witi' a Biographical 
Memoir by HARVEY GOODWIN, D.D., Lord Bp. of CaWide. 8yo. 16a. 

The Mathematical Writings of Dunc iK Farqtjhar- 

SON GREGORY, M.A., late Fellow of Trinity CoU.'S®, Cambridge. Edited 
by WILLIAM WALTON, M.A., Trinitf Collw, Cambridge. With a 
Biographical Memoir by ROBERT LESLIE EJhIS, H.A., late Fellow of 
Trinity College. 8vo. 12«. 

Lectures on the History of Moral Philosophy 

in England. By W. WHEWELL, D.P;. formerly Master of Trinity Col- 
lego, Cambridge. New and Improved Edition, with Additional Lectures. 
Crown 8vo. 8^. if 

Elements of Morality, including Polity. By W. 

WHEWELL, D.D. Aw Edinm in 8to. 15a. 

Astronomy and Gentjral Physics considered with 

reference to Natural Theolo^ry (Bridgewater Treatise). By W. WHEWELL. 
Mw Edition, uniform 'vvitli Aldine Editions, bs. 
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Kent’s CoiAmentary ,on International Law/ re- 

Tised with Notea and Caaes brought*' down to the present time. Edited by 
T. LL.f),, Bamator at Law, Regius Professor of Laws in the Eni- 

Teridty of Cambridge, and Law Lecturer at Gresham <Jollego. Svo. 16«. 

A Manual of the Roman Civil Law, arraiiged 

according to the Syllabus of Dr, Hallifax, Designed for the use of Students in 
. the Uniyersities and Inns of Court. By Gi LEAPlNGWKLIi, LL.D. 8vo. 12#. 

A Syriac Grammar. By G. Piiillips, D.D., 

President of Queens’ College. Third Ediiionf revised and enlarged. 8vo., 7#. 


A Concise Grammar dff the Arabic Language. 

'* ny Vft J.^EAMbNT, H.A. Eevifea by sUfen An JTAi' ki, Baubany, 
one of the Sfoeikhs of ths Ei Azhur Mosque in Cairo. 12mo. 7#. 

The Student’s Guide to the University of 

^ Cambridge. Jtevised and corrected in accordance ‘With the ' 
\ r$ceni regulations. Fcap. 8vo. bs. 

volume is intended to give such preliminary Information as may be useful to parents who 
Vare desirous of sending their sons to the UnivorKity, to put them in possession of the leading 
tjictfi, and to mdicat<‘ the points to which their attention shoulcWbo directed In seeking furtlier 
iUfcrmation from the tutor. 

Sugge^na are also given to the younger members of the University on expenses and course of 

rea^g. 

Contents. 

iNlRonncTw, by J, R, 8Erni;v, M.A., Fellow On I^aw Studios and Law TH'grecs, by J. T. 
of Christ\ College, Cambridge. Abdy, LL.D., Regius Professor of Laws. 

Mc..™yaB<iDegfee,.bya.M.n.m.HaY. 

Hall. 

OntheChoiceofa College, by J. R.Sekley,M.A. On Theological Examinations, by the Right • 
On the Course of ReaiUng for the nassicul Rev. the Lord BiBUf>p of Ely. 


The Student’s 
m Cambridge. 

\ recent regulations. 


ns.Cohcge, Cambridge. Abdy, LL.D., Regius Professor of Laws. 

“^•li'FXwa.&uio.' ofTrinUy MclicaFStudy OBd Degfee8,by G. M. Udm-HRY, 


On Theological Examinations, by the Right 
Rev. the Lord BiBUf>p of Ely. 


Tripos, by .«;= ^T; ft- I'o"""' “‘>1 The Ordinar,’ (or Ml) Degree, by the Bey. J. 
Tutor of TrmityMlcge, B. Dombv, M. A., late Fellow of Magdalene 

he Cl. arsn of Rcadinar lor the Mathematical ’ ’ 


On the Ciyurso of Reading for the Mathematical 
Tripos, by the Rev. W. M. Campion, Fellow 
, and Tutor of Queens' College, 

Qn the Course of Reading for the Moral Sciences 


Examination.s for the Civil Service of India, by 
the Rev. II. Latham. 


Triiios, by the Rev. J. B. Mwo^-I^'ellow Local Examinations of the University, by II. J. 
and Tutor of St. John’s College. ^ Kory, M.A., late Fellow of St. John’s 

On the Course of Reading for the Natural College. 

* Sciences Tripo.s, by J. D. Liveino, M.A., 

Professor of Chemistry, late Fellow of St. Service. 

John’s College, Detailed Account of the several CoUegfts. 

Cambridge Examination Papers, 1859. Being 

Supplement to the Cambridge Ui ivorsity Calendar, 12mo. 2s. 6rf. 

Containing those set for the Tyi’^hitUs Hebrew Scholarships. — Theological 
Examinations. — Cams Prize.-^rosso Scholai'ships,— Law Degree Ex- 
amination. — Mathematical Tripos. — I'he Ordinary B.A. Degree. — Smith’s 
Prize. — Fniversity Scholarships.— Classical Tripos. — Moral Sciences 

Tripos. — Chancellor's I^egal Medals. — Chancellor’s Medals. — Bell’s Scho- 
larsnips. — Natural Sciences Tripos, — Previous Examination. — Theological 


passed the Previous and Theological Examinatione. 

The Exmnimtion Papers af 18d6, 18d7 and I8d8, may eUyfi 6dk eiivh, 
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